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Problem 1. Let x1,x2, . . . be a sequence of the points of the product space
∏

Xα. Show
that this sequence converges to the point x if and only if the sequence πα(x1), πα(x2), . . .
converges to πα(x) for each α. Is this fact true if one uses the box topology instead of the
product topology?

Problem 2. Let R∞ be the subset of Rω consisting of all sequences that are“eventually
zero”, that is, all sequences (x1, x2, , . . . ) such that xi ̸= 0 for only finitely many values of i.
What is the closure of R∞ in Rω in the box and product topologies? Justify your answers.

Problem 3. Given sequences (a1, a2, . . . ) and (b1, b2, . . . ) of real numbers with ai > 0 for
all i, define h : Rω → Rω by the equation

h((x1, x2, . . . )) = (a1x1 + b1, a2x2 + b2, . . . ).

Show that, if Rω is given the product topology, h is a homeomorphism of Rω with itself.
What happens if Rω is given the box topology?

Problem 4. 1. In Rn, define

d′(x,y) = |x1 − y1|+ · · ·+ |xn − yn|.

Show that d′ is a metric that induces the usual topology of Rn. Sketch the basis ele-
ments under d′ when n = 2.

2. More generally, given p ≥ 1, define,

d′(x,y) =

[
n∑

i=1

|xi − yi|p
] 1

p

for x,y ∈ Rn. Show that d
′
is a metric. Show that it induces the usual topology on

Rn.

Problem 5. Show that R× R in the dictionary order topology is metrizable.
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Problem 6. Consider the product, box and uniform topologies on Rω.

1. In which topologies are the following functions from R to Rω continuous?

(a) f(t) = (t, 2t, 3t, . . . ),

(b) g(t) = (t, t, t, . . . ),

(c) h(t) = (t, 1
2
t, 1

3
t, . . . ).

2. In which topologies do the following sequences converge?

(a) w1 = (1, 1, 1, 1, . . . ),w2 = (0, 2, 2, 2, . . . ),w3 = (0, 0, 3, 3, . . . ), . . .

(b) x1 = (1, 1, 1, 1, . . . ),x2 = (0, 1
2
, 1
2
, 1
2
, . . . ),x3 = (0, 0, 1

3
, 1
3
, . . . ), . . .

(c) y1 = (1, 0, 0, 0, . . . ),y2 = (1
2
, 1
2
, 0, 0, . . . ),y3 = (1

3
, 1
3
, 1
3
, 0, . . . ),

(d) z1 = (1, 1, 0, 0, . . . ), z2 = (1
2
, 1
2
, 0, 0, . . . ), z3 = (1

3
, 1
3
, 0, 0, . . . ), . . .

Problem 7. Let R∞ be the subset of Rω consisting of all sequences that are eventually zero.
What is the closure of R∞ in Rω in the uniform topology? Justify your answer.

Problem 8. Let ρ be the uniform metric on Rω. Given x = (x1, x2, . . . ) ∈ Rω and given
0 < ϵ < 1, let

U(x, ϵ) = (x1 − ϵ, x1 + ϵ)× · · · × (xn − ϵ, xn + ϵ)× . . .

1. Show that U(x, ϵ) is not equal to the ϵ−ball Bρ(x, ϵ).

2. Show that U(x, ϵ) is not even open in the uniform topology.

3. Show that

Bρ(x, ϵ) =
⋃
δ<ϵ

U(x, ϵ).

Problem 9. Consider the map h : Rω → Rω defined by the equation:

h((x1, x2, . . . )) = (a1x1 + b1, a2x2 + b2, . . . ).

Give Rω the uniform topology. Under what conditions on the numbers ai and bi is h contin-
uous? a homeomorphism?

Problem 10. Show that if d is a metric for X, then

d′(x, y) =
d(x, y)

1 + d(x, y)

is a bounded metric that gives the topology of X. [Hint: If f(x) = x/(1 + x) for x > 0, use
the mean-value theorem to show that f(a+ b)− f(b) ≤ f(a).]
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Problem 11. Let X and Y be metric spaces with metrics dX and dY , respectively. Let
f : X → Y have the property that for every pair of points x1, x2 of X,

dY (f(x1), f(x2)) = dX(x1, x2).

Show that f is an imbedding. It is called an isometric imbedding of X in Y .

Problem 12. Let Xn be a metric space with metric dn, for n ∈ Z+.

1. Show that
ρ(x, y) = max{d1(x1, y1), . . . , dn(xn, yn)}

is a metric for the product space X1 × · · · ×Xn.

2. Let d̃i = min{di, 1}. Show that

D(x, y) = sup
d̃i(xi, yi)

i

is a metric for the product space
∏

Xi.

Problem 13. Show that Rl and the ordered square satisfy the first countability axiom.

Problem 14. Let X be a set and let fn : X → R be a sequence of functions. Let ρ be the
uniform metric on the space RX . Show that the sequence (fn) converges uniformly to the
function f : X → R if and only if the sequence (fn) converges to f as elements of the metric
space (RX , ρ).

Problem 15. Let fn : R → R be the function

fn(x) =
1

n3[x− (1/n)]2 + 1
.

Let f : R → R be the zero function.

1. Show that fn(x) → f(x) for each x ∈ R.

2. Show that fn does not converge uniformly to f .

Problem 16. Using the closed set formulation of continuity, show that the following are
closed subsets of R2:

1. A = {x× y| xy = 1}

2. S1 = {x× y| x2 + y2 = 1}

3. B2 = {x× y| x2 + y2 ≤ 1}.

The set B2 is called the closed unit ball in R2.

3


