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Surfaces

Curves in plane has three forms

I Explicit form: y = f (x)

I Implicit form: f (x , y) = 0

I Parametric form: r(t) = x(t)i + y(t)j , a ≤ t ≤ b

Surfaces in space has three forms

I Explicit form:z = f (x , y)

I Implicit form:f (x , y , z) = 0

I Parametric (vector) form:

r(u, v) = f (u, v)i+g(u, v)j+h(u, v)k, a ≤ u ≤ b, c ≤ v ≤ d

Range of r is the surface S, Domain of r is in the u, v plane.
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Surface Area
Explicit form

Area of the surface f (x , y , z) = c over a closed and bounded plane
region R is

Surface area =

¨
S
dσ =

ˆ ˆ
R

|∇f |
|∇f .p|

dA

where p is a unit vector normal to R and ∇f · p 6= 0

The integral of g over S

Surface Integral =

¨
S
gdσ =

ˆ ˆ
R
g(x , y , z)

|∇f |
|∇f .p|

dA
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Find the area of the surface cut from the paraboloid
x2 + y2 − z = 0 by the plane z = 2

∇f = 2xi + 2yj − k , |∇f | =
√

4x2 + 4y2 + 1, p = k
∇f · p = −1 and |∇f · p| = 1

SA =

ˆ ˆ
R

|∇f |
|∇f · p|

dA =

¨
x2+y2≤2

(√
4x2 + 4y2 + 1

)
dxdy

=

ˆ ˆ
r≤
√
2

√
4r2 + 1 rdrdθ =

ˆ ˆ
r≤
√
2

√
4r2 + 1

dr2

2
dθ

=

ˆ 2π

0

ˆ √2
0

√
4r2 + 1

dr2

2
dθ =

1

2

ˆ 2π

0

1

4

(4r2 + 1
) 3

2

3
2


√
2

0

dθ

=
1

2

1

4

ˆ 2π

0

[
2

3
(27− 1)

]
dθ =

1

3

1

4
(26× 2π) =

1

4

52π

3
=

13π

3
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Find the area of the region cut from the plane x + 2y + 2z − 5 by
the cylinder whose walls are x = y2 and x = 2− y2.

|∇f | = |i + 2j + 2k | =
√

9 = 3, p = k , |∇f · p| = 2

=

¨
R

|∇f |
|∇f · p|

dA =

¨
3

2
dA

=
3

2

{ˆ 1

0

ˆ √x
−
√
x
dxdy +

ˆ 2

1

ˆ √2−x
−
√
2−x

dxdy

}

=
3

2

2

[
x

3
2

3
2

]1
0

− 2

[
(2− x)

3
2

3
2

]2
1


=

3

2

{
4

3
+

4

3

}
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Exercise

1. Integrate g(x , y , z) = x + y + z over the portion of the plane
2x + 2y + z = 2 that lies in the first octant. 2



Parametrized surfaces

r(u, v) = f (u, v)i + g(u, v)j + h(u, v)k, a ≤ u ≤ b c ≤ v ≤ d
Area of surface is¨

S
dσ =

¨
uv−region

|ru × rv |dudv

Surface integral of k over S

¨
S
kdσ =

¨
uv−region

k(f , g , h)|ru × rv |dudv



Find the surface area of the portion of the cone z = 2
√

x2 + y2
between the planes z = 2 and z = 6

S(r , θ) = rcosθi + rsinθj + 2rk

rr = cosθi + rsinθj + 2k

rθ = −rsinθi + rcosθj + θk

|rr × rθ| =

∣∣∣∣∣∣
i j k

cosθ sin θ 2
−rsinθ r cos θ 0

∣∣∣∣∣∣
= i(−2rcosθ)− j(2rsinθ) + k(rcos2θ + rsin2θ)

= | − 2rcosθi − 2rsinθj + rk|

=
√

4r2cos2θ + 4r2sin2θ + r2

= r
√

5

Area =
´ 2π
0

´ 3
1 r
√

5drdθ = 8
√

5π
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Exercise

1. The first octant of the portion of the cone z =

√
x2+y2

2
between the planes z = 0 and z = 3

2. The portion of the plane x + y + z = 1

2.1 inside cylinder x2 + y2 = 9
2.2 inside cylinder y2 + z2 = 9

3. Integrate k(x , y , z) = x2 over the unit sphere x2 + y2 + z2 = 1


