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Abstract

A conflict-free open neighborhood coloring of a graph is an assignment of colors
to the vertices such that for every vertex there is a color that appears exactly once
in its open neighborhood. For a graph G, the smallest number of colors required
for such a coloring is called the conflict-free open neighborhood (CFON) chromatic
number and is denoted by xon(G). By considering closed neighborhood instead of
open neighborhood, we obtain the analogous notions of conflict-free closed neigh-
borhood (CFCN) coloring, and CFCN chromatic number (denoted by xon(G)).
The notion of conflict-free coloring was introduced in 2002, and has since received
considerable attention.

We study CFON and CFCN colorings and show the following results. In what
follows, A denotes the maximum degree of the graph.

e We show that if G is a K j-free graph then xon(G) = O(kIn A). Debski and
Przybylo in [JGT 2021] had shown that if G is a line graph, then xon(G) =
O(In A). As an open question, they had asked if their result could be extended
to claw-free (K 3-free) graphs, which is a superclass of line graphs. Since
Xon(G) < 2xon(G), our result answers their open question. It is known that
there exist separate families of K g-free graphs with yon(G) = Q(In A) and

xon(G) = Q(k).

*We note that one of the results in this submission, Theorem had already appeared as part of
[4] in the conference 47th International Symposium on Mathematical Foundations of Computer Science

(MFCS 2022). The article [4] was authored by a subset of authors of this submission.
fThe third author wishes to acknowledge SERB-DST for supporting this work via grants

MTR,/2020,/000497 and CRG/2022/009400.



e For a K j-free graph G on n vertices, we show that xon(G) = O(lnklnn).
This bound is asymptotically tight for some values of k since there are graphs
G with xon(G) = Q(In%n) [Glebov, Szabo, Tardos, CPC 2014].

e Let § > 0 be an integer. We define fon(9) as follows:

fon(8) = max{xcn(G) : G is a graph with minimum degree at least }.

It is easy to see that fon(0') > fon(0) when & < . Let ¢ be a positive
constant. It was shown [Debski and Przybylo, JGT 2021] that fon(cA) =
©(InA). In this paper, we show (i) fCN(%) = O(In'*€ A), where € is a
constant such that 0 < ¢ < 1 and (i) fon(cA'™¢) = Q(In? A), where ¢ is a
constant such that 0 < € < 0.003. Together with the known [Bhyravarapu,
Kalyanasundaram and Mathew, JGT 2021] upper bound xon(G) = O(In? A),
this implies that fon(cA™¢) = O(In? A).

1 Introduction

For a hypergraph H = (V, £) and a positive integer k, a coloring f : V — [k] is a conflict-
free coloring (or CF' coloring) of H if for every E € £, some vertex in E gets a color that
is different from the color received by every other vertex in E. The minimum k such that
f + V — [k] is a CF coloring of H is called the Conflict-Free chromatic number (or CF
chromatic number) of H. We shall use xcr(H) to denote the CF chromatic number of #.
The notion of CF coloring has been extensively studied in the context of ‘neighborhood
hypergraphs’ of graphs. Let G be a graph with vertex set V(G) and edge set F(G). For a
vertex v € V(G), the set of neighbors of v in G is called the open neighborhood of v. We
use Ng(v) to denote this. The closed neighborhood of v, denoted by Ng[v], is {v}UNg(v).

Definition 1 (Conflict-free open neighborhood chromatic number). A conflict-free col-
oring concerning the open neighborhoods of G is an assignment of colors to V(G) such
that every vertex has a uniquely colored vertex in its open neighborhood. We call such a
coloring a Conflict-Free Open Neighborhood coloring (or CFON coloring). The mini-
mum number of colors required for a CFON coloring of G is called the Conflict-Free Open
Neighborhood chromatic number (or CFON chromatic number), denoted by xon(G).

Definition 2 (Conflict-free closed neighborhood chromatic number). A conflict-free col-
oring concerning the closed neighborhoods of G is an assignment of colors to V(G) such
that every vertex has a uniquely colored vertex in its closed neighborhood. We call such a
coloring a Conflict-Free Closed Neighborhood coloring (or CFCN coloring). The mini-
mum number of colors required for a CFCN coloring of G is called the Conflict-Free Closed
Neighborhood chromatic number (or CFCN chromatic number), denoted by xcn(G).

It is easy to see that every proper coloring is a CFCN coloring since each vertex serves
as its own uniquely colored neighbor. Hence we have xyon(G) < x(G). The following
result connects CFON and CFCN chromatic numbers of a graph G.
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Proposition 3 (Inequality 1.3 in [18]). xen(G) < 2xon(G).

The above follows by modifying a CFON coloring to obtain a CFCN coloring. We
may have to duplicate every color in the worst case, as the unique color seen by a vertex
in its open neighborhood could be its own color.

Conflict-free coloring was introduced by Even et al. [I0] in the year 2002. Since its
introduction, CF coloring of hypergraphs, CFON and CFCN coloring of graphs have been
extensively studied [6], 1T}, 18, 2] [7, B 16l 8] 13, 12], 19]. The interested reader may refer to
the survey by Smorodisnky [20] on conflict-free coloring. Abel et al. [I] showed that it is
NP-complete to determine if a planar graph has a ‘partial’ CFCN coloring with one color
(in a partial CFCN coloring, we color only a subset of the vertices such that every vertex
sees a unique color in its closed neighborhood). Conflict-free colorings have been studied
on various geometric intersection graphs such as interval graphs, unit disk graphs, unit
square graphs etc. [4, 16, 20]. The problem has also been studied on geometric graphs
such as intersection graphs of pseudo disks [13] and string graphs [12].

Conflict-free coloring and its variants have found applications in frequency assignment
problem in cellular networks, battery consumption aspects of sensor networks, RFID
protocols, and the vertex ranking (or, ordered coloring) problem which finds applications
in VLSI design, operations research, etc. [20]. Recently, an application was discovered in
the PICOD problem which is a problem from coding theory [14] [15].

2 Definitions and notations

For a positive integer k, we use [k] to denote the set {1,2,...,k}. Throughout this
paper, we consider only graphs that are simple, finite, and undirected. For a graph G, we
use V(G) to denote its vertex set and E(G) to denote its edge set. In the introduction
section, we had defined the open and closed neighborhoods, denoted respectively Ng(v)
and Ng[v], for a vertex v in V(G). We shall use dg(v) to denote the degree of v in
G. That is, dg(v) = |Ng(v)|. For a positive integer k, we shall use K to denote the
complete bipartite graph with 1 vertex in one part and k vertices in the other part. A
graph is K ;-free if it does not contain K ; as an induced subgraph. Graphs that are
K, s-free are also known by the name claw-free graphs. The claw number of a graph G
is defined to be the largest k for which G contains K; j as an induced subgraph.

Given a graph G, the line graph of G, denoted by L(G), is the graph defined as follows:
The vertex set of L(G) is V(L(G)) = E(G) and two vertices ey, e5 of L(G) are adjacent
to each other if and only if in the original graph G, the edges e; and e; share an end
point.

Given a hypergraph H = (V, &), the degree of an element v € V', denoted by dy(v),
is the number of hyperedges that v is present in. The mazimum degree of the hypergraph
H is max{dy(v) : veE V}.



3 Our contributions and open questions

Debski and Przybyto in [7] showed that for a graph G with maximum degree A, the CFCN
chromatic number of its line graph is xon(L(G)) = O(In A). Note that line graphs are
a subclass of claw-free graphs (or K s-free graphs). The following example implies that
the upper bound of O(In A) from [7] is asymptotically tight.

Example 4. Consider L(K,), the line graph of the complete graph on n vertices. In [7],
it was shown that xon(L(K,)) = Qnn). Since xen(G) < 2xon(G) (Proposition [3),
this implies xon(L(K,)) = Q(Inn).

Let us first discuss the dependence of the CFON chromatic number of a graph on its
claw number k£ and maximum degree A. Example[d|is a family of graphs whose maximum
degree is 2n — 4 and claw number is 2. This means that yon(G) cannot be a function of
the form & - h(A) where h(A) = o(In A). On the other hand, Example [f| given below, is
a family of graphs where A =n — 1 and kK = n — 1. This means that yon(G) cannot be
a function of the form g(k) - In A, where g(k) = O(k'~), for an € > 0.

Example 5. Let K be the K ,-free graph with mazimum degree n — 1 obtained by
subdividing every edge of K,, exactly once. It is known (see [18]) that xon(K}) = n.

We complement the above observations with an upper bound of xon(G) = O(kIn A).
This implies an upper bound xcn(G) = O(kIn A) by Proposition [3] Our result, proved
in Section [ generalizes the upper bound of xon(G) = O(InA) [7] for line graphs. As
mentioned before, line graphs are a subclass of claw-free graphs. In many of the practical
applications that motivate conflict-free coloring, the underlying graphs happen to be
geometric intersection graphs such as unit disk graphs, unit square graphs, etc. [16, 20].
These graph classes are usually K j-free for some constant k. For instance, unit disk
graphs are K g-free.

It was posed as an open question in [7] if the O(In A) upper bound could be generalized
to claw-free graphs. Our O(kIn A) upper bound answers this question in the affirmative.
Though Examples [] and [5] imply the existence of graphs G for which yon(G) = Q(k)
and xon(G) = Q(InA), it is of interest to know whether the upper bound of O(kIn A)
is tight.

Open Question 6. Are there K -free graphs G with mazimum degree A for which
Xon(G) = QkInA)?

In Section [5, we show that if G is a K i-free graph on n vertices, then xon(G) =
O(Inklnn). This bound is asymptotically tight for some values of k as it was shown in
[T1] that there exist graphs G on n vertices with ycon(G) = Q(In*n). This still leaves the
possibility of the following improvement:

Open Question 7. Can a bound of O(InklnA) be obtained for xon(G), for Ky y-free
graphs G with maximum degree A?



Now we turn our attention to CFCN chromatic number for graphs of a specified
minimum degree. Let A denote the maximum degree of the graph under consideration
and let ¢ be any positive constant. Let 6 > 0 be an integer. We define

fon(0) := max{xcn(G) : G is a graph with minimum degree at least ¢}.

It is easy to see that fon(0') > fen(6) when 6" < §. Debski and Przybyto in [7] showed
that fon(cA) = O(InA). In Section @, we show that fon(ct25) = O(In' ™ A), where
0 < e < 1. A natural open question is if this bound is tight.

Open Question 8. Is foy(ci25) = Q(In' T A)?

Further, in Section [} we show that fon(cA'™¢) = Q(In” A), for 0 < e < 0.003. It
was shown by Bhyravarapu, Kalyanasundaram, and Mathew [2] that for any graph G,
xen(G) = O(In* A). Combining both, we get fon(cA'™¢) = ©(In* A). An affirmative
answer to Open Question [8| will help us understand the function foy in its full range.

Analogous to the function foy, we can define a function foy as

fon(6) == max{xon(G) : G is a graph with minimum degree at least ¢}.

Like in the case of CFCN coloring, we have that fon(6") > fon(d) when ¢’ < 5. The
results in [7] implyf] that fon(cA) = ©(In A). It was shown by Pach and Tardos [18] that
for any graph G with minimum degree clog A, we have yon(G) = O(In? A). Combining
this with our result in Section [7] we have fon(cA'=¢) = ©(In* A), where 0 < ¢ < 0.003.
What is the value of fon(6), when 6 = o(InA)? It is known that xon(G) < A+ 1, for
any graph G. This bound is tight as xon(K}) = n. Thus, fon(c) = ©(A). This leaves
us with the following open question.

Open Question 9. What is the value of fon(d) when 6 = o(InA) and § is not any

absolute constant?

Theorem 1.2 in [I8] implies that fon(6) = O(8 - A3 - InA). However, it is not clear

whether this bound is tight in the range of values of § that we are interested in.

4 Auxiliary results

In this section, we state a few known auxiliary lemmas and theorems that will be used
later. We state the local lemma that will be used in the proof of Lemma [13|and Chernoff
bound that will be used in the proof of Theorem [24]

IThe article [7] explicitly discusses only CFCN chromatic number. However, the proof techniques
of the upper bound extend to yield an identical upper bound for CFON chromatic number. The lower
bound in [7] implies a similar lower bound for CFON chromatic number by an application of Proposition
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Lemma 10 (The Local Lemma, [9)). Let Ay, ..., A, be events in an arbitrary probability
space. Suppose that each event A; is mutually independent of a set of all the other events

A; but at most d, and that Pr[A;] <p for alli € [n]. If 4pd < 1, then Prini_,A;] > 0.

Theorem 11 (Chernoff Bound, Corollary 4.6 in [I7]). Let X;,..., X, be independent
Poisson trials such that Pr(X;| = p;. Let X =" | X; and p = E[X]. For 0 < <1,
Pr{|X — p| > 6u] < 2e+0°/3,

The theorem below gives an upper bound to the CF chromatic number of a hypergraph

in terms of its maximum degree.

Theorem 12 (Theorem 1.1(b) in [I8]). Let H be a hypergraph and let A be the mazimum
degree of any vertex in H. Then, xcr(H) < A+ 1.

Finally, we prove the following lemma for CF chromatic number of near uniform
hypergraphs. We will use this lemma in the proofs of Theorems [14] and

Lemma 13. Let H = (V,E) be a hypergraph where (i) every hyperedge intersects with at
most I other hyperedges, and (ii) for every hyperedge E € £, r < |E| < lr, where { > 1
is some integer and r > 2log,(4). Then, xcr(H) < elr, where e is the base of natural
logarithm.

Proof. For each vertex in V', assign a color that is chosen independently and uniformly at
random from a set of elr colors. We will first show that the probability of this coloring
being bad for an edge is small, and then use Local Lemma to show the existence of
conflict-free coloring for H using at most efr colors.

Consider a hyperedge F € £ with m := |E|. By assumption, we have r < m < fr.
Let Ag denote the bad event that E' is colored with < |E|/2 colors. Note that if Ag does
not occur, then £ is colored with > |F|/2 colors, hence there is at least one color that

appears exactly once in F.

pia < (00) ()
() (2) e () = ()

m/2)™? m \m/2
B ((eq/jzw - (%)

< (12"

1
S I
Here the penultimate inequality follows since m < ¢r, and the last inequality follows since
m > 2log,(4T).
We apply the Local Lemma (Lemma on the events Ag for all hyperedges F € €.
Since each hyperedge intersects with at most I other hyperedges, and 4 - % -I'< 1L we
get PrlNges(Ag)] > 0. That is, there is a conflict free coloring of H that uses at most

elr colors. This completes the proof of the lemma. O
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5 K j-free graphs

In this section, we show improved upper bounds for CFON and CFCN chromatic numbers

on K j-free graphs.

Theorem 14. Let G be a K ,-free graph with maximum degree A > 2 having no isolated
vertices. Then, xon(G) = O(klnA).

Proof. Let A be a maximal independent set of G. Let Ay :={v € A :dg(v) < 12kIn A}
and Ay == A\ Ay, Let X :=J,c4, Na(v).

Next, we obtain G’ by removing all the vertices from G that belong to AU X. In
other words, G’ = G[V \ (AU X)]. Since A is a maximal independent set in G, every
v € V\ (AU X) has a neighbor, say w, in A. Since no vertex in A; has a neighbor in
V(G"), w € As. Thus we have the following:

Observation 15. Every vertex in V(G') has a neighbor in A,.

We start with a proper coloring of G, say h : V(G') — [s] = {1,2,...,s} that uses
at most A 4 1 colors. Let Ly, Lo, ..., Ly be the color classes with respect to the coloring
h, where s < A + 1.

Observation 16. For cvery 2 < i < s, we may assume that every vertexr v € L; has a
neighbor in each L;, 1 < j <. If v has no neighbor in L;, 7 < i, we can move v to L;.

Observation 17. Since G is K, -free, any vertex in G has at most k — 1 neighbors in
L;, for everyi € [s].

Observation 18. Consider a subset A C A, and let H = (17,5) be defined as follows:
V= Upea Na(v) and £ = {Ng(v) :v e fAl} Since G is Ky -free and A is an independent

set, the maximum degree of H is at most k — 1.

If s > 12InA, then we define B := L1 U Ly U---U Liagna and C = V(G') \ B.
Otherwise, we define B := L, ULy U---U L, and C' = (.

We obtain the desired CFON coloring of G by conflict-free coloring five hypergraphs,
Hi, ..., Hs, which are defined below. Note that the set of colors we use to color each
hypergraph H; is disjoint from the set of colors we use to color any other hypergraph H;,
1<i<yj<5h.

e Suppose C' # (). We define a hypergraph H; = (V1,&1), where V; = B and &; =
{Ng/(v) N B :v e C}. The following observation follows from Observations [16] and
1z

Observation 19. FEvery vertex in C has at least 121In A neighbors in B. Further,
for every v € V(G), |[Ng(v) N B] <12(k —1)In A.

So for each E € &, we have 12In A < |E| < 12(k—1)In A. By applying Lemma [13]
toHy, with =k—1,7 =12In A, and T' < A% we get xocr(H1) <e-(k—1)-12In A.



Here, I" denotes the number of other hyperedges a given hyperedge F := Ng/(v)N B,
for some v € C, is overlapping with. Since the maximum degree is A, and since
E C Ng(v), it follows that I' < A% The conflict-free coloring of hypergraph H;
ensures that all the vertices in C, see a unique color in their open neighborhood.

e Similarly, we define a hypergraph Hs = (13, &), where Vo = Ay and £ = {Ng(v) N
Ay v € B}. By Observation , every vertex in B has a neighbor in A,. This
ensures that the hypergraph H, does not have empty hyperedges. By Observation
[17} the maximum degree of H, is at most (k — 1) - 12In A. Hence by Theorem [12]
we have xorp(H2) < (k—1)-12In A + 1. This conflict-free coloring of #H, ensures
that every v € B sees a unique color in its open neighborhood.

o Let Hs = (V5,&;) be a hypergraph, where V3 = Ay and & = {Ng(v)NA; 1 v € X},
By choice of vertices in Ay, the maximum degree of H3 is at most 12kIn A. Hence
by Theorem Xcr(Hs) < 12kIn A + 1. The conflict-free coloring of Hj ensures
that every v € X sees a unique color in its open neighborhood.

Now we need to handle the needs of the vertices in A. We first partition A as follows:
let Ay ={ve A: Ng(v)NX # 0} and Ay = A\ Ayx. From their definitions, (A;, A)
and (Ax, Ax) are two partitions of A that satisfy A; C Ay, and thereby Ax C Ay. Also,
no vertex in A has a neighbor in X. Since Ay C A, and every vertex in A, has degree
greater than 12k In A, we have the following observation.

Observation 20. For every v € Ax, (i) Ng(v) € BUC, and (ii) |[Ng(v)| > 12kIn A.

e We define a hypergraph Hy = (V4, &), where Vy = X and & = {Ng(v)NX v €
Ax}. By the definition of Ay, the hypergraph H, does not have empty hyperedges.
By Observation [I8] the maximum degree of H, is at most k— 1. Hence by Theorem
, Xcr(Ha) < k. This coloring addresses the requirements of the vertices in Ax.

e What is left to be addressed are the requirements of the vertices in Ax. We first
claim that, if C' = (), then Ax = (). Assume, for the sake of contradiction, that
v € Ax. Then, by Observation |IN¢(v)| > 12kIn A and Ng(v) € B. By
Observation [19] [Ng(v)| < 12(k — 1) In A which is a contradiction.

Now we may assume that C' # (). Then, we construct a hypergraph Hs = (V5, &5),
where V5 = C and & = {Ng(v) N C : v € Ax}. From Observations [19) and it
follows that Ng(v)NC' # 0, for every v € Ax. By Observation [18] we know that the
maximum degree of Hs is at most £ — 1. Therefore, by Theorem xcr(Hs) < k.

Note that we have addressed the needs of all the vertices in GG. Also, each vertex is
colored at most once in the above. There may be vertices that are left uncolored because
they did not feature in any of the hypergraphs. We can assign all these vertices a new
color, obtaining a conflict-free coloring of G that uses at most 57k In A+2k+3 colors. [



The following result gives an upper bound for CFCN chromatic number of K ;-free

graphs.
Theorem 21. Let G be a K j-free graph with n vertices. Then, xcn(G) = O(lnklnn).

Proof. We first give a brief overview of the proof. We use an approach similar to the
one used by Pach and Tardos for the proof of Theorem 1.6 in [I8]. Using a probabilistic
approach, we show the existence of a subset /7 of a maximal independent set. By coloring
all the vertices of I] with the color 1, we can ensure that a ¢/ log, k fraction of the vertices
of the graph sees a uniquely colored neighbor. Since the need of the vertices in I is
satisfied by themselves, we will not recolor them in the later coloring process. We can
repeat this process O(InklInn) times to ensure that all the vertices of G see a uniquely
colored neighbor.

We now describe in detail how we pick the random independent sets. Let G; = G.
Let S; be a maximal independent set in GG;. Pick an integer ¢ uniformly at random
from the set {0,1,..., [logy k|}. Select I; C S; by picking v into I; with probability 2
independently, for each vertex v € S;. Note that the integer ¢ can be equal to 0 with
probability m. In that case, every v € S; is chosen into I; with probability 1.

Vv € Sy, Prlv is chosen into ;] > _ : (1)

|log, k| +1
Color every vertex in I; with color 1. Let Ay = {v € V(G)\S: : |Ng, (v)NI;| = 1}. For a
vertex w € V(G1)\ 51, we define d,, :== | Ng, (w)NS;|. Note that for any w € V(G1)\ S, we
have k—1 > d,, > 1 as (1) G is K y-free, and (2) S; is a maximal independent set in Gj.
For a vertex w € V(Gy) \ S1, what is the probability that w € Ay (or |Ng, (w) N 1| =1)?

Let AY denote the event that w € A;. Let p = m Below, we estimate the
probability of the event AY.
logy k]
PrlAy] = > Prli=ax]- Pr{A}]i = af
=0

> Prli = |log, ] - Pr[A¥]i = |log, o]

~ [log, EJ +1 (dw p(l _p)dw_1> |

We analyze the above expression for different values of d,,. When d,, = 1, we can check
that Pr[AY|i = |logyd, |] = 1. When 2 < d,, < 4, we can verify using direct calculations
that d,, - p(1 — p)*~! > 0.02. For the remaining values of d,,, we have that

2\ %! 2\ ™ 4
dp - p(1—p)t=t>(1- = >(1—-—) >e?(1-—)>
etttz (o) = (1mg) e g) 2

where ¢ = 0.02. The first inequality holds since d%, <p< %, and the third inequality
holds since (1+ x/n)" > e*(1 —2?/n) for n > 1, |z| < n. The last inequality holds when
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d, > 5. Thus we get the following:

C

Vw € V(G1)\ S, Prlw is chosen into A;] > Tog k] 71
2

(2)

From equations and , we have the expected cardinality of I; UA; is at least G(Jg,iﬁ'l

c|V(G1)|
[logy k]+1
vertices of (1 see a uniquely colored neighbor. Color all the vertices of /] with color 1.

By the probabilistic method, this implies the existence of I such that at least

Let G5 be the subgraph of GG; induced on the vertices that do not have a uniquely
colored neighbor. We can repeat the same construction and argument for (G5, ensuring

IV (Ga)l
that %21

After r such rounds, there will be at most n(l —

vertices of G5 see a uniquely colored neighbor.
@)T many vertices of the graph
that do not have a uniquely colored neighbor. By setting r > (Innlog, k)/c, we get that
there are < 1 vertices that do not have a uniquely colored neighbor. Since we use one

new color per round, we need (Innlog, k)/c = O(InkInn) colors. O

6 Graphs with high minimum degree

We first prove the following lemma, which will be used in the proof of Theorem

Lemma 22. Let A denote the mam’mum degree of a gmph G. It is given that every

A CV(G) such that for every vertem v E V(G),

180
1081n(2A) < |[Ng(v) N A| < Tm”f(m).

Proof. We construct a random subset A of V(G) as described below. Each v € V(G) is
independently chosen into A with probability M For a vertex v € V(G), let X,
be a random variable that denotes |Ng(v) N Al. Then, Wy = E[X,] = %dg(v) >
1441n(2A). Since dg(v) < A, we also have p, < %:e(m). Let B, denote the event
that | X, —u,| > 5. Applying Theorem.with § =1/4, we get Pr(B,| = Pr[| X, — | >
Bl < 2% < 2e R = @ A)g The event B, is mutually independent of all but those
events B, where Ng(u) N Ng(v) # 0. Hence, every event B, is mutually independent
of all but at most A2 other events. Applying Lemma (10| with p = Pr[B,] < (22)3 and
d = A?, we have 4 - ( - A? < 1. Thus, there is a non-zero probablhty that none of
the events B, occur. In other words, for every v, it is possible to have 2 Ty < Xy < 3 2 1y
Using the upper and lower bounds of i, we computed above, we can say that there exists

an A such that, for every v, 108In(2A) < |Ng(v) N A| < B2 In'™(2A). O

The following theorem provides improved upper bounds for yoy in terms of its max-

imum degree for graphs GG that have high minimum degrees.

Theorem 23. Let G be a graph with mazimum degree A. It is given that every vertex in

G has a degree at least 2 for some € > 0 and c is a constant. Then, yon = O(In'**A).
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Proof. Apply Lemma[22]to find an A C V(@) such that for every v € V(G), 108 In(2A) <
|Ne(v) N Al < 8B21n'*<(2A). Construct a hypergraph H = (A, €) where £ = {Ng(v) N
A : v e V(G)}. Every E € & satisfies 21log,(4A%) < 1081n(2A) < |E| < B0 1n'*(2A).
Applying Lemma with » = 108In(2A) and ¢ = = 1log*(2A), we get xcr(H) <
40 1n'*(2A). By assigning an unused color to the vertices in V(G) \ 4, we can extend
a conflict-free coloring of H to a CFON coloring for G. O

7 A lower bound

Let 6 > 0 be an integer. Recall that, fon(0) = max{xcn(G) : G has minimum degree
at least 0}. From the definition, it follows that fon(0') > fon(d), when &' < 6. As
discussed earlier, with A denoting the maximum degree of the graph under consideration
and with ¢ denoting any positive constant, we know that fon(cA) = O(InA). In this
section, in Theorem , we show that fon(cA™¢) = Q(In* A), where 0 < ¢ < 0.003 is a
constant. Combined with the known upper bound xcn(G) = O(In® A) for any graph G,
due to [2], we have fon(cA'¢) = O(In* A). In order to show that fon(cA'™¢) = Q(In* A),
we need to show the existence of a graph with minimum degree Q(A'~¢) having CFCN
chromatic number Q(In* A). We use the same random graph model used by Glebov,
Szabo, and Tardos in [I1] and show that such a graph exists with positive probability.
Our proof is an extension of the proof of Theorem 4 in [II] as it builds on the ideas
presented there.

Let A C V(G), for a graph G. We define Nél)(A) ={veV(G)\A: |Ng(v)NnA| =1}
to be the set of vertices outside A that have exactly one neighbor in A.

Theorem 24. There exists a graph G with maximum degree A and minimum degree
A€, where 0 < € < 0.003 is a constant, such that xon(G) = Q(In* A).

Proof Sketch. We start our proof by constructing a random graph G on n vertices. Quer
all the choices of colorings, we bound the number of vertices that gets taken care of, i.e.,
see a uniquely colored vertex in its closed neighborhood. Our proof is divided into three
lemmas. Lemma provides a bound asymptotically almost surely (a.a.s.) on the number
of vertices that serve as their own uniquely colored neighbor. Lemmas[26 and [27 together
a.a.s. bound the number of vertices that are taken care of by their neighboring vertices.
Finally, 1t follows that independent of the choice of coloring used, a.a.s., the total number
of vertices that are taken care of either by themselves or by their neighboring vertices is
less than the total number of vertices n.

Let ¢g = 5. Below, we describe the construction of a random graph G' on n vertices.
We use V' to denote V(G). For the sake of simplicity, we assume that |Inn| divides n.

We partition the vertex set V' into parts Ly,..., L, of size ﬁ each. We define the

weight of a vertex z € L; to be w, = (1 — ¢)". For any x € L;, y € L;, we put an

11



edge between z and y with probability w,w, = (1 — €)""/. We define the weight of a set

S CV as,
w(S) = Z W,
ves
Let f: V(G) — [e2In® A] be a coloring (not necessarily proper) of the vertices of G.
We say that a vertex x is taken care of by a vertex w under the coloring f if

1. w € Nglz|, and

2. f(w) is distinct from f(y), for every y € Ng[z] \ {w}. When w = x, we say that a
vertex x is taken care of by itself under f.

For each color class of the above coloring, the vertices that are taken care of by
themselves form an independent set. The below lemma provides a bound on such vertices.

Lemma 25. For the graph G constructed, the independence number a(G) < n%%% gsymp-

totically almost surely.

2lnn

Proof. We know that every edge in G is present with probability at least (1 — )
Suppose Pr[a(G) > n%%%3] does not tend to 0 as n tends to infinity. Then, we can say
that for a graph H € G(n, (1 — €)*™"), Prla(H) > n%%3] too does not tend to 0 as
n — oo. Here G(n, (1 — €)?'"") denotes the Erdds-Rényi graph on n vertices where
each edge is chosen with probability (1 —eg)?"". But this contradicts a known result (see
Theorem 11.25 (ii) in Bollobas’ book [0]) that the largest independent set in G(n,p) has
size at most 2@ a.a.s. when 2.27/n < p < 1/2. This would imply that the following
holds a.a.s.:

—21In(1—¢p) [ %+1

Inn 2Inn ln(21nn)_21n(1_60) T 2(Inn)-(In(I—€q)

OZ(H) < 2(1 _ 60)21nn - n21n(1—50) =n =n

_-2hi-e) [1-01)] _ n2ln (ﬁ) [1-0(1)] < nln (W) < 0003

In the above, the last inequality follows since In(1/(1 — €;)?) increases when ¢, increases.
By assumption, we have ¢y < 0.001, and hence In(1/(1—¢€p)?) < In(1/0.999?) < 0.003. O

Let S be a color class of the coloring f. Let € L; and suppose = ¢ S. We shall use
p(z, S) to denote the probability that x is taken care of by some vertex in the color class
S. We have,
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p(z,S) = Pr[|Ng(z)NnS|=1] = ZPT[Ng((L’) NS ={s}|

= EzwswaC H (1 —wyw,)

ses yeS\{s}

< wawsexp<— Z wywx>

SES yeS\{s}

= w, Z ws exp(—w(S)w, + wsw;)
seS

< www(s)e—wﬁw(S)—F(l—eo) ’

t

where the third line follows since 1 — ¢ < e™*. It can be verified that the function ze™*

has a unique maximum at z = 1. Thus we get the following:
plx,S) <e . (3)

We say that a set S is heavy if w(S) > /n; otherwise we call S a light set. Note that
any vertex has weight at least (1 —¢)™" = n"(1=<0) > =2 (when 0 < ¢ < 0.5, we have

that In(1 —€p) > =2 > —2¢). For any set S, we have w(S) > [S|-n~>®. Thus we have

|S| < n%"T290 when S is a light set (w(S) < v/n). (4)

The below lemma provides a bound on the number of vertices that are taken care of

by a heavy set.

Lemma 26. For each heavy set S C V' of the graph G, asymptotically almost surely

INW(S)| < nS. That is, a.a.s., at most n®% vertices that are not in S are taken care of

by S.

Proof. Consider a heavy subset S C V. Since S is a heavy set, w(S) > n%5. Now fix a
set A C V\S with |A| > n%6. The probability that all elements € A have exactly one
neighbor in S is estimated below.

PrINO(S) 2 4] = []p(,S)

T€EA

< H wxw(s)efwzw(S)Jrl

z€EA

< <n(0.57260)e(7’n0'57250 +1)> "

0.6

0.6

— oxp ((0.5 — 2¢0) Inn — n®5 20 1)

0.6 0.6
— o(1-2e) (0.5 —2¢9)n"CInn _n
= exp ( n 0 ( i) +1 A1)

exp < — pli1-200) (1 - 0(1)>).

13
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The inequality in the third line follows from the observation that w,w(S) > (1 — €)™" -
n%5 > n0572% and that ze~ is decreasing in the interval [1,00). Taking union over the
possible 2" - 2™ choices for S and A, we see that the probability of S taking care of A
tends to 0. O

The next lemma bounds the number of vertices that can be taken care of by light
sets.

Lemma 27. Let r = |e3In®*n]. For all pairwise disjoint light sets Sy,...,S, C V, we

have asymptotically almost surely ||J;_, NV (S;)| < n —n®7.

Proof. We first fix light subsets Sy, ..., S, of V. Since each S; is a light set, w(S;) < v/n.
We first need the following claim.

Claim 28. We have Y ;_, p(x,S;) > egInn for at most half of the vertices x € V.

Proof. Assume the contrary. We then have

g-eglnnSZZP(x,Si):Zzp(xasi)- (5)

zeV =1 i=1 z€V

When S; is fixed, we have seen that p(z,.S;) < w,w(S;)e w=w(S)+1=€0) When z € L;, we
get
p(ZL’, Sz) < (1 . EO)jw(S«i)6—(1—60)710(51-)—&-1 _ Zje—zj—I—l7

where the first inequality follows by dropping —ep from the exponent. We set z; =
(1 —€0)’w(S;) to get the second equality. Observe that

Inn Inn (o)
_ . n =z +1 n =z +1
E p(xﬂsz) - § § p(:E,Sl) S lnn E z;€ / S lnn § Zj€ T (6)
zeV j=1zel; Jj=1 j=1

We will now upper bound Z;’il zje %! by considering three ranges for z;. Notice that

z; > 0 when S; is nonempty.

e When 0 < z; < 1, we have zje %! < ez;. Therefore, Zj:ZjS1 (zje*ZfH) <
Zj:zj§1 <€Zj) S 6(1 + (1 - EO) + (1 - 60)2 + - ) = 1—(16—60) = é'

e When 1 < z; < 2, we have the following summation: Zj:1<zj<2 (zje_zj“). It can
be verified that z;e”*% < 1 in the range 1 < z; < 2. It can also be noted that the
number of terms in this summation is at most % Thus we get that the terms sum

to at most L.
€0

e When z; > 2, we have Zj:zjz2 (zje*Zﬁl) < % floo ze *tldy = % The factor of %
is due to the fact that z;—z;1 = z;—2z;(1—€y) = 2560 > €. Thus, the number of z}s
that lie between a and a + 1, for any integer a > 2, is at most % A straightforward
integration by parts gives us that [ ze **!'dz = 2.
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Combining equations , @, and the above bound, gives us the following.

n L n e 1 2 6rn
Zenl < - e Htl < p T (4 4L 2 )< . 7
2 0 nn_;lnn;zje _rlnn(eo+eo+eo> “elnn (7)

2 1’12 . .
Rearranging terms in inequality (7 |I) we get r > @ 112 " This contradicts the fact that

r=eln’n <0001 n’n = Smn

This completes the proof of the claim that Y ;_, p(z,S;) > €y Inn for at most half the
vertices x € V. O

Let V/ C V be the set of those vertices x € V for which > ., p(z, S;) < ¢gInn. Then,
V'] > n/2. Now fix a set B C V with |B| = n®7. In the below calculation, we bound
the probability that all the vertices x € V' \ B have exactly one neighbor in at least one
of the S;’s. This probability is given by

11 <1_ﬁ(1—p<x,5i>))s 1 (1—111(1—1?(%5@')))

2EV\B i=1 2€V\B i=1
<on(- ¥ T1(1-nes))
z€V\B i=1

< exp (— Z ef(ﬁ")z;—l”(w’si)) f(€o) is defined below.

z€V/\B

The first inequality follows by restricting the scope of vertices, and the second inequality

—X

follows by using the fact that 1 — 2 < e™*. For the third inequality, let us set f(ey) :=
e In (== ). From equation , we get that p(z,5;) € [0,e~]. When a number z is

)

chosen from the range [0,1), we can verify that (ln( )) /z is an increasing function
on z. So (In(==5))/e® > (In (lp—ms))/p(x S;). Rearranging this, it follows that
e~ flp@5) <1 — p(z,5;). We continue our computation below.

exXp <_ Z eif(eo) Z;_lp(x’si)) < exp <— (g _ n0~7) e*f(eo)eo 1nn>
zeV/\B
< exp < _ (g _ n0'7> 6—0.011nn>

= exp < —0.5n%% + n0'69>

< exp < 099(; - 0(1))> | (8)

The first inequality follows since for vertices = of V', we have > ., p(z,5;) < ¢lnn.
Below we explain the second inequality. We have f(eg) - €9 = € - € 1n (1_6;_60), where
0 <€ < 0.001. Using e < 1— 3, for z € [0,1], we get f(ey) - €0 < € -eln (%) Since
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x-e’ln (%) is an increasing function when x € (0, 1] and considering that ¢, € (0,0.001),
we have, f(e) - €9 < 0.001 - €®'In (525) < 0.01.
Finally, since |B| = n%" and using the size bound on light sets given in equation ,

we note that the number of choices for sets Sy,...,S,, and B is at most

.
n n 0.7 0.5+2¢0 \ "
0.7 0.5+2 <n” <nn )

n?- nV-5+2¢0

0.7 0.5+2¢q
— lnn(e(n )Tlnn)

en0‘7 In n+n0-5+2¢0)r Inn

_ eO(n0'7 Inn) .

From equation (§) and the above calculations, we can see that any r light sets 57, .5, ..., S,

0.7

can take care of at most n — n”’ vertices a.a.s. O

The below lemma shows that the graph G constructed has the desired minimum
degree with high probability.

Lemma 29. For the graph G constructed, the minimum degree of G is Q(AY™¢) asymp-
totically almost surely.

Proof. We first calculate the expected degree of a vertex € L;. Let dg(z) denote the

degree of x.
ule) == Eldo(w)] = = (1= el 4+ (1= )" 4+ 4 (1 — ) ™"
> ﬁ(l — )/t 9)
=(1—¢)- % (1 — €)1
= (1= ) - - ()"0
> (L= a) g ()7 (10)

where we use the fact that In(1 — ey) > —2¢p, as noted in the discussion preceding
the statement of Lemma [26] Using the Chernoff bound given in Theorem for any
0<a<l1, weget

—a?u(x)
3

Prilda(z) — p(x)] = ap(z)] < 2e
—a2n.(1_50)j+1
3

< 2emn

)

where the last inequality follows by equation @ For an x € L;, let A2 denote the event
—a2n . (1—50)j+1

that |dg(z) — u(z)| > au(z). We have shown that Pr[AJ] < 2emwn 3 . Let A
denote the event (J,. L AJl. Below we calculate the probability of A', using the union

16



bound.

PriA'] < ) PrlA)]

xelq
< 2_n . @%in"(l_:; ”
“Ilnn
21,0.9992
< 2n-exp _an (since €y < 0.001)
Inn 3
< In(2n) o’n (since 0.999%/3 > 1/4)
exp [ In(2n) — ) since 0.
= &P Alnn

Observe that, Pr[A71] < el=pPr[Al], for V1 < j < Inn. So we have the following for
1 <5< Inn.

2
J < el _ oy
Pr[A’) < e’ “exp (ln(?n) 4lnn>

Let A7 denote the complement of the event A7. We have

Pr[Aln...n A = 1— Pr[A'U-- U A™"
6ln(2n) 6ln(2n) : . 6ln(Zn)
2 -l te Tt e
eilnn eilnn eilnn
6ln(2n)
> 1—n- 3
e4alr17:1,
= 1—o(1).

We have thus shown that, for every vertex x in G, |dg(x) — pu(z)| < au(x) a.a.s. The
vertex with the maximum degree is from L, a.a.s. and similarly, the vertex with the
minimum degree is from Ly, a.a.s. Now we calculate an upper bound for u(z), for
x e Ll.

n
uiw) = — [(1 ) (1 — )2 (1 €0>1+lnn]
o n (-e) _
~ Inn e

From the above upper bound and the lower bound (computed in equation (9))) on ju(z)
when = € Ly, we have A = @(#) a.a.s. Now, consider an x € Ly,,. From the lower
bound for pu(z) that we computed at the beginning of this proof in equation (10]), we
have, pi(z) > (1—¢g) - % -n~?%. Thus, the minimum degree of G is Q(%) a.a.s. That
is, the minimum degree of G is Q(A'™¢) a.a.s. (as € = 3¢p). O

To summarize the proof of Theorem we note that any coloring f : V(G) — [r]
that uses r = €2 In®> A many colors cannot take care of all the vertices of G. For a fixed
color class, Lemma [25] bounds the number of vertices of that color class that can take
care of themselves. Lemma [25| provides a bound of n%%2. Thus across the r color classes,
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0.003

the number of vertices that take care of themselves is at most rn . The number of

vertices that are taken care of by a fixed heavy set is bounded by Lemma[26]to n®5. Thus
the total number of vertices that are taken care of by heavy color classes is at most rn®¢.
Lemma [27] bounds the number of vertices taken care of by all the light color classes to
n —n%7. Summing up, we note that all the n vertices cannot be taken care of.

Lemma [29| shows that the minimum degree of G is Q(A'™¢), completing the proof of

Theorem 241
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