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Recap from Lectures 1,2

ÅOptimization in CS

ÅShannon Capacity

ÅThe Theta Function of a Graph

ÅLovasz Bound 

ÅShannon capacity of the 5-cycle



Outline for Today

ÅLinear and Semidefinite Programs

ÅSemidefinite programs for the Theta function

ÅSandwich theorem and perfect graphs

ÅRelaxations and Rounding: Combinatorial optimization. 
Examples.

ÅGoemans Williamson Max-Cut algorithm

ÅSDPs for Coloring



Quick Recap

ÅIndependence number ‌Ὃand chromatic number …Ὃ  are hard-
to-compute quantities of Ὃ, but important from both theoretical and 
practical standpoints

ÅGiven a graph Ὃ, we are interested in finding the value of 

   ὛὋ ḧ ÓÕÐ
ᴓɴ
‌Ὃ

ÅThis quantity characterizes the measure of information that can be sent 
across a channel per symbol when edges of Ὃ show which alphabets cannot 
be sent together

ÅLovasz formulated the theta function Ὃ‮ , that satisfies:
ὛὋ Ὃ‮

ÅὋ‮  is a function that utilizes orthonormal representations of Ὃ, 
and is easier to analyze than ὛὋ
ÅFor instance, Ὃ‮ Ὃ‮

ÅUsing this, Lovasz showed that ὅ‮ υ, implying ὛὋ υ



Recap: OR and theta function

ÅOrthonormal Representation (OR) for Ὃ: A set of unit 
vectors όȟȣȟό  satisfying:
Åόό π ὭȟὮᶰὉ

ÅThe value of Ὗ is defined as

Ὗ‮ ḧ ÍÉÎ
ȡ

ÍÁØ
ρ

ὧό

ÅὋ‮ ḧ ÍÉÎ
ȡ   

Ὗ‮



Illustration of OR for ὅ



Some definitions

Å‫Ὃ : Size of the maximum clique in Ὃ



The Sandwich Theorem

Theorem [Lovasz, 1979]: For all graphs Ὃ,

‫ ӶὋ Ὃ‮ … ӶὋ



Computation of Ὃ‮

ÅὋ‮  is a relaxation of ‌Ὃ

ÅὋ‮  is an optimization problem

ÅCan a solution to this optimization problem be computed 
efficiently?



General form of an optimization problem

ὤzȡ  ÍÉÎ ÏÒ ÍÁØ Ὢὼ
ÓÕÂÊÅÃÔ ÔÏḊ Ὣ ὼ π
 Ὣ ὼ π

                                                                ȣ

Å{ƻƳŜ ƻǇǘƛƳƛȊŀǘƛƻƴ ǇǊƻōƭŜƳǎ ŀǊŜ άŜŀǎȅέ ŎƻƳǇǳǘŀǘƛƻƴŀƭƭȅΣ ƻǘƘŜǊǎ 
are hard

ÅIf ὪȟὫÓ  ŀǊŜ άǎƛƳǇƭŜέΣ ǘƘŜƴ ǘƘŜ ƻǇǘƛƳƛȊŀǘƛƻƴ ǇǊƻōƭŜƳ Ƴŀȅ ōŜ 
efficiently solved
ÅWill assume that an optimum exists



Example: f, g linear

Maximize      ὼ ὼ

Subject to:                    ὼȟὼ π
ὼ ὼ ρ
ὼ φὼ ρυ
τὼ ὼ ρπ



General Linear Program

ÍÁØ ὧὼ
ίȢὸȢ ὃὼ ὦ
ὼ π
ὼɴ ᴙ

Here, ὃᶰᴙ ȟὦɴ ᴙ

ÅAn optimal solution to a Linear Program can be found 
efficiently computationally
ÅGiven inputs ὧȟὃȟὦ, we can find an ὼᶻ optimizing the above



More constraints

ÅSay, now, the variables are  entries ὼ  of a symmetric 
matrix

ÅThe space of variables is, therefore:  

 39- ὢᶰᴙ ȡὼ ὼ  

Å[ŜǘΩǎ ƎŜƴŜǊŀƭƛȊŜ ǘƘŜ ǇǊŜǾƛƻǳǎ [ƛƴŜŀǊ tǊƻƎǊŀƳΥ

ÅÍÁØ ὧὼ 

 ίȢὸȢ ὃὼ ὦ

 ὼ π

 ὼɴ ᴙ



Positive Semidefinite Matrices

ÅFact: Let ὓᶰ39-. The following are equivalent:
1. M is positive semidefinite: All the eigenvalues of ὓ are non-

negative

2. ᾀὓᾀ π for all ᾀɴ ᴙ

3. ὓ ὟὟ, for some matrix Ὗ



Semidefinite Program (SDP)

ÅOmitting technical conditions*, we can efficiently find 
optimal solutions* to Semidefinite Programs!



A slight caveat

Åmax  ὼ

Ås.t.      ὼ ρ

Åὢṍπȟὢᶰ39-

ÅWhat is the optimum?



Back to the Theta Function

ÅὋ‮  as an optimization problem







SDP #2 for the Theta Function

ÅWhy is the optimal of this equal to ?Ὃ‮



Proof that Ὃ‮ ὤᶻ

ÅPart 1: ὤᶻ Ὃ‮

ÅGiven an optimal OR and handle ὧȟ construct a feasible 
solution to SDP2



Part 2: ὤᶻ Ὃ‮

ÅFrom an optimal SDP solution, construct an OR for Ὃ



Till now

ÅOptimization formulation (SDP) for the Theta Function

ÅGoal: To show that Ὃ‮ … ӶὋ 

ÅNeed to relate it to a coloring in the complement graph



Proof strategy

ÅShow that if ӶὋ has a Ὧ-coloring, then SDP2 has a feasible 
solution with value at most Ὧ

SDP2:

Zς = ÍÉÎ ὸ

s.t. ώ ρ forall ὭȟὮɴ Ὁ

 ώ ρ

 ὣṍπ



Ὧ - colorings and Vector Ὧ-colorings





Solutions for Ὧ σȟτ

Å 



ӶὋ has a Ὧ-coloring ᵼ it has a vector Ὧ coloring ᵼ 
there is a feasible solution to the SDP with value Ὧ





Recap

ÅAn SDP (Semidefinite Program) is an optimization problem 
where the ὲ variables are entries ὼ of a symmetric psd matrix 
ὢᶰ39-, and the objective and constraints are linear in ὼί

ÅὋ‮  can be expressed as a minimization SDP: i.e, as an 
optimization problem which can be solved efficiently

ÅIf ӶὋ has a Ὧ-coloring, then we can use it to find a feasible 
solution to the SDP with value Ὧ.

ÅThis gives us: ‫Ὃ Ὃ‮ … ӶὋ



Perfect Graphs

ÅPerfect Graphs are graphs Ὃ where ‫Ὃᴂ …Ὃᴂ for all 
induced subgraphs Ὃᴂ of Ὃ

ÅBy sandwich theorem, can compute ‫Ὃ  and …Ὃ  for all 
perfect graphs Ὃ efficiently

ÅExamples: Bipartite graphs, Chordal graphs, Interval 
Graphs



Perfect graph theorems

ÅWeak Perfect Graph Theorem (Lovasz 1972)

 Ὃ is a perfect graph if and only if  ӶὋ is perfect

ÅStrong Perfect Graph Theorem (CRST, 2006, Annals of 
Math)

A graph is perfect iff it contains no odd hole (odd induced 
cycle of length υ and no odd antihole



SDPs and Designing 
Algorithms
(Part 4)



Easy and hard problems

Åά9ŀǎȅέ ǇǊƻōƭŜƳǎΥ tǊƻōƭŜƳǎ ŦƻǊ ǿƘƛŎƘ ǘƘŜǊŜ ŀǊŜ ŜŦŦƛŎƛŜƴǘ 
(polynomial-time) algorithms
ÅSorting n numbers
ÅMatching
ÅFinding a minimum Spanning tree
ÅMin-cut
ÅMax-Flow

ÅάIŀǊŘέ ǇǊƻōƭŜƳǎΥ bt-hard, optimal solutions likely cannot be 
found efficiently
ÅMinimum Vertex-Cover
ÅMax-Cut
ÅMinimum Set-Cover
ÅMaximum Independent Set



Approximation

ÅArea of approximation algorithms: design efficient algorithms that provably find 
an approximately optimal solution

ÅExample: 
ÅInput: Graph G
ÅOutput: Independent Set S
ÅObjective: Maximize |S|

ÅA ‍-approximation algorithm (‍ ρ:
ÅIf OPT is the optimal value output an answer ȿὛȿ with the guarantee that Ὓ ‍ẗ/04

ÅDefinition applies to all maximization problems: if ὃὒὋ is a solution given by the 
algorithm, want ὃὒὋ‍ẗ/04

ÅFor minimization problems, want to ensure that we get a solution not too larger 
than the optimal, i.e. !,'ɝẗ/04 (for ɝ ρ).



But how does it work?

ÅHow can we guarantee that !,'‍ẗ/04, when we 
have no idea what OPT will be?

ÅAnswer: Use a proxy to get an idea of what OPT should be 
like!

Å±ŜǊȅ ǎƛƳƛƭŀǊ ǘƻ [ƻǾŀǎȊΩǎ ǘƘŜǘŀ ŦǳƴŎǘƛƻƴΗ 



Example: Minimum Vertex-Cover

ÅA vertex cover is a subset Ὓ of vertices that covers 
(touches) all edges

ÅGoal: Find a minimum-sized vertex cover in input graph Ὃ

 



Optimization formulation and relaxation








