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Integrating the functions
f:RCR* R
Where R is a region in the plane.

f:R2 SR

What is integration of constant function?
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General regions later.

First decode what is the domain of the function and
co-domain of the function. f : R — R where R is the region.

R:={(x,y):a<x<b,c<y<d}
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convergence

» Since intuitively, plane (domain) has two dimension and
(co-domain) has one dimension, we can realize the function in
three dimension.

» The base is in two dimension (so small rectangles) and the
height as the function value.

> Let the small area be AAg and height f(xp, yo) so the
expression f(xp, yo)Ao represents the volume.

> Do this process in the whole region and we will end up with
integration of the function f(x,y).

Sn =Y F(xi, yi) DAk
k=1
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Convergence

If S, converges to some value after refining the mesh (base area)
width and depth, then the value is called the double integral of f
over R and denoted by

// f(x,y)dA = ILm Z f(xk, yk)AAK
R n OOk:l

» When the refinement really converges? - integration theory.

» But we assume something more 'continuity’ of the function.
Though the property is not necessary. This integrals have lot
of properties like the single integrals.
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Method

We can understand or visualize the double integrals as volumes
AAj Small rectangular region (in X Y plane)

f(xk,yx) Height of rectangular prism with AAy as the base (in
Z plane)

V' Volume under the surface f(x, y)

V:// f(x,y)dA = lim D (i yi) DAk
R n Ook:]_
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Method

This volume coincides with the volume that we find by slicing the

volume into areas.
The idea

Double integral = Two single integrals

The equality is given by Fubuni's Theorem. Let us understand this
with a simple example.

Example

Calculate the volume under the plane z = f(x,y) = 4 + x — y over
the rectangular region

R=0<x<1, 0<y<2

Let us first try to see the surface.
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Problem

Let us do the slicing in x-direction. For a fixed x we will have
To get the volume, we should integrate over such all possible
areas. fol A(x)dx Look out only A(x) and see that

2
A = [ (@ +x=y)dy

Hence the volume under the plane is given by

[([erxna)a-[ [4y+xy_y;]:dx

= /01(6 + 2x)dx

= [6x + xz](l)
= 7Units
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we will have the picture.



Slicing in other direction

Doing it in the other direction, that is in y- direction. For a fixed y
we will have the picture. To get the volume, we should integrate
over such all possible areas. f02 A(y)dy Look out only A(y) and
see that

1
Aly) :/0 (4 + x — y)dx

Hence the volume under the plane is given by

2

/02 </01(4+X—y)dx) dy:/02 [4x+)<2—xy]:dx

= 7Units
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Figure: x =constant, y =constant
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Fubini's Theorem(first form)(1907)

If f(x,y) be a continuous function on a rectangular region
R:={(x,y):a<x<b,c<y<d} then

//Rf(x,y)dAz/ab/cd f(x,y)dydx:/cd /ab f(x,y)dxdy
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Fubini’s Theorem(Stronger form)

If f(x,y) be a continuous function on a rectangular region
R = {(Xay) ra<lx< bagl(X) < y < g2(X)} then

// (x,y)dA = //g f(x, y)dydx

If f(x,y) be a continuous function on a rectangular region
R:={(x,y): h(x) <y < hy(x),c <y <d} then

//fxydA / / f(x,y)dxdy
hi(y)
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Sketch the region of integration and evaluate

I ;in(X) ydydx /4
tIntegrating function
flx.y)=y

Region R:
0 <y <sin(x)

0<x<m

2. fBl f}l(x +y + 1)dxdy 1



Sketch the region of integration and evaluate

I gin(x)ydydx /4
tIntegrating function

flx.y)=y
Region R:
0 <y <sin(x)
0<x<m
2. fBl f}l(x +y + 1)dxdy 1

3. ffff dxdy 5/6



Sketch the region of integration and write an equivalent double
integral with the order of integration reversed

1. foz f}?_z dxdy
2. f02 04_y2 ydxdy

Va—x2
3. Jo Y s dxdy



. Find the volume of the region that lies under the paraboloid
z = x? 4+ y? and above the triangle enclosed by the lines
y =x,x=0and x+y = 2 in the XY-plane. 4/3

. What region R in the XY-plane minimizes the value of

//(XZ—i—y2 —9)dA



Sketch the regions bounded by the given lines and curves. Then
express the regions area as an iterated double integrals and
evaluate the integral

1. Co-ordinate axes and the line x +y =2 2
2. The curve y = e* and the linesy =0, x=0and x=1In2 1
3. The parabolas x=y?>—T1and x=2y?>—-2 4/3

4. fo f dydx
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