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16 Backpropagation and adjoints

From now onward, we give up the luxuries afforded by convexity and move to the
realm of non-convex functions. In the problems we have seen so far, deriving a closed-
form expression for the gradients was fairly straightforward. But, doing so can be a
challenging task for general non-convex functions. In this class, we are going to focus
our attention on functions that can be expressed as compositions of multiple functions.
In what follows, we will introduce backpropagation - a popular technique that exploits
the composite nature of the functions to compute gradients incrementally.

16.1 Warming up

A common view of backpropagation is that “it’s just chain rule”. This view is not
particular helpful, however, and we will see that there is more to it. As a warm-up
example, let us look at the following optimization problem with g : Rn → R, f : R→ R:

min
x

f (g(x)). (1)

Using a similar trick to the one we saw in the context of ADMM, we can rewrite this
problem as

min
x

f (z) (2)

s.t. z = g(x)
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Note that we have converted our original unconstrained problem in x into a constrained
optimization problem in x and z with the following Lagrangian,

L(x, z, λ) = f (z) + λ(g(x)− z). (3)

Setting ∇L = 0, we have the following optimality conditions,

0 = ∇xL = λg′(x)⇔ 0 = λg′(x) (4a)
0 = ∇zL = f ′(z)− λ⇔ λ = f ′(z) (4b)
0 = ∇λL = g(x)− z⇔ z = g(x) (4c)

which implies

0 = f ′(g(x))g′(x)
= ∇x f (g(x)) (by chain rule)

Hence, solving the Lagrangian equations gave us an incremental way of computing
gradients. As we will see shortly, this holds at great generality. It is important to notice
that we did not use the chain rule when solving the equations in (4). The chain rule only
showed up in the proof of correctness.

16.2 General formulation

Any composite function can be described in terms of its computation graph. As long as
the elementary functions of the computation graph are differentiable, we can perform
the same procedure as above. Before moving ahead, let us introduce some notation:

• Directed, acyclic computation graph: G = (V , E)

• Number of vertices: |V| = n

• Set of ancestors of ith node: α(i) = {j ∈ V : (j, i) ∈ E}

• Set of successors of ith node: β(i) = {j ∈ V : (i, j) ∈ E}

• Computation at the ith node: fi(zα(i)), fi : R|α(i)| → R|β(i)|

• Nodes:

– Input - z1, . . . , zd

– Intermediate - zd+1, . . . , zn−1

– Output - zn
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z1
<latexit sha1_base64="LReQjI8wHrHaKm/mtpVV3t5wv4g=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LJaCp5KIoN6KXjxWNLbQhrLZbtqlu5uwuxFq6E/wJCji1X/kyX/jts1BWx8MPN6bYWZelHKmjed9O6WV1bX1jfKmu7W9s7tX2T940EmmCA1IwhPVjrCmnEkaGGY4baeKYhFx2opG11O/9UiVZom8N+OUhgIPJIsZwcZKd089v1epenVvBrRM/IJUoUCzV/nq9hOSCSoN4Vjrju+lJsyxMoxwOnFr3UzTFJMRHtCOpRILqsN8dusE1azSR3GibEmDZqr7ayLHQuuxiGynwGaoF72p+J/XyUx8EeZMppmhkswXxRlHJkHTx1GfKUoMH1uCiWL2WESGWGFibDyuTcFf/HmZBKf1y7p/e1ZtXBVxlOEIjuEEfDiHBtxAEwIgMIBneIU3RzgvzrvzMW8tOcXMIfyB8/kD4heNoQ==</latexit><latexit sha1_base64="LReQjI8wHrHaKm/mtpVV3t5wv4g=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LJaCp5KIoN6KXjxWNLbQhrLZbtqlu5uwuxFq6E/wJCji1X/kyX/jts1BWx8MPN6bYWZelHKmjed9O6WV1bX1jfKmu7W9s7tX2T940EmmCA1IwhPVjrCmnEkaGGY4baeKYhFx2opG11O/9UiVZom8N+OUhgIPJIsZwcZKd089v1epenVvBrRM/IJUoUCzV/nq9hOSCSoN4Vjrju+lJsyxMoxwOnFr3UzTFJMRHtCOpRILqsN8dusE1azSR3GibEmDZqr7ayLHQuuxiGynwGaoF72p+J/XyUx8EeZMppmhkswXxRlHJkHTx1GfKUoMH1uCiWL2WESGWGFibDyuTcFf/HmZBKf1y7p/e1ZtXBVxlOEIjuEEfDiHBtxAEwIgMIBneIU3RzgvzrvzMW8tOcXMIfyB8/kD4heNoQ==</latexit><latexit sha1_base64="LReQjI8wHrHaKm/mtpVV3t5wv4g=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LJaCp5KIoN6KXjxWNLbQhrLZbtqlu5uwuxFq6E/wJCji1X/kyX/jts1BWx8MPN6bYWZelHKmjed9O6WV1bX1jfKmu7W9s7tX2T940EmmCA1IwhPVjrCmnEkaGGY4baeKYhFx2opG11O/9UiVZom8N+OUhgIPJIsZwcZKd089v1epenVvBrRM/IJUoUCzV/nq9hOSCSoN4Vjrju+lJsyxMoxwOnFr3UzTFJMRHtCOpRILqsN8dusE1azSR3GibEmDZqr7ayLHQuuxiGynwGaoF72p+J/XyUx8EeZMppmhkswXxRlHJkHTx1GfKUoMH1uCiWL2WESGWGFibDyuTcFf/HmZBKf1y7p/e1ZtXBVxlOEIjuEEfDiHBtxAEwIgMIBneIU3RzgvzrvzMW8tOcXMIfyB8/kD4heNoQ==</latexit><latexit sha1_base64="LReQjI8wHrHaKm/mtpVV3t5wv4g=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LJaCp5KIoN6KXjxWNLbQhrLZbtqlu5uwuxFq6E/wJCji1X/kyX/jts1BWx8MPN6bYWZelHKmjed9O6WV1bX1jfKmu7W9s7tX2T940EmmCA1IwhPVjrCmnEkaGGY4baeKYhFx2opG11O/9UiVZom8N+OUhgIPJIsZwcZKd089v1epenVvBrRM/IJUoUCzV/nq9hOSCSoN4Vjrju+lJsyxMoxwOnFr3UzTFJMRHtCOpRILqsN8dusE1azSR3GibEmDZqr7ayLHQuuxiGynwGaoF72p+J/XyUx8EeZMppmhkswXxRlHJkHTx1GfKUoMH1uCiWL2WESGWGFibDyuTcFf/HmZBKf1y7p/e1ZtXBVxlOEIjuEEfDiHBtxAEwIgMIBneIU3RzgvzrvzMW8tOcXMIfyB8/kD4heNoQ==</latexit>

z2
<latexit sha1_base64="FHQ1mhNHEWZAVFM5QRa1x8u6Zq4=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LJaCp5IUQb0VvXisaLTQhrLZbtqlu5uwuxFq6E/wJCji1X/kyX/jts1BWx8MPN6bYWZelHKmjed9O6WV1bX1jfKmu7W9s7tX2T+410mmCA1IwhPVjrCmnEkaGGY4baeKYhFx+hCNrqb+wyNVmiXyzoxTGgo8kCxmBBsr3T71Gr1K1at7M6Bl4hekCgVavcpXt5+QTFBpCMdad3wvNWGOlWGE04lb62aappiM8IB2LJVYUB3ms1snqGaVPooTZUsaNFPdXxM5FlqPRWQ7BTZDvehNxf+8Tmbi8zBnMs0MlWS+KM44MgmaPo76TFFi+NgSTBSzxyIyxAoTY+NxbQr+4s/LJGjUL+r+zWm1eVnEUYYjOIYT8OEMmnANLQiAwACe4RXeHOG8OO/Ox7y15BQzh/AHzucP45uNog==</latexit><latexit sha1_base64="FHQ1mhNHEWZAVFM5QRa1x8u6Zq4=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LJaCp5IUQb0VvXisaLTQhrLZbtqlu5uwuxFq6E/wJCji1X/kyX/jts1BWx8MPN6bYWZelHKmjed9O6WV1bX1jfKmu7W9s7tX2T+410mmCA1IwhPVjrCmnEkaGGY4baeKYhFx+hCNrqb+wyNVmiXyzoxTGgo8kCxmBBsr3T71Gr1K1at7M6Bl4hekCgVavcpXt5+QTFBpCMdad3wvNWGOlWGE04lb62aappiM8IB2LJVYUB3ms1snqGaVPooTZUsaNFPdXxM5FlqPRWQ7BTZDvehNxf+8Tmbi8zBnMs0MlWS+KM44MgmaPo76TFFi+NgSTBSzxyIyxAoTY+NxbQr+4s/LJGjUL+r+zWm1eVnEUYYjOIYT8OEMmnANLQiAwACe4RXeHOG8OO/Ox7y15BQzh/AHzucP45uNog==</latexit><latexit sha1_base64="FHQ1mhNHEWZAVFM5QRa1x8u6Zq4=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LJaCp5IUQb0VvXisaLTQhrLZbtqlu5uwuxFq6E/wJCji1X/kyX/jts1BWx8MPN6bYWZelHKmjed9O6WV1bX1jfKmu7W9s7tX2T+410mmCA1IwhPVjrCmnEkaGGY4baeKYhFx+hCNrqb+wyNVmiXyzoxTGgo8kCxmBBsr3T71Gr1K1at7M6Bl4hekCgVavcpXt5+QTFBpCMdad3wvNWGOlWGE04lb62aappiM8IB2LJVYUB3ms1snqGaVPooTZUsaNFPdXxM5FlqPRWQ7BTZDvehNxf+8Tmbi8zBnMs0MlWS+KM44MgmaPo76TFFi+NgSTBSzxyIyxAoTY+NxbQr+4s/LJGjUL+r+zWm1eVnEUYYjOIYT8OEMmnANLQiAwACe4RXeHOG8OO/Ox7y15BQzh/AHzucP45uNog==</latexit><latexit sha1_base64="FHQ1mhNHEWZAVFM5QRa1x8u6Zq4=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LJaCp5IUQb0VvXisaLTQhrLZbtqlu5uwuxFq6E/wJCji1X/kyX/jts1BWx8MPN6bYWZelHKmjed9O6WV1bX1jfKmu7W9s7tX2T+410mmCA1IwhPVjrCmnEkaGGY4baeKYhFx+hCNrqb+wyNVmiXyzoxTGgo8kCxmBBsr3T71Gr1K1at7M6Bl4hekCgVavcpXt5+QTFBpCMdad3wvNWGOlWGE04lb62aappiM8IB2LJVYUB3ms1snqGaVPooTZUsaNFPdXxM5FlqPRWQ7BTZDvehNxf+8Tmbi8zBnMs0MlWS+KM44MgmaPo76TFFi+NgSTBSzxyIyxAoTY+NxbQr+4s/LJGjUL+r+zWm1eVnEUYYjOIYT8OEMmnANLQiAwACe4RXeHOG8OO/Ox7y15BQzh/AHzucP45uNog==</latexit>

zd
<latexit sha1_base64="I9kGL+fLFuJ6+0lSy9eNLID2TgY=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LJaCp5KIoN6KXjxWNLbQhrLZbNqlu5uwuxFq6E/wJCji1X/kyX/j9uOgrQ8GHu/NMDMvyjjTxvO+ndLK6tr6RnnT3dre2d2r7B886DRXhAYk5alqR1hTziQNDDOctjNFsYg4bUXD64nfeqRKs1Tem1FGQ4H7kiWMYGOlu6de3KtUvbo3BVom/pxUYY5mr/LVjVOSCyoN4Vjrju9lJiywMoxwOnZr3VzTDJMh7tOOpRILqsNieusY1awSoyRVtqRBU9X9NVFgofVIRLZTYDPQi95E/M/r5Ca5CAsms9xQSWaLkpwjk6LJ4yhmihLDR5Zgopg9FpEBVpgYG49rU/AXf14mwWn9su7fnlUbV/M4ynAEx3ACPpxDA26gCQEQ6MMzvMKbI5wX5935mLWWnPnMIfyB8/kDL3KN1A==</latexit><latexit sha1_base64="I9kGL+fLFuJ6+0lSy9eNLID2TgY=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LJaCp5KIoN6KXjxWNLbQhrLZbNqlu5uwuxFq6E/wJCji1X/kyX/j9uOgrQ8GHu/NMDMvyjjTxvO+ndLK6tr6RnnT3dre2d2r7B886DRXhAYk5alqR1hTziQNDDOctjNFsYg4bUXD64nfeqRKs1Tem1FGQ4H7kiWMYGOlu6de3KtUvbo3BVom/pxUYY5mr/LVjVOSCyoN4Vjrju9lJiywMoxwOnZr3VzTDJMh7tOOpRILqsNieusY1awSoyRVtqRBU9X9NVFgofVIRLZTYDPQi95E/M/r5Ca5CAsms9xQSWaLkpwjk6LJ4yhmihLDR5Zgopg9FpEBVpgYG49rU/AXf14mwWn9su7fnlUbV/M4ynAEx3ACPpxDA26gCQEQ6MMzvMKbI5wX5935mLWWnPnMIfyB8/kDL3KN1A==</latexit><latexit sha1_base64="I9kGL+fLFuJ6+0lSy9eNLID2TgY=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LJaCp5KIoN6KXjxWNLbQhrLZbNqlu5uwuxFq6E/wJCji1X/kyX/j9uOgrQ8GHu/NMDMvyjjTxvO+ndLK6tr6RnnT3dre2d2r7B886DRXhAYk5alqR1hTziQNDDOctjNFsYg4bUXD64nfeqRKs1Tem1FGQ4H7kiWMYGOlu6de3KtUvbo3BVom/pxUYY5mr/LVjVOSCyoN4Vjrju9lJiywMoxwOnZr3VzTDJMh7tOOpRILqsNieusY1awSoyRVtqRBU9X9NVFgofVIRLZTYDPQi95E/M/r5Ca5CAsms9xQSWaLkpwjk6LJ4yhmihLDR5Zgopg9FpEBVpgYG49rU/AXf14mwWn9su7fnlUbV/M4ynAEx3ACPpxDA26gCQEQ6MMzvMKbI5wX5935mLWWnPnMIfyB8/kDL3KN1A==</latexit><latexit sha1_base64="I9kGL+fLFuJ6+0lSy9eNLID2TgY=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LJaCp5KIoN6KXjxWNLbQhrLZbNqlu5uwuxFq6E/wJCji1X/kyX/j9uOgrQ8GHu/NMDMvyjjTxvO+ndLK6tr6RnnT3dre2d2r7B886DRXhAYk5alqR1hTziQNDDOctjNFsYg4bUXD64nfeqRKs1Tem1FGQ4H7kiWMYGOlu6de3KtUvbo3BVom/pxUYY5mr/LVjVOSCyoN4Vjrju9lJiywMoxwOnZr3VzTDJMh7tOOpRILqsNieusY1awSoyRVtqRBU9X9NVFgofVIRLZTYDPQi95E/M/r5Ca5CAsms9xQSWaLkpwjk6LJ4yhmihLDR5Zgopg9FpEBVpgYG49rU/AXf14mwWn9su7fnlUbV/M4ynAEx3ACPpxDA26gCQEQ6MMzvMKbI5wX5935mLWWnPnMIfyB8/kDL3KN1A==</latexit>

zd+1
<latexit sha1_base64="s9/Gx5gAHU2FvcW8kJVQ442UPx0=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LJaCIJRECuqt6MVjBWMLbSibzaZdutnE3Y1QQ3+EJ0ERr/4fT/4bt20O2vpg4PHeDDPzgpQzpR3n2yqtrK6tb5Q37a3tnd29yv7BvUoySahHEp7IToAV5UxQTzPNaSeVFMcBp+1gdD31249UKpaIOz1OqR/jgWARI1gbqf3Uz8NTd9KvVJ26MwNaJm5BqlCg1a989cKEZDEVmnCsVNd1Uu3nWGpGOJ3YtV6maIrJCA9o11CBY6r8fHbvBNWMEqIokaaERjPV/jWR41ipcRyYzhjroVr0puJ/XjfT0YWfM5FmmgoyXxRlHOkETZ9HIZOUaD42BBPJzLGIDLHERJuIbJOCu/jzMvHO6pd197ZRbV4VcZThCI7hBFw4hybcQAs8IDCCZ3iFN+vBerHerY95a8kqZg7hD6zPH82Pj1A=</latexit><latexit sha1_base64="s9/Gx5gAHU2FvcW8kJVQ442UPx0=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LJaCIJRECuqt6MVjBWMLbSibzaZdutnE3Y1QQ3+EJ0ERr/4fT/4bt20O2vpg4PHeDDPzgpQzpR3n2yqtrK6tb5Q37a3tnd29yv7BvUoySahHEp7IToAV5UxQTzPNaSeVFMcBp+1gdD31249UKpaIOz1OqR/jgWARI1gbqf3Uz8NTd9KvVJ26MwNaJm5BqlCg1a989cKEZDEVmnCsVNd1Uu3nWGpGOJ3YtV6maIrJCA9o11CBY6r8fHbvBNWMEqIokaaERjPV/jWR41ipcRyYzhjroVr0puJ/XjfT0YWfM5FmmgoyXxRlHOkETZ9HIZOUaD42BBPJzLGIDLHERJuIbJOCu/jzMvHO6pd197ZRbV4VcZThCI7hBFw4hybcQAs8IDCCZ3iFN+vBerHerY95a8kqZg7hD6zPH82Pj1A=</latexit><latexit sha1_base64="s9/Gx5gAHU2FvcW8kJVQ442UPx0=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LJaCIJRECuqt6MVjBWMLbSibzaZdutnE3Y1QQ3+EJ0ERr/4fT/4bt20O2vpg4PHeDDPzgpQzpR3n2yqtrK6tb5Q37a3tnd29yv7BvUoySahHEp7IToAV5UxQTzPNaSeVFMcBp+1gdD31249UKpaIOz1OqR/jgWARI1gbqf3Uz8NTd9KvVJ26MwNaJm5BqlCg1a989cKEZDEVmnCsVNd1Uu3nWGpGOJ3YtV6maIrJCA9o11CBY6r8fHbvBNWMEqIokaaERjPV/jWR41ipcRyYzhjroVr0puJ/XjfT0YWfM5FmmgoyXxRlHOkETZ9HIZOUaD42BBPJzLGIDLHERJuIbJOCu/jzMvHO6pd197ZRbV4VcZThCI7hBFw4hybcQAs8IDCCZ3iFN+vBerHerY95a8kqZg7hD6zPH82Pj1A=</latexit><latexit sha1_base64="s9/Gx5gAHU2FvcW8kJVQ442UPx0=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LJaCIJRECuqt6MVjBWMLbSibzaZdutnE3Y1QQ3+EJ0ERr/4fT/4bt20O2vpg4PHeDDPzgpQzpR3n2yqtrK6tb5Q37a3tnd29yv7BvUoySahHEp7IToAV5UxQTzPNaSeVFMcBp+1gdD31249UKpaIOz1OqR/jgWARI1gbqf3Uz8NTd9KvVJ26MwNaJm5BqlCg1a989cKEZDEVmnCsVNd1Uu3nWGpGOJ3YtV6maIrJCA9o11CBY6r8fHbvBNWMEqIokaaERjPV/jWR41ipcRyYzhjroVr0puJ/XjfT0YWfM5FmmgoyXxRlHOkETZ9HIZOUaD42BBPJzLGIDLHERJuIbJOCu/jzMvHO6pd197ZRbV4VcZThCI7hBFw4hybcQAs8IDCCZ3iFN+vBerHerY95a8kqZg7hD6zPH82Pj1A=</latexit>

zd+k
<latexit sha1_base64="g43xa66WJmfnUy6cywtK60S7vvo=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxVIQhJKIoN6KXjxWMLbQhrLZbNolm03c3Qg19Ed4EhTx6v/x5L9x2+agrQ8GHu/NMDMvyDhT2nG+raXlldW19cqGvbm1vbNb3du/V2kuCfVIylPZCbCinAnqaaY57WSS4iTgtB3E1xO//UilYqm406OM+gkeCBYxgrWR2k/9IjyJx/1qzWk4U6BF4pakBiVa/epXL0xJnlChCcdKdV0n036BpWaE07Fd7+WKZpjEeEC7hgqcUOUX03vHqG6UEEWpNCU0mqr2r4kCJ0qNksB0JlgP1bw3Ef/zurmOLvyCiSzXVJDZoijnSKdo8jwKmaRE85EhmEhmjkVkiCUm2kRkmxTc+Z8XiXfauGy4t2e15lUZRwUO4QiOwYVzaMINtMADAjE8wyu8WQ/Wi/Vufcxal6xy5gD+wPr8ASXAj4o=</latexit><latexit sha1_base64="g43xa66WJmfnUy6cywtK60S7vvo=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxVIQhJKIoN6KXjxWMLbQhrLZbNolm03c3Qg19Ed4EhTx6v/x5L9x2+agrQ8GHu/NMDMvyDhT2nG+raXlldW19cqGvbm1vbNb3du/V2kuCfVIylPZCbCinAnqaaY57WSS4iTgtB3E1xO//UilYqm406OM+gkeCBYxgrWR2k/9IjyJx/1qzWk4U6BF4pakBiVa/epXL0xJnlChCcdKdV0n036BpWaE07Fd7+WKZpjEeEC7hgqcUOUX03vHqG6UEEWpNCU0mqr2r4kCJ0qNksB0JlgP1bw3Ef/zurmOLvyCiSzXVJDZoijnSKdo8jwKmaRE85EhmEhmjkVkiCUm2kRkmxTc+Z8XiXfauGy4t2e15lUZRwUO4QiOwYVzaMINtMADAjE8wyu8WQ/Wi/Vufcxal6xy5gD+wPr8ASXAj4o=</latexit><latexit sha1_base64="g43xa66WJmfnUy6cywtK60S7vvo=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxVIQhJKIoN6KXjxWMLbQhrLZbNolm03c3Qg19Ed4EhTx6v/x5L9x2+agrQ8GHu/NMDMvyDhT2nG+raXlldW19cqGvbm1vbNb3du/V2kuCfVIylPZCbCinAnqaaY57WSS4iTgtB3E1xO//UilYqm406OM+gkeCBYxgrWR2k/9IjyJx/1qzWk4U6BF4pakBiVa/epXL0xJnlChCcdKdV0n036BpWaE07Fd7+WKZpjEeEC7hgqcUOUX03vHqG6UEEWpNCU0mqr2r4kCJ0qNksB0JlgP1bw3Ef/zurmOLvyCiSzXVJDZoijnSKdo8jwKmaRE85EhmEhmjkVkiCUm2kRkmxTc+Z8XiXfauGy4t2e15lUZRwUO4QiOwYVzaMINtMADAjE8wyu8WQ/Wi/Vufcxal6xy5gD+wPr8ASXAj4o=</latexit><latexit sha1_base64="g43xa66WJmfnUy6cywtK60S7vvo=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxVIQhJKIoN6KXjxWMLbQhrLZbNolm03c3Qg19Ed4EhTx6v/x5L9x2+agrQ8GHu/NMDMvyDhT2nG+raXlldW19cqGvbm1vbNb3du/V2kuCfVIylPZCbCinAnqaaY57WSS4iTgtB3E1xO//UilYqm406OM+gkeCBYxgrWR2k/9IjyJx/1qzWk4U6BF4pakBiVa/epXL0xJnlChCcdKdV0n036BpWaE07Fd7+WKZpjEeEC7hgqcUOUX03vHqG6UEEWpNCU0mqr2r4kCJ0qNksB0JlgP1bw3Ef/zurmOLvyCiSzXVJDZoijnSKdo8jwKmaRE85EhmEhmjkVkiCUm2kRkmxTc+Z8XiXfauGy4t2e15lUZRwUO4QiOwYVzaMINtMADAjE8wyu8WQ/Wi/Vufcxal6xy5gD+wPr8ASXAj4o=</latexit>

zn
<latexit sha1_base64="3p/2MNN2RiOHjdqF9Gm7Mu09aAI=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LJaCp5KIUL0VvXisYGyhDWWz3bRLN7thdyPU0N/gSVDEq3/Ik//GbZuDtj4YeLw3w8y8KOVMG8/7dkpr6xubW+Vtd2d3b/+gcnj0oGWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOl4Kmfi2m/UvXq3hxolfgFqUKBVr/y1RtIkiVUGMKx1l3fS02YY2UY4XTq1nqZpikmYzykXUsFTqgO8/m1U1SzygDFUtkSBs1V99dEjhOtJ0lkOxNsRnrZm4n/ed3MxJdhzkSaGSrIYlGccWQkmr2OBkxRYvjEEkwUs8ciMsIKE2MDcm0K/vLPqyQ4r1/V/buLavO6iKMMJ3AKZ+BDA5pwCy0IgACDZ3iFN0c6L86787FoLTnFzDH8gfP5AwOAjuo=</latexit><latexit sha1_base64="3p/2MNN2RiOHjdqF9Gm7Mu09aAI=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LJaCp5KIUL0VvXisYGyhDWWz3bRLN7thdyPU0N/gSVDEq3/Ik//GbZuDtj4YeLw3w8y8KOVMG8/7dkpr6xubW+Vtd2d3b/+gcnj0oGWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOl4Kmfi2m/UvXq3hxolfgFqUKBVr/y1RtIkiVUGMKx1l3fS02YY2UY4XTq1nqZpikmYzykXUsFTqgO8/m1U1SzygDFUtkSBs1V99dEjhOtJ0lkOxNsRnrZm4n/ed3MxJdhzkSaGSrIYlGccWQkmr2OBkxRYvjEEkwUs8ciMsIKE2MDcm0K/vLPqyQ4r1/V/buLavO6iKMMJ3AKZ+BDA5pwCy0IgACDZ3iFN0c6L86787FoLTnFzDH8gfP5AwOAjuo=</latexit><latexit sha1_base64="3p/2MNN2RiOHjdqF9Gm7Mu09aAI=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LJaCp5KIUL0VvXisYGyhDWWz3bRLN7thdyPU0N/gSVDEq3/Ik//GbZuDtj4YeLw3w8y8KOVMG8/7dkpr6xubW+Vtd2d3b/+gcnj0oGWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOl4Kmfi2m/UvXq3hxolfgFqUKBVr/y1RtIkiVUGMKx1l3fS02YY2UY4XTq1nqZpikmYzykXUsFTqgO8/m1U1SzygDFUtkSBs1V99dEjhOtJ0lkOxNsRnrZm4n/ed3MxJdhzkSaGSrIYlGccWQkmr2OBkxRYvjEEkwUs8ciMsIKE2MDcm0K/vLPqyQ4r1/V/buLavO6iKMMJ3AKZ+BDA5pwCy0IgACDZ3iFN0c6L86787FoLTnFzDH8gfP5AwOAjuo=</latexit><latexit sha1_base64="3p/2MNN2RiOHjdqF9Gm7Mu09aAI=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LJaCp5KIUL0VvXisYGyhDWWz3bRLN7thdyPU0N/gSVDEq3/Ik//GbZuDtj4YeLw3w8y8KOVMG8/7dkpr6xubW+Vtd2d3b/+gcnj0oGWmCA2I5FJ1IqwpZ4IGhhlOO6miOIk4bUfjm5nffqRKMynuzSSlYYKHgsWMYGOl4Kmfi2m/UvXq3hxolfgFqUKBVr/y1RtIkiVUGMKx1l3fS02YY2UY4XTq1nqZpikmYzykXUsFTqgO8/m1U1SzygDFUtkSBs1V99dEjhOtJ0lkOxNsRnrZm4n/ed3MxJdhzkSaGSrIYlGccWQkmr2OBkxRYvjEEkwUs8ciMsIKE2MDcm0K/vLPqyQ4r1/V/buLavO6iKMMJ3AKZ+BDA5pwCy0IgACDZ3iFN0c6L86787FoLTnFzDH8gfP5AwOAjuo=</latexit>

zn�1
<latexit sha1_base64="vTaQ12rU2NUoR6u7iRWS1t88Mco=">AAAB7nicbVBNS8NAEJ31s8avqkcvi6XgxZKIoN6KXjxWMLbQhrLZbtqlm03c3Qg19Ed4EhTx6v/x5L9x2+agrQ8GHu/NMDMvTAXXxnW/0dLyyuraemnD2dza3tkt7+3f6yRTlPk0EYlqhUQzwSXzDTeCtVLFSBwK1gyH1xO/+ciU5om8M6OUBTHpSx5xSoyVmk/dXJ5442654tbcKfAi8QpSgQKNbvmr00toFjNpqCBatz03NUFOlOFUsLFT7WSapYQOSZ+1LZUkZjrIp/eOcdUqPRwlypY0eKo6vyZyEms9ikPbGRMz0PPeRPzPa2cmughyLtPMMElni6JMYJPgyfO4xxWjRowsIVRxeyymA6IINTYix6bgzf+8SPzT2mXNuz2r1K+KOEpwCEdwDB6cQx1uoAE+UBjCM7zCG3pAL+gdfcxal1AxcwB/gD5/AN/hj1w=</latexit><latexit sha1_base64="vTaQ12rU2NUoR6u7iRWS1t88Mco=">AAAB7nicbVBNS8NAEJ31s8avqkcvi6XgxZKIoN6KXjxWMLbQhrLZbtqlm03c3Qg19Ed4EhTx6v/x5L9x2+agrQ8GHu/NMDMvTAXXxnW/0dLyyuraemnD2dza3tkt7+3f6yRTlPk0EYlqhUQzwSXzDTeCtVLFSBwK1gyH1xO/+ciU5om8M6OUBTHpSx5xSoyVmk/dXJ5442654tbcKfAi8QpSgQKNbvmr00toFjNpqCBatz03NUFOlOFUsLFT7WSapYQOSZ+1LZUkZjrIp/eOcdUqPRwlypY0eKo6vyZyEms9ikPbGRMz0PPeRPzPa2cmughyLtPMMElni6JMYJPgyfO4xxWjRowsIVRxeyymA6IINTYix6bgzf+8SPzT2mXNuz2r1K+KOEpwCEdwDB6cQx1uoAE+UBjCM7zCG3pAL+gdfcxal1AxcwB/gD5/AN/hj1w=</latexit><latexit sha1_base64="vTaQ12rU2NUoR6u7iRWS1t88Mco=">AAAB7nicbVBNS8NAEJ31s8avqkcvi6XgxZKIoN6KXjxWMLbQhrLZbtqlm03c3Qg19Ed4EhTx6v/x5L9x2+agrQ8GHu/NMDMvTAXXxnW/0dLyyuraemnD2dza3tkt7+3f6yRTlPk0EYlqhUQzwSXzDTeCtVLFSBwK1gyH1xO/+ciU5om8M6OUBTHpSx5xSoyVmk/dXJ5442654tbcKfAi8QpSgQKNbvmr00toFjNpqCBatz03NUFOlOFUsLFT7WSapYQOSZ+1LZUkZjrIp/eOcdUqPRwlypY0eKo6vyZyEms9ikPbGRMz0PPeRPzPa2cmughyLtPMMElni6JMYJPgyfO4xxWjRowsIVRxeyymA6IINTYix6bgzf+8SPzT2mXNuz2r1K+KOEpwCEdwDB6cQx1uoAE+UBjCM7zCG3pAL+gdfcxal1AxcwB/gD5/AN/hj1w=</latexit><latexit sha1_base64="vTaQ12rU2NUoR6u7iRWS1t88Mco=">AAAB7nicbVBNS8NAEJ31s8avqkcvi6XgxZKIoN6KXjxWMLbQhrLZbtqlm03c3Qg19Ed4EhTx6v/x5L9x2+agrQ8GHu/NMDMvTAXXxnW/0dLyyuraemnD2dza3tkt7+3f6yRTlPk0EYlqhUQzwSXzDTeCtVLFSBwK1gyH1xO/+ciU5om8M6OUBTHpSx5xSoyVmk/dXJ5442654tbcKfAi8QpSgQKNbvmr00toFjNpqCBatz03NUFOlOFUsLFT7WSapYQOSZ+1LZUkZjrIp/eOcdUqPRwlypY0eKo6vyZyEms9ikPbGRMz0PPeRPzPa2cmughyLtPMMElni6JMYJPgyfO4xxWjRowsIVRxeyymA6IINTYix6bgzf+8SPzT2mXNuz2r1K+KOEpwCEdwDB6cQx1uoAE+UBjCM7zCG3pAL+gdfcxal1AxcwB/gD5/AN/hj1w=</latexit>
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<latexit sha1_base64="6nQY3CDv+znKrWsYkqgETlhvSTU=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LJaCF0tSBPVW9OKxgrGFNpTNdtMu3Wzi7kaooT/Ck6CIV/+PJ/+N2zQHbX0w8Hhvhpl5QcKZ0o7zbZVWVtfWN8qb9tb2zu5eZf/gXsWpJNQjMY9lJ8CKciaop5nmtJNIiqOA03Ywvp757UcqFYvFnZ4k1I/wULCQEayN1H7qZ+K0Me1Xqk7dyYGWiVuQKhRo9StfvUFM0ogKTThWqus6ifYzLDUjnE7tWi9VNMFkjIe0a6jAEVV+lt87RTWjDFAYS1NCo1y1f01kOFJqEgWmM8J6pBa9mfif1011eOFnTCSppoLMF4UpRzpGs+fRgElKNJ8Ygolk5lhERlhiok1EtknBXfx5mXiN+mXdvT2rNq+KOMpwBMdwAi6cQxNuoAUeEBjDM7zCm/VgvVjv1se8tWQVM4fwB9bnD+Fmj10=</latexit><latexit sha1_base64="6nQY3CDv+znKrWsYkqgETlhvSTU=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LJaCF0tSBPVW9OKxgrGFNpTNdtMu3Wzi7kaooT/Ck6CIV/+PJ/+N2zQHbX0w8Hhvhpl5QcKZ0o7zbZVWVtfWN8qb9tb2zu5eZf/gXsWpJNQjMY9lJ8CKciaop5nmtJNIiqOA03Ywvp757UcqFYvFnZ4k1I/wULCQEayN1H7qZ+K0Me1Xqk7dyYGWiVuQKhRo9StfvUFM0ogKTThWqus6ifYzLDUjnE7tWi9VNMFkjIe0a6jAEVV+lt87RTWjDFAYS1NCo1y1f01kOFJqEgWmM8J6pBa9mfif1011eOFnTCSppoLMF4UpRzpGs+fRgElKNJ8Ygolk5lhERlhiok1EtknBXfx5mXiN+mXdvT2rNq+KOMpwBMdwAi6cQxNuoAUeEBjDM7zCm/VgvVjv1se8tWQVM4fwB9bnD+Fmj10=</latexit><latexit sha1_base64="6nQY3CDv+znKrWsYkqgETlhvSTU=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LJaCF0tSBPVW9OKxgrGFNpTNdtMu3Wzi7kaooT/Ck6CIV/+PJ/+N2zQHbX0w8Hhvhpl5QcKZ0o7zbZVWVtfWN8qb9tb2zu5eZf/gXsWpJNQjMY9lJ8CKciaop5nmtJNIiqOA03Ywvp757UcqFYvFnZ4k1I/wULCQEayN1H7qZ+K0Me1Xqk7dyYGWiVuQKhRo9StfvUFM0ogKTThWqus6ifYzLDUjnE7tWi9VNMFkjIe0a6jAEVV+lt87RTWjDFAYS1NCo1y1f01kOFJqEgWmM8J6pBa9mfif1011eOFnTCSppoLMF4UpRzpGs+fRgElKNJ8Ygolk5lhERlhiok1EtknBXfx5mXiN+mXdvT2rNq+KOMpwBMdwAi6cQxNuoAUeEBjDM7zCm/VgvVjv1se8tWQVM4fwB9bnD+Fmj10=</latexit><latexit sha1_base64="6nQY3CDv+znKrWsYkqgETlhvSTU=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LJaCF0tSBPVW9OKxgrGFNpTNdtMu3Wzi7kaooT/Ck6CIV/+PJ/+N2zQHbX0w8Hhvhpl5QcKZ0o7zbZVWVtfWN8qb9tb2zu5eZf/gXsWpJNQjMY9lJ8CKciaop5nmtJNIiqOA03Ywvp757UcqFYvFnZ4k1I/wULCQEayN1H7qZ+K0Me1Xqk7dyYGWiVuQKhRo9StfvUFM0ogKTThWqus6ifYzLDUjnE7tWi9VNMFkjIe0a6jAEVV+lt87RTWjDFAYS1NCo1y1f01kOFJqEgWmM8J6pBa9mfif1011eOFnTCSppoLMF4UpRzpGs+fRgElKNJ8Ygolk5lhERlhiok1EtknBXfx5mXiN+mXdvT2rNq+KOMpwBMdwAi6cQxNuoAUeEBjDM7zCm/VgvVjv1se8tWQVM4fwB9bnD+Fmj10=</latexit>
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<latexit sha1_base64="ROO15CF2wV+psAAu5Goca12r58M=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LJaCF0uignorevFYwdhCG8pmu2mXbjZxdyPUkB/hSVDEq//Hk//GbZuDtj4YeLw3w8y8IOFMacf5tkpLyyura+V1e2Nza3unsrt3r+JUEuqRmMeyHWBFORPU00xz2k4kxVHAaSsYXU/81iOVisXiTo8T6kd4IFjICNZGaj31MnF8mvcqVafuTIEWiVuQKhRo9ipf3X5M0ogKTThWquM6ifYzLDUjnOZ2rZsqmmAywgPaMVTgiCo/m96bo5pR+iiMpSmh0VS1f01kOFJqHAWmM8J6qOa9ifif10l1eOFnTCSppoLMFoUpRzpGk+dRn0lKNB8bgolk5lhEhlhiok1EtknBnf95kXgn9cu6e3tWbVwVcZThAA7hCFw4hwbcQBM8IDCCZ3iFN+vBerHerY9Za8kqZvbhD6zPH+Lrj14=</latexit><latexit sha1_base64="ROO15CF2wV+psAAu5Goca12r58M=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LJaCF0uignorevFYwdhCG8pmu2mXbjZxdyPUkB/hSVDEq//Hk//GbZuDtj4YeLw3w8y8IOFMacf5tkpLyyura+V1e2Nza3unsrt3r+JUEuqRmMeyHWBFORPU00xz2k4kxVHAaSsYXU/81iOVisXiTo8T6kd4IFjICNZGaj31MnF8mvcqVafuTIEWiVuQKhRo9ipf3X5M0ogKTThWquM6ifYzLDUjnOZ2rZsqmmAywgPaMVTgiCo/m96bo5pR+iiMpSmh0VS1f01kOFJqHAWmM8J6qOa9ifif10l1eOFnTCSppoLMFoUpRzpGk+dRn0lKNB8bgolk5lhEhlhiok1EtknBnf95kXgn9cu6e3tWbVwVcZThAA7hCFw4hwbcQBM8IDCCZ3iFN+vBerHerY9Za8kqZvbhD6zPH+Lrj14=</latexit><latexit sha1_base64="ROO15CF2wV+psAAu5Goca12r58M=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LJaCF0uignorevFYwdhCG8pmu2mXbjZxdyPUkB/hSVDEq//Hk//GbZuDtj4YeLw3w8y8IOFMacf5tkpLyyura+V1e2Nza3unsrt3r+JUEuqRmMeyHWBFORPU00xz2k4kxVHAaSsYXU/81iOVisXiTo8T6kd4IFjICNZGaj31MnF8mvcqVafuTIEWiVuQKhRo9ipf3X5M0ogKTThWquM6ifYzLDUjnOZ2rZsqmmAywgPaMVTgiCo/m96bo5pR+iiMpSmh0VS1f01kOFJqHAWmM8J6qOa9ifif10l1eOFnTCSppoLMFoUpRzpGk+dRn0lKNB8bgolk5lhEhlhiok1EtknBnf95kXgn9cu6e3tWbVwVcZThAA7hCFw4hwbcQBM8IDCCZ3iFN+vBerHerY9Za8kqZvbhD6zPH+Lrj14=</latexit><latexit sha1_base64="ROO15CF2wV+psAAu5Goca12r58M=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LJaCF0uignorevFYwdhCG8pmu2mXbjZxdyPUkB/hSVDEq//Hk//GbZuDtj4YeLw3w8y8IOFMacf5tkpLyyura+V1e2Nza3unsrt3r+JUEuqRmMeyHWBFORPU00xz2k4kxVHAaSsYXU/81iOVisXiTo8T6kd4IFjICNZGaj31MnF8mvcqVafuTIEWiVuQKhRo9ipf3X5M0ogKTThWquM6ifYzLDUjnOZ2rZsqmmAywgPaMVTgiCo/m96bo5pR+iiMpSmh0VS1f01kOFJqHAWmM8J6qOa9ifif10l1eOFnTCSppoLMFoUpRzpGk+dRn0lKNB8bgolk5lhEhlhiok1EtknBnf95kXgn9cu6e3tWbVwVcZThAA7hCFw4hwbcQBM8IDCCZ3iFN+vBerHerY9Za8kqZvbhD6zPH+Lrj14=</latexit>

Figure 1: Computation graph

Then, the general formulation is given by

min zn (5)
s.t. zi = fi(zα(i)).

with the following Lagrangian,

L(x, z, λ) = zn −∑
i

λi(zi − fi(zα(i))). (6)

As in the warm-up example, we set ∇L = 0. This can be viewed as an algorithm
comprising two separate steps:

Backpropagation algorithm

• Step 1: Set ∇λL = 0, i.e.,

∇λiL = zi − fi(zα(i)) = 0⇔ zi = fi(zα(i)) (7)

Observation: This is known as forward pass or forward propagation as the values at
the nodes (zi) are computed using the values of the ancestors.

• Step 2: Set ∇zjL = 0,

– for j = n,

0 = ∇zjL = 1− λn

⇔ λn = 1

3



– for j < n,

0 = ∇zjL
= ∇zj(zn −∑

i
λi(zi − fi(zα(i))))

= −∑
i

λi(∇zj [zi]−∇zj fi(zα(i)))

= −λj + ∑
i

λi∇zj fi(zα(i))

= −λj + ∑
i∈β(j)

λi
∂ fi(zα(i))

∂zj

⇔ λj = ∑
i∈β(j)

λi
∂ fi(zα(i))

∂zj

Observation: This is known as backward pass or backpropagation as λ′is are computed
using the gradients and values of λ at successor nodes in the computation graph.

16.3 Connection to chain rule

In this section, we will prove a theorem that explains why backpropagation allows us
to calculate gradients incrementally.

Theorem 16.1. For all 1 6 j 6 n, we have

λj =
∂ f (x)

∂zj
,

i.e., the partial derivative of the function f at x w.r.t to the jth node in the graph.

Proof. We assume for simplicity that the computation graph has L layers and edges
exist only between consecutive layers, i.e., f = fL ◦ · · · ◦ f1. The proof is by induction
over layers (starting from the output layer).
Base case: λn = 1 = ∂ fn(x)

∂zn
= ∂zn

zn
.

Induction: Fix pth layer and assume claim holds for nodes in all subsequent layers l > p.

Then, for node zj in layer p,

λj = ∑
i∈β(j)

λi
∂ fi(zα(i))

∂zj

= ∑
i∈β(j)

∂ f (x)
∂zi

∂zi

zj
(zβ(j) belong to layer p + 1)

=
∂ f (x)

∂zj
(by multivariate chain rule).
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(∗) Note that the proof for arbitrary computation graphs is by induction over the partial
order induced by the reverse computation graph.

Remarks

1. Assuming elementary node operations cost constant time, cost of both the forward
and backward pass is O(|V|+ |E |)⇒ Linear time!

2. Notice that the algorithm itself does not use the chain rule, only its correctness
guarantee uses it.

3. Algorithm is equivalent to the “method of adjoints” from control theory introduced
in the 60’s. It was rediscovered by Baur and Strassen in ’83 for computing partial
derivatives [BS83]. More recently, it has received a lot of attention due to its
adoption by the Deep Learning community since the 90’s.

4. This algorithm is also known as automatic differentiation, not to be confused with

(a) Symbolic differentiation

(b) Numerical differentiation

16.4 Working out an example

Suppose we have a batch of data X ∈ Rn×d with labels y ∈ Rn. Consider a two-layer
neural net given by weights W1, W2 ∈ Rd×d :

f (W1, W2) = ‖σ(XW1)W2 − y‖2

To compute gradients, we only need to implement forward/backward pass for the
elementary operations:

• Squared norm

• Subtraction/addition

• Component-wise non-linearity σ

• Matrix multiplication

Observe that the partial derivatives for the first three operations are easy to compute.
Hence, it suffices to focus on matrix multiplication.

Back-propagation for matrix completion

The two steps of the backpropagation algorithm in this context are:
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Forward Pass:

• Input: A ∈ Rm×n, B ∈ Rn×d

• Output: C = AB ∈ Rm×d

Backward Pass:

• Input: Partial derivatives Λ ∈ Rm×d (also A, B, C from forward pass)

• Output:

– Λ1 ∈ Rm×n (partial derivatives for left input)

– Λ2 ∈ Rn×d (partial derivatives for right input)

Claim 16.2. Λ1 = ΛBT, Λ2 = ATΛ

Proof.

f = ∑
i,j

λijCij = ∑
i,j
(AB)ij = ∑

i,j
λijΣkaikbkj.

So, by Lagrange update rule,

(Λ1)pq =
∂ f

∂apq
= ∑

i,j,k
λij

∂aik
∂apq

bkj = ∑
j

λpjbqj = (ΛBT)pq.

Using the same approach for partial derivative w.r.t. B, we get

(Λ2)pq = (ATΛ)pq

�
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