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Recap from Lectures 1,2

AOptimization in CS

AShannon Capacity

AThe Theta Function of a Graph
AlLovasz Bound

AShannon capacity of the&ycle



Outline for Today

ALinear and Semidefinite Programs
ASemidefinite programs for the Theta function
ASandwich theorem and perfect graphs

ARelaxations and Rounding: Combinatorial optimization.
Examples.

AGoemandVilliamson MaxCut algorithm
ASDPs fo€oloring




Quick Recap

Alndependence number ('Qand chromatic number.."O are hard
to-compute quantities ofQ but important from both theoretical and

practical standpoints
AGiven a grapfQ we are interested in finding the value of
(O h O0OP(0)
NS
A This quantity characterizes t%e measure of information that can be sent
across a channel per symbol when edge$show which alphabets cannot

be sent together

ALovasz formulated ththeta functionj “O, that satisfies:
!‘Y!\Q T € O
AT "0 is a function that utilizesrthonormal representationsf "Q
and Is easier tanalyzethan Y 'O

A Forinstancg, ('0) 7 (0

AUsing this, Lovasz showed tha® ) v, implying™Y'Q +/u



Recap: OR and theta function ,,3

Ve fh 2
/

AOrthonormal Representation (ORgr 'O A set of unit
vectors{o B hd } satisfying:

Ab 0 T {@QN O
4
AThevalueof Y is defined as

A L P _Vhaadle” § e
h | ETl A ¢
T(Y) dJ|| WO ) 0.
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lllustration of OR fob




Some definitions

A ("Q: Size of the maximum clique @

o (G) = w(6)



The Sandwich Theorem

Theorem[Lovasz, 1979]: For all grapli (Han re
ok
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Computation of O

A O is arelaxationof| “O

A ('O is anoptimizationproblem
wn owrad ORS W

4 o(u)

ACan a solution to this optimization problem bemputed
efficiently?



General form of an optimization problem
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xc Q" or simlor
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are hard

Alf"IQOF NB GaAYLX Sé¢X GKSY (GKS 2 LJ
efficiently solved
A Will assume that an optimum exists



Example: f, g linear
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Generalinear Program

n.
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Here,0 N o hoN 9

AAN optimal solution to a Linear Program can be found

efficiently computationally
A Given inputsidd fy we can find ams optimizing the above



More constraints ( - >

ASay, now, the variables are entri@s of a symmetric
matrix

AThe space of variables is, therefore: («* va—riaUaS>

39- wva dy
39 .
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Positive Semidefinite Matrices

AFact: Letd N 3 9 -. The following are equivalent;

1. M is positive semidefinite: All the eigenvaluesiofire non

negative |
2. a0 a mforallaN o — y
3.0 Y'Y, for some matrixY
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Semidefinite Program (SDP)
max /W“n i Ci; ’l«.é
4
b Lineor woobwab on ay's - (g GXurEX T $2,,710)

X >0,
XGSYMn.

AOmitting technical conditions*, we caefficientlyfind
optimal solutions* to Semidefinite Programs!



A slight caveat

Amax o
Ast. ® p
A®O ThidN 3 9 -
e~
Xis PSd
AWhat is the optimum? — ¢xiss, b
> Selwers gine oppeovimilily oplmd sdulin,




Back to the Theta Function For ang fetndd
or ang ¢

(3 . . ] u . u
A ("O as an optimization problem o
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SDP #2 for the Theta Function&

= (v, E)
Y, ’t V = ?1,—*'”3 X
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AWhy is the optimal of this equal o "O?
Lt 7% be e optmal o e dbove opfTmialer perblem.
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K sSDP2 .

= e Z*; min~ €
Proofthat (O : 3
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APart 1:0 7 O vill*= 1.
e vaes: te B, Vi eR”

AGiven an optimal OR and handlaonstruct a feasible

solution to SDP?2 ‘
Lt U= LUy U - - -\lnqg. /‘>0p‘l7mal OR , hardde ¢
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Part2:0 7 O

AFrom an optimal SDP solution, construct an ORJor
(swip e prg hee ).



Till now

AOptimization formulation (SDP) for the Theta Function

AGoal: To show that('Q ..(Q
\7
e i (&)
ANeed to relate it to a&oloringin the complement graph



Proof strategy o s @v) < 26 )J

AShow that if®has anoIorlng then SDP2 has a feasible
solution with value at mos2 = 9(6) < k.

SDP2.
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~ . ~ . G’ = V,E’
(X coloringsand VectorQcolorings )
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Solutions forQ ot
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\/\[amh’.d b shw: ’\9(Gv> < %(é)
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there is a feasible solution to the SDP with valde






Recap mix ‘(") x voc-ables

st @""’70 \(\’11 vn
,(x)Z 0

AAn SDP (Semidefinite Program) Is an optimization problem
wherethe £ variables are entrie® of a symmetrigppsdmatrix
wN 3 9 -, and the objective and constraints are lineacin

A "O can be expressed as a minimization S®Pas an
optimization problem which can be solved efficiently

Alf "®has aQcoloring, then we can use it to find a feasible
solution to the SDP with vald@

AThisgivesus: (O 7 (Q ... "d



Perfect Graphs

Conduich Tom: ¥ G2 (B € 9(@) £2(5)

APerfect Graphsire graphsOwhere] ("Ope ... "Oafor all
wie-induced subgraphOaf O

ABy sandwich theorem, can compute"O and..."O for all
perfect graphsOefficiently (wix by wwbwick thisum, Lotk ae = (G,

AExamples: Bipartite graphs, Chordal graphs, Interval
Graphs



Perfect graph theorems

AWeak Perfect Graph Theorefhovasz 1972)

"Ois a perfect graph if and only ifhis perfect ~
> (o wmpule  2(@) , (@), W(G) from 9(G) o v( @),

AStrong Perfect Graph Theore(@€RST, 2006, Annals of
Math)

A graph is perfeatf it contains no odd hole (odd induced
cycle of length v and no odd antihole

Smallet mon- purfuk” gk 45 G5 %\—f{
7R A



SDPs and Designing
Algorithms

(Part 4)



Easy and hard problems

Ad9l aé¢ LINPOofSYay tNRBoftSYya F2N
(polynomiattime) algorithms
A Sorting n numbers
A Matching
A Finding a minimum Spanning tree
A Min-cut
A Max-Flow

Aal I NR€ LINEadfoftivia aolutlons likely cannot be
found efficiently

A Minimum VertexCover

A Max-Cut

A Minimum SetCover

A Maximum Independent Set



Approximation

A Area of approximation algorithms: design efficient algorithms frawvablyfind
anapproximatelyoptimal solution

A Example:
A Input: Graph G
A Output: Independent Set S
A Obijective: Maximize |S|

A AT -approximation algorithmf{( p :
A If OPT is the optimal valuitput an answes $with the guaranteethat |'Y 1 t/ 0 4

A Definition applies to all maximization problemsdi) 1®a solution given by the
algorithm, wanto v "'Of t/ 0 4

A For minimization problems, want to ensure that we get a solution not too larger
than the optimal, 1.e! , ' 3t/ O {fforz p).



But how does it work?

AHow can we guarantee that, ' 1 t/ 0 Awhen we
have no idea what OPT will be?

AAnswer: Use gproxyto get an idea of what OPT should be
like!

A+ SNE aAYAf I NI (2




Example: Minimum VerteXover

AA vertex cover is a subs&bf vertices that covers
(touches) all edges

<5 I

AGoal: Find a minimussized vertex cover in iInput grap®

IS LT




Optimization formulation and relaxation

! Cover
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Relaxakiso
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