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Problem Set 1
Instructions

1. You are not supposed to submit the solutions to these questions.

2. To get the most out of these, solve all the problems on your own.

Questions

1. Solve the following systems of equations (show all the steps) and sketch the curves for x, or x and y as a function of time.

(a)
dx

dt
= −x+ x2 with initial conditions x(0) = −1/2.

(b)
dx

dt
= −x+ 2y and

dy

dt
= x− y with initial conditions x(0) = 1 and y(0) = 1/2.

(c)
dx

dt
= −x− y and

dy

dt
= 2x− y with initial conditions x(0) = 0 and y(0) = 1.

2. Consider the vertical motion of an object of mass m falling under gravity g with quadratic air resistance k

m
dv

dt
= −mg − kv2

Introduce non-dimensional variables τ = t/t0 and u = v/v0. Choose characteristic velocity scale v0 and time scale t0 to
express the equation in the dimensionless form.

3. For each of the following systems, find the fixed points and sketch the nullclines and the vector field

(a) ẋ = −1 + x+ y, ẏ = αe−x

(b) ẋ = x− x3, ẏ = −y
(c) ẋ = x(x− y), ẏ = y(2x− y)

(d) ẋ = x2 − y, ẏ = x− y

(e) ẋ = y − x2, ẏ = x− 1

(f) ẋ = y, ẏ = −x+ x3

4. For the following systems of equations identify the fixed points and the nature of their stability.

(a)

ε̈ = − ε

1−

(
ε

ε0

)2

where ε0 > 0.

(b)

ẋ = − xy

1 + x
+

y

1 + y

ẏ = −x(1− y)

1 + x
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(c)

ȧ = −a+ αb2

1 + b2

ḃ = −b+ αa2

1 + a2

where α > 0.

5. Sketch the phase portraits for the equations/systems of equations in Question-1 and 2.

6. Consider the following contraption where one end of a spring (undeformed length l0, spring constant k) is connected to a
fixed wall, and the other end is connected to a bead of mass m (shown in blue color). The bead is constrained to move
along the red color line.

d

(a) Write down the equation of motion for the bead.

(b) Identify the fixed points in the system for l0 > d and l0 < d.

(c) Draw the phase diagram for this system.

(d) Identify the nature of the stability of the fixed points.

(e) Plot the location of the stable point(s) (with a solid line) and unstable fixed point(s) (with a dashed line) as a function
of spring length l0.

7. Consider an ecosystem of rabbits and sheep. Suppose that both species survive on the same food supply (grass) and the
amount of grass available is limited. If we ignore all other factors and focus on only two effects

• Each species would grow to its maximum limit in the absence of the other. This is also known as logistic growth.

• , However, when the two species come in contact with each other, the sheep nudges the rabbit aside and does not let it
eat the grass. We assume that this conflict occurs at a rate proportional to the size of each population. Such conflict
would reduce the rate of growth of both, but the effect is more severe for the rabbits.

By combining all of these effects, we can write down the equations describing the change in the number of both species

ṙ = r(3− r − 2s)

ṡ = s(2− r − s)

where r and s represent the number of rabbits and sheep, respectively.

• Identify the fixed points of the system.

• Sketch the phase diagram.

• What is the nature of the stability of the FPs?

8. Write down the equation of motion of a simple pendulum and analyze it using the phase diagram method.

9. Find fixed points & their stability, and sketch the 1D phase line trajectories for ẋ = sin(x).

10. Consider the population dynamics given by:

Ṅ = rN

(
1− N

K

)
−H

Rescale the population variable u = N/K and dimensionless time τ = rt to reduce the model to
du

dτ
= u(1−u)−h. Identify

the dimensionless harvesting parameter h.
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11. A modified logistic growth model is given by ẋ = x(1− x)− h, where h > 0 represents a constant harvesting rate. Sketch
the phase plane for h < 1/4 and h > 1/4, and show how the existence of fixed points changes.

12. Consider the system ẋ = x − y − x(x2 + y2), ẏ = x + y − y(x2 + y2). Transform this system into polar coordinates (r, θ)
and sketch the 2D phase portrait.

13. A particle moves under a potential V (x) = 1
4x

4 − 1
2x

2 with friction γ > 0:

ẋ = y

ẏ = −γy + x− x3

Find all fixed points and construct the Jacobian matrix to classify the stability of each fixed point.

14. The non-linear advection-diffusion equation is given by

∂u

∂t
+ u

∂u

∂x
= ν

∂2u

∂x2
, 0 < x < L

Using characteristic velocity U0 and length scale L, define dimensionless variables x∗ = x/L, u∗ = u/U0, and t∗ = tU0/L.
Derive the non-dimensional equation and identify the Reynolds number Re = U0L

ν .

15. Determine the fixed points and their stability for the system

ẋ =
1

1 + y2
− x

ẏ =
α

1 + x2
− y.

16. Consider a cyclic 4-gene regulatory network described by

ẋ1 =
α

1 + x24
− x1

ẋ2 =
α

1 + x21
− x2

ẋ3 =
α

1 + x22
− x3

ẋ4 =
α

1 + x23
− x4

(a) Show that a symmetric fixed point exists where x∗1 = x∗2 = x∗3 = x∗4 = x∗.

(b) Derive the 4× 4 Jacobian matrix at this fixed point and write down the eigenvalue equation.

(c) Determine the threshold value of α for linear instability.

17. Consider the damped wave equation on a string of length L

∂2y

∂t2
+ γ

∂y

∂t
= c2

∂2y

∂x2
, 0 < x < L

Using dimensionless spatial coordinate ξ = x/L and dimensionless time τ = ct/L, transform the equation into

∂2w

∂τ2
+ k

∂w

∂τ
=
∂2w

∂ξ2

where w = y/L. Express k in terms of physical parameters.
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