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Stuart vortices are among the few known smooth explicit solutions of the planar FEuler
equations with a nonlinear vorticity, and they have a counterpart for inviscid flow on the
surface of a fixed sphere. By means of a perturbative approach we adapt the method used
to investigate Stuart vortices on a fixed sphere to provide insight into some large-scale
shallow water flows on a rotating sphere that model the dynamics of ocean gyres.

1. Introduction

Gyres are some of the most coherent features of the large-scale ocean circulation. There
are five major gyres, centred around high pressure zones in the North Atlantic, North
Pacific, South Atlantic, South Pacific, and the Indian Ocean, and a number of minor ones
(for example, the Atlantic and the Pacific Ocean have three such gyres each and relatively
small-scale gyres are encountered in the Mediterranean Sea). The gyres span hundreds to
thousands of kilometres and these vast circular systems, made up of wind-driven ocean
currents that spiral in slow-motion (with typical speed scale 0.1 ms~!) about a central
point, rotate clockwise in the northern Hemisphere and counter-clockwise in the Southern
Hemisphere due to the Coriolis effect. Their motion is typically not perfectly circular,
with paths that can be more irregular and oval.

The Earth is nearly an oblate spheroid, with a small equatorial bulge as the polar radius
is about 21 km shorter than the equatorial one (of length 6378 km), but in studies of large-
scale ocean flows a spherical Earth model is adequate since no dynamical consequences of
the small deviation from a perfect sphere have been observable in this regime (see Wunsch
(2015)). Due to their large scales, the curvature of the Earth must be expected to play a
significant role in the dynamics of gyre flows. Since the f-plane approximation does not
capture curvature effects, most studies of ocean gyres are performed within the framework
of the S-plane approximation (see Talley et al. (2011); Vallis (2006)), to the extent that
the observed asymmetry of the gyres is known as the “g-effect”, i.e., the change of the
Coriolis parameter with latitude, which is ignored in the f-plane approximation (see
Cushman-Roisin and Beckers (2011)). However, in contrast to the f-plane equations,
the S-plane equations are not a consistent approximation to the governing equations for
ocean flow in non-equatorial regions (see the discussions in Dellar (2011); Paldor (2015);
Stewart and Dellar (2010)). Moreover, the vanishing of the meridional component of the
Coriolis force at the Equator prevents the presence of gyres near the Equator, where the
ocean flow is basically zonal (see the discussions in Constantin (2012); Constantin and
Johnson (2015, 2016); Henry (2013, 2016)). These considerations motivate the study of
ocean gyres in spherical geometry.

We investigate a class of solutions to the vorticity equation for shallow water flows on

1 Email address for correspondence: adrian.constantin@univie.ac.at



43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68
69
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¥4

o

FIGURE 1. The Earth’s rotating spherical coordinate system: 6 is the polar
angle, ¢ is the angle of longitude and r’ = |r/| is the distance from the origin at
the Earth’s centre. The North Pole is at § = 0 and the Equator is on 6 = /2.

a rotating sphere (derived recently in Constantin and Johnson (2017)) that correspond
to the celebrated Stuart vortices in planar flows (see Stuart (1967)). By means of an
interplay between results from the theory of elliptic partial differential equations and
the geometric features encoded in the stereographic projection, we show that, for the
relevant vorticity function, the counterpart of the Stuart vortices on a non-rotating sphere
obtained in Crowdy (2004) represent the leading order of gyre-flow type solutions in a
subregion of a rotating sphere, provided that the diameter of the gyre region is of the
order of hundreds of km. This permits us to visualise the streamline-pattern of the flow
on a rotating sphere. The viewpoint advocated in this paper is that in-depth studies of
shallow-water flows on a rotating sphere can be pursued in spherical coordinates. These
have the advantage with respect to the use of the -plane approximation that they are
capture the effects of the Earth’s sphericity and are valid in any region of the sphere,
whereas the -plane equations are a consistent approximation only in equatorial regions.

2. Preliminaries

We introduce a set of (right-handed) spherical coordinates (', 6, ¢): r' is the distance
from the centre of the sphere, 6 (with 0 < § < 7) is the polar angle (and then 7/2 — 6
is the angle of latitude); ¢ (with 0 < ¢ < 2m) is the azimuthal angle i.e. the angle
of longitude. We use primes, throughout the formulation of the problem, to denote
physical (dimensional) variables; these will be removed when we non-dimensionalize. The
unit vectors in this (r/, 0, ¢)-system are (&,, &g, €,), respectively, and the corresponding
velocity components are (w’, v/, u'); é4 points from West to East, and €y from North to
South (see Fig. 1). The governing equations for inviscid flow are the Euler equation

/ /

(8+ u’ 8+v'6+, )( 3
—t—————+—=+u =) (v, u
ot r'sinfd¢ 1 00 or’ T
1
+ = ( —u?— v, —u?cot 0 4+ v'w', u'v cot O + u’w’)
r
+ 202 (—u'sinf, —u’ cosf, v’ cos @ + w' sin @) — 7' 2" (sin” 6, sin O cos b, 0)

1 /0p 1 0p 1 o

:_?(%’ 00 1'sinf d¢
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Stuart-type vortices on a rotating sphere 3

and the equation of mass conservation

!/
L Ou L 9 (v'sin ) + !

—_ T (2 —
7sind 06 | r'smd 90 5 5 (W) =0, (2.2)

respectively, where p/(r', 0, ¢,t') is the pressure in the fluid, £’ ~ 7.29 x 1075 rads™! is
the constant rate of rotation of the Earth and p’ is the constant density, with the choice
g’ = constant ~ 9.81 ms~2 for the gravitational term reasonable for the depths of the
oceans on the Earth (see Vallis (2006)).

Redefining the pressure
p =gp (R —r")+ %plvﬂfﬂ sin?@ + P'(r', 0, $,t), (2.3)
where R’ ~ 6378 km is the Earth’s radius, and then writing
r =R +2, (2.4)
we non-dimensionalize the governing equations (2.1)-(2.2) for steady flow according to
7 =H'z, (w', v, ') =U" (kw, v, u), P =,U"?P, (2.5)

where H’ is the mean depth of the ocean and U’ is a suitable horizontal speed scale
(typically of the order of 4 km and 0.1 ms™!, respectively). The scaling factor, k,
associated with the vertical component (w) of the velocity, is very small (of the order
of 107%) since the vertical motion is so weak that it is almost always inferred rather
than measured directly (see Marshall and Plumb (2016); Viudez and Dritschel (2015)).
Defining the shallowness parameter € by

H/
g = ﬁ y (26)
the steady-state Euler equations become
U 9] v 0 k 0
e A R N P S G 3
((1+sz)sin9 13J0) + 1+ez 00 + 5w8z>( w, v, u)
1
+ (7u2 —v%, —u®cot 0 + kvw, uvcot0+kuw)
1+ez
+ 2w (—u sin @, —ucos b, vcosh + kw sin )
10P 1 oP 1 oP
- (% el — =), (2.7)
€0z 14ez 00" (1+ez)sinf d¢
where
'R
W=7 >1 (2.8)

(with w a2 4650 for U’ = 0.1 ms~!), while the equation of mass conservation becomes

1 {8u 2(vsin@)}—i—6 i 9

T eemd\2s + o0 m&{(l—&-sz)%}}:o. (2.9)

Typically k& = O(g?) (see the discussion in Constantin and Johnson (2017)) so that,
multiplying the first component of (2.7) by € and subsequently letting ¢ — 0 (the shallow-
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4 A. Constantin and V. S. Krishnamurthy

water approximation), we see that the horizontal flow (u, v) is governed by the equations

0= (2.10)
(Size%-l—v%)v—ﬁcot@—?wucos@z—aa—};, (2.11)
(Size%+v%)u+uvcot0+2wvcosez—ﬁg—{;, (2.12)
%+%(vsin0) =0. (2.13)

The existence of a stream function, (8, ¢), satisfying
u:_%’ U:shll@%’ (2.14)

is ensured by (2.13) and the elimination of the pressure between equations (2.11) and
(2.12) gives the vorticity equation
0 1

)( 29¢¢¢+¢000t9+¢90—2wcos9)=0, (2.15)

d
(% a9 v 06/ \sin

in which
1
Vi = —5— Peg + g cot 0 + g
sin” 6
is the Laplace-Beltrami expression. Writing equation (2.15) in the form
Vg (Vi) — 2w cos0)g — 1y (Vi — 2w cosf)y =0,

throughout regions where V4 )¢ # (0,0), the rank theorem (see Newns (1967)) yields

V3.9 — 2wcosf = F(v)) (2.16)

for some function F. The total vorticity of the flow comprises two components: the
vorticity solely due to the rotation of the Earth (2w cos8: ‘spin vorticity’) and that due
to the underlying motion of the ocean, F'(3), and not driven by the rotation of the
Earth (‘oceanic’ or ‘relative’ vorticity). One of these contributions (the spin vorticity) is
completely prescribed, but that associated with the movement of the ocean is specific
to the particular flow conditions. Note that if we ignore the planetary (spin) vorticity
by setting w = 0, equation (2.16) becomes the equation describing stationary vortex
structures in an ideal fluid. The presence of planetary vorticity in equation (2.16) alters
considerably the underlying mathematical structure of the problem due to the intricate
coupling between the oceanic and the planetary vorticity components. For theoretical
investigations of vortex dynamics in a bounded region of the surface of a non-rotating
sphere we refer to Crowdy (2006); Kidambi and Newton (2000); Newton (2001).
Equation (2.16) is the counterpart in spherical coordinates of Fofonoff’s -plane model
Fofonoff (1954), described in modern notation in Vallis (2006), and offers some exciting
prospects for future investigations. For example, on the stereographically projected
equatorial &-plane, equation (2.16) becomes
712 -1
1+ €80 =2 T g + P, (2.17)
where |¢| = cot(§) for the polar angle 8 € (0,7); see Fig. 2. Explicit solutions for linear
functions F' were obtained in Constantin and Johnson (2017), e.g. for F' =~ (constant),
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z

N =(0,0,1)

S =(0,0,-1)

FIGURE 2. Schematic illustration of the stereographic projection mapping
the point (z,y,z) on the unit sphere with the North Pole N excised to the
intersection point (X, Y") of the equatorial plane with the ray from N to (z,y, z).

the general solution of (2.17) is given by

2w
1+é€E
where ((£,€) is an arbitrary harmonic function. The considerations related to Stuart

vortices (see Crowdy (2004); Stuart (1967)) offer prospects for the study of the nonlinear
vorticity function F(v) = ae®” + ¢ with suitable real constants a, b, c.

P(€,€) = yIn(1 + £€) + +¢(&,9), (2.18)

3. Main result

We seek solutions of (2.17) for F()) = ae®¥ + ¢ with suitable real constants a, b, c.
Setting

$(€,6) = ¢(€,€) + Aln(1 +£8) (3.1)
for some real constant A to be determined, we get
A _
Ve =St e e = (1+£6)™ e,

and therefore (2.17) becomes

c— A+ 2w 4w b =\ Ab—2
(g = = - —— +ae” (1+£5)"2.
€O+ 1+
For
2
A= 5 c=A-2uw,
we see that (2.17) is transformed to the equation
4w
Cr=aet - 2 3.2
« (1+¢€)° )
Setting w = 0 in (3.2) leads us to the Liouville equation
G = ae’, (3.3)

which is exactly solvable. This feature enabled Crowdy (2004) to associate to any solution
o of (3.3) an explicit stream function

Yo(6.8) = (6D + 3 In(1 + €0) (3.4)
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6 A. Constantin and V. S. Krishnamurthy

that represents the flow pattern of Stuart-type vortices on a non-rotating sphere. We aim
to show that for any gyre flow with nonlinear oceanic vorticity of the form

F(p) =ae® + % — 2w, (3.5)

dependent on the inverse Rossby number w > 1 and on the free real parameters a, b
with ab > 0, and such that the diameter d’ of the gyre region satisfies

/ iy _
d\| G = O(1). (3.6)

the explicit functions in (3.4) are accurate approximations of the stream function ¢ of
the gyre flow, in the sense that

;.6 N2 ()
o<im g LGS (e
4 sin“(0n/2) U'R’

(3.7)

where O € (0,7) and 0 € (0,7) are the co-latitudes of the northern, respectively
southern tips, of the gyre region; here the diameter of a (not necessarily circular) planar
or spherical region is defined as the largest distance between two points in the region.
Intuitively, this result means that although the rotation term in (3.2) is large, its effect
on the (highly nonlinear) dynamics can nevertheless be small if the size of the gyre region
is relatively small, as quantified in (3.6) and (3.7). Physically realistic scenarios for the
occurrence of such flows are provided in Section 5.

We rely on the theory of elliptic partial differential equations to prove the approxima-
tion property (3.7). Indeed, in terms of the Cartesian coordinates (X,Y") in the complex
&-plane, we can write (3.2) as the semilinear elliptic equation

16w

AC =4ae” — ———— 3.8
C=dee® — Xy v (38)

where A = 0% + 02 is the Laplace operator, while (3.3) becomes
AC = 4a e’ . (3.9)

At the ocean surface, a gyre is delimited by a level set of the stream function, say
1 = 0, which encloses a region @’ on the surface of the sphere and this spherical region
corresponds in the (X,Y')-coordinates to a planar region O, the scaled stereographic
projection of @’. Consequently we have to solve for
¥Y=¢—Go
the equation
16w
~Ay+dae? (e —1) - —————— =0 3.10
v +4dae™ (e ) (1+ X2 +Y2)3 (3.10)

in a bounded planar domain O, with homogeneous Dirichlet boundary data

y=0 on 90, (3.11)

where 9O is the smooth boundary of O. In our analysis we apply the method of sub-
and super-solutions, combined with maximum principles and elliptic a priori estimates.
We recall that the classical Calderén-Zygmund theory for the linear Dirichlet problem

{ AU():FO in O,

Uy=0 on 00, (3.12)
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Stuart-type vortices on a rotating sphere 7

in the setting of Sobolev spaces, asserts that if Fy € L?(O), then there exists a unique
solution Uy € H2(O) N H}(O) of (3.12) and the following estimate holds:

U0l 20y < CollFoll2(0) (3.13)

for some constant Cy > 0 depending only on O; see Brézis (2011) and Ponce (2016).
Moreover, if Fy is the restriction of a continuous function Fy : R? = R to O, then Uy is
twice continuously differentiable in O and admits a continuous extension to the closure
O =0 UdO of U; see Gilbarg and Trudinger (2001). Note that in terms of the Green’s
function of the first kind for O, Go(X,Y, X', Y’), we have

Uo(X,Y) = / / Go(X,Y, XY Fo(X',Y)dX'dY', (X,Y)eO.  (3.14)
O

In particular, for circular domains the Green’s function Go(X,Y, X', Y’) is explicitly
determined (see Gilbarg and Trudinger (2001)). Also, for annular domains an explicit
Green’s function is available (see Crowdy and Marshall (2007)). While the estimate (3.13)
and the representation formula (3.14) are important for the existence of solutions, we
will take advantage of the following growth estimate for the solution of (3.12):

1
0< Up(X,Y) < T MD?, (X,Y) €0, (3.15)

where D is the diameter of the set O and

0< M= max {-Fy(X,Y)} for Fy:0O — (—00,0] continuous.
(X,Y)eO
To prove (3.15), note that since Fy < 0, the weak maximum principle (see Gilbarg and
Trudinger (2001)) ensures that the minimum of the solution Uy in O is attained on the
boundary 90O, and thus Uy > 0 throughout O. Furthermore, if (Xo,Yy) € O is a point
such that O is contained within the closed ball of radius D/2 centred at this point, then
the function U defined by

0(X, Y) = UO(X, Y) + M[4(X - X0)2 ‘Eg(y - Y0)2 — D2] 7

is such that AU > 0in O and U < 0 on 9O. The weak maximum principle therefore
ensures that the maximum of the solution U in @ is attained on the boundary 9O, so
that U < 0 throughout O and this proves the upper estimate in (3.15).

On the other hand, twice continuously differentiable functions ~, ,v* : O — R with
continuous extensions to @ which vanish on the boundary 00, are called a sub-solution
(super-solution) of (3.10) with the homogeneous Dirichlet boundary condition (3.11) if

16w

*A’Y* + 4aebC0 (ebv* — 1) — m é 0, (X7Y) S O, (316)

(X,Y)eO,

respectively if

1
O >0, (X,Y)eO. (3.17)

—Ay* 4 daebo (D — 1) — Arxz1vep 2

Since the nonlinearity in (3.10) is smooth, the method of sub- and super-solutions applies:
the existence of a sub-solution 7, and of a super-solution v* with v, < +* in O ensures
the existence of a solution v that is twice continuously differentiable in O, admits a
continuous extension to O and satisfies v, < v < v* throughout O; see Ponce (2016).
Let now ¢y be a solution of the Liouville equation (3.9), in a domain O delimited by
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8 A. Constantin and V. S. Krishnamurthy

a zero level set of ¢y defined by (3.4), and let Uy be the unique solution of (3.12) with
the homogeneous Dirichlet boundary condition Uy = 0 on 00, for

16w

BXY) = -y

(3.18)

We now claim that v, = 0 is a sub-solution and v* = Up is a super-solution of (3.10),
with v, < ~* in O. Indeed, since Fj < 0, the strong maximum principle (see Gilbarg and
Trudinger (2001)) yields

Up(X,Y)>0, (X,Y)€O, (3.19)
so that (, < ¢* in O and
aeb€tlo) > gt in O since ab >0,

with the inequalities (3.16)-(3.17) now easily checked. The method of sub- and super-
solutions therefore ensures the existence of a solution 7 to (3.10) with homogeneous
Dirichlet boundary data (3.11), such that

0<y<Uy in O. (3.20)
Using (3.1), (3.4) and (3.15), we get

1
0<Y—pog=7< Uy < 6 MD? throughout O'. (3.21)
Since
1
1+ X2+ Y2 =146 = — 4,
sin”(3)
we see that (3.18) in combination with (3.21) yield
0
0 <1 — 1y < wD? sin® (;) throughout O, (3.22)

where g is the co-latitude of the southern tip of the gyre region O’ and D is the diameter
of the (scaled) planar stereographic projection O of the spherical region O'. Note that
the stereographic projection distorts areas, with the infinitesimal distortion rate from
the sphere to the plane equal to 4sin2(g); in particular, planar projections of spherical
areas near the South Pole are diminished while the projections of spherical areas near

the North Pole are inflated. Therefore the diameter d’ of the gyre region OO’ satisfies

d . (0N
¥ >2Dsm( > ),
where 6 is the co-latitude of the northern tip of @’. Using the above inequality in (3.22)
validates the estimate (3.7), due to (2.8).

Since v = ¥ — g = ¢ — (o vanishes on 00, with {y, and 1y both known explicitly
within O, to appreciate the relevance of the estimate (3.7) for revealing the streamline
pattern of the flow, let us show that the range of (real) values of {y throughout O can
be very wide for suitable choices of the free parameters a and b. To prove this, let us
assume without loss of generality that a > 0, and so b > 0. Firstly, since 19 = 0 on 90,
from (3.4) we infer that

Co = _% In(1+€£) <0 on 90. (3.23)



265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

Stuart-type vortices on a rotating sphere 9

FI1GURE 3. Depiction of the streamline pattern on the rotating
sphere for the choice f(z) = z24+1and a = 1, bw? = 2 in (4.1).

We now prove that if m > 0 is such that

4Ameb™

a

<d3. (3.24)
where dj is the diameter of the largest ball contained within the planar region O, then

(X,lxlfl)feo{co(x’ Y)}<-m. (3.25)
To verify the estimate (3.25), let us first note that since {5 < 0 on 9O and Ay > 0 in
O is ensured by the fact that (o solves (3.9), the weak maximum principle yields ¢y < 0
throughout O. If By is the largest ball contained within the planar region O that is
bounded by the smooth streamline 1y = 0, then the circle 9By that surrounds By will be
tangent to JO. Define the function

aem [4(X — XO)2 + 4(Y — YO)2 — 2]
4 )

where (XY, YY) is the centre of the disk By. Assuming that (3.25) is invalid, we would

get (o = —m throughout O, and (3.9) would yield Ay > 4ae™™ in By C O. But then,

since oy < 0 on 9By and Aag = Ay — 4ae "™ > 0 in By, the weak maximum principle
would ensure that ag < 0 throughout By. In particular, ag(X°,Y?) < 0, that is,

O‘O(va):CO(va)* (va)EBOa

ae—bm

GOX% Y% < — dz.

But (3.24) then leads us to (o(X° Y?) < —m, which is in contradiction with the
assumption of the invalidity of (3.25). Consequently (3.25) must hold.

The estimates (3.7), (3.23) and (3.25) show that if the diameter of the gyre region
satisfies (3.6), then the streamline pattern for ¢ is a small perturbation of the level sets
of the explicit function .

4. Flow visualization
The form of the general solution to the Liouville equation (3.3) is (see Henrici (1986))

L ApEP
<9 = 5z s (G g ) (4.1)

where f is a meromorphic function with [’ # 0, |f| # w%, and having at most

isolated simple pole singularities in the domain in which the equation is to be solved.
By means of (3.1) and (4.1), we can visualize the streamlines for various choices of
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10 A. Constantin and V. S. Krishnamurthy

f (see Fig. 3 for an example that captures the flow pattern of a large gyre). For a
given f, any closed streamline can be used to define the boundary of the relevant
flow region. Note that typical gyre regions on the surface of the sphere are mapped
by the stereographic projection into simply connected regions of the complex plane, for
which the representation of the Green’s function (corresponding to the Laplace operator)
by the Riemann mapping function is classical (see Henrici (1986)). Moreover, we can
approximate the boundary of a region of specific geophysical interest by a polygonal line
with a high degree of accuracy, in which case the Schwarz-Christoffel formulas provide
an explicit representation for the Riemann mapping function (see Henrici (1986)). In
this context, we point out that if O is a simply connected bounded region of the complex
plane, and g(z, z") = —log|z—2'|—h(z, ') is its Green’s function for the Laplace operator,
then (&) = h(&,€) solves Liouville’s equation A¢ = 4e2¢ (see Gustafsson (1990)).

5. Discussion

Let us now comment on the physical relevance of the above theoretical considerations.
For the reference value U’ = 0.1 ms™!, due to (3.6), gyre regions with a diameter of the
order of 100 km enter our framework. One such example is the small-scale but energetic
Ierapetra gyre, showing up in the Eastern Mediterranean, South-East of Crete, at the
end of summer almost every year (see Amitai et al. (2010)); in this case O =~ 55.5° and
fs ~ 56.5°, so that the upper bound in (3.7) is about 0.01. Gyre regions of a similar
size occur in the Bering Sea (see the discussion in Kostianov et al. (2004)); in this case
On = 29.5° and s =~ 30.5° so that the upper bound in (3.7) is about 0.001. Also,
one of the most prominent features of the Arctic Ocean is the large Beaufort Gyre —
a clockwise ocean current that, due to the interplay between the forces of gravity and
Coriolis, circulates with its overlying sea ice cover with surface speeds of the order 0.1
ms~! in the region comprised between 76°N-84°N and 140°W-180°E; see the data in
Plueddemann et al. (2017). The corresponding polar angle 6 for the Beaufort Gyre is
between 6° and 14°, and in this case the upper bound in (3.7) is less than 0.05, despite
the relatively large gyre diameter — a feature that is offset by the co-latitude factor.

Concerning gyre flows in the Southern Hemisphere, consider the clockwise oceanic
gyres in the Weddell and Ross Sea: with surface current speeds of the order of 0.1 ms™?,
diameters of about 2000 km, and corresponding values 6y =~ 150° and fg = 160° (see
Riffenburgh (2007)), these gyres dominate the ocean circulation in each basin, being
confined between the continent of Antarctica and the azimuthal flow of the Antarctic
Circumpolar Current — the most significant current in our oceans and the only current
that completely encircles the polar axis, being composed of a number of high-speed,
vertically coherent, seafloor-reaching jets with speeds commonly exceeding 1 ms~! and
typically 40-50 km wide, separated by zones of low-speed flow (see the discussion in
Constantin and Johnson (2016)). In this case the upper bound in (3.7) is about 100,
and thus of no practical relevance. However, rather than performing the stereographic
projection from the North Pole, in this case we can rely on that from the South Pole,
with the outcome that (3.7) holds with 6 replaced by = — 6, resulting in an upper bound
less than 2. While this may be still relevant, the obtained value shows that the diameter
of these gyres is too large to be amenable to the approach pursued in this paper. This
will also be the case for the largest oceanic gyres (e.g. in the North Pacific and Southern
Atlantic). Nevertheless, our considerations are physically relevant for the dynamics of
small- and mid-size gyres (with diameters of the order of several hundreds km).
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