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Outline for today

ÅOptimization in CS

ÅShannon Capacity

ÅThe Theta Function of a Graph

ÅLovasz Bound 

ÅShannon capacity of the 5-cycle

ÅLinear and Semidefinite Programs



Parts 3,4

ÅSemidefinite programs for the Theta function

ÅSandwich theorem and perfect graphs

ÅRelaxations and Rounding: Combinatorial optimization. 
Examples.

ÅGoemans Williamson Max-Cut algorithm



.ǊƻŀŘŎŀǎǘƛƴƎ tǊƻōƭŜƳ

Å! ǘŜƭŜŎƻƳ ŎƻƳǇŀƴȅ ǊƻƭƭƛƴƎ ƻǳǘ 
ǊŀŘƛƻ ǘƻǿŜǊǎ ƛƴ ŀ ŎƛǘȅΦ 

Å¢ǿƻ ǘƻǿŜǊǎ ŎƻƴŦƭƛŎǘ ƛŦ ǘƘŜƛǊ 
ǎƛƎƴŀƭǎ ƛƴǘŜǊŦŜǊŜ ǿƘŜƴ ǘƘŜȅ ǳǎŜ 
ǘƘŜ ǎŀƳŜ ŦǊŜǉǳŜƴŎȅΦ

Å ²ƘƛŎƘ ǘƻǿŜǊǎ Ŏŀƴ ōǊƻŀŘŎŀǎǘ 
ǎƛƳǳƭǘŀƴŜƻǳǎƭȅ ƻƴ ǘƘŜ ǎŀƳŜ 
ŎƘŀƴƴŜƭΚ



Modelling as a graph problem



Scheduling Tasks on Shared Machines 

ÅIn a high-performance computing cluster: tasks need 
machines

Å{ƻƳŜ ǇŀƛǊǎ ƻŦ ǘŀǎƪǎ ŎŀƴΩǘ ōŜ Ǌǳƴ ŀǘ ǘƘŜ ǎŀƳŜ ǘƛƳŜ ōŜŎŀǳǎŜ 
they require the same resource. 

ÅFind the largest batch of tasks that can run in parallel 
without conflicts.



Scheduling Exams

ÅA professor has to schedule ὲ exams

ÅTwo exams cannot be scheduled in the 
same slot, if some student has 
registered for both of them

ÅFind the maximum number of exams 
that can be scheduled simultaneously in 
the same slot



9ȄŀƳ {ŎƘŜŘǳƭƛƴƎ ŀǎ ŀ ƎǊŀǇƘ ǇǊƻōƭŜƳ



Fundamental Graph Quantities

ÅὋ ὠȟὉ

ÅIndependent Set

ÅMaximum Independent Set: ‌Ὃ



Chromatic Number

ÅProper Colouring of a graph

ÅChromatic Number …Ὃ



NP-Hardness

ÅBoth ‌Ὃ  and …Ὃ  are believed to be hard to compute 
for any input graph Ὃ

ÅBut they turn up frequently in practical applications!



LƴŦƻǊƳŀǘƛƻƴ ¢ǊŀƴǎƳƛǎǎƛƻƴ

Å{ǳǇǇƻǎŜ ǿŜ ǎŜƴŘ ǎȅƳōƻƭǎ ŀŎǊƻǎǎ ŀ ƴƻƛǎȅ ŎƘŀƴƴŜƭΦ {ƻƳŜ 
ǎȅƳōƻƭǎ ƳƛƎƘǘ ōŜ ƳƛǎǊŜŀŘ ŀǎ ƻǘƘŜǊǎ τ ǘƘŜȅ ΨŎƻƴŦƭƛŎǘΦΩ

Å9ȄŀƳǇƭŜΥ ²Ŝ ƘŀǾŜ ŀ ŎƻƳƳǳƴƛŎŀǘƛƻƴ ŎƘŀƴƴŜƭ ǿƛǘƘ ŦƛǾŜ 
ǇƻǎǎƛōƭŜ ǎȅƳōƻƭǎΥ ὃȟὄȟὅȟὈȟὉΦ

ÅtƻǎǎƛōƭŜ ŎƻƴŦǳǎƛƻƴΥ 
Å! ǿƛǘƘ .Σ 9Σ 
Å/ ǿƛǘƘ .Σ 5Σ 
Å9 ǿƛǘƘ !Σ 5

ÅDƻŀƭΥ ¢ǊŀƴǎƳƛǘ ŀ ƳŜǎǎŀƎŜ ǿƛǘƘƻǳǘ ŎƻƴŦǳǎƛƻƴ ŀǘ ǘƘŜ 
ǊŜŎŜƛǾŜǊΩǎ ŜƴŘΦ !ǘ Ƴƻǎǘ Ƙƻǿ Ƴŀƴȅ ŀƭǇƘŀōŜǘǎ Ŏŀƴ ȅƻǳ 
ǘǊŀƴǎƳƛǘΚ



Another example

ÅLŦ ȅƻǳ ǊŜŎŜƛǾŜ άWL[[έ

ÅWhat are the possible words that 
might have led to it?
ÅJILL, JJLL, JLLL may all have been 

received as JILL

ÅConflict graph shows that 2 
messages (e.g. fix  E and I) can be 
transmitted without ambiguity 
ŦǊƻƳ ǘƘŜ ǎŜƴŘŜǊΩǎ ŜƴŘ

ÅCan you do something better if 
you allow to transmit Ὧ ς 
symbols at a time?





Definition: Similarity Graph Ὃ

ÅὺḐύ: ὺ is similar to ύ

ÅSimilarity-free dictionary on Ὃ



Graph Ὃ



LƴŘŜǇŜƴŘŜƴǘ ǎŜǘǎ ƛƴ ὋȟὋ

Å¢ƘŜƻǊŜƳΥ ‌Ὃ Љ ‌Ὃ ‌ὋЉ



Example: ὅ



Shannon Capacity

ÅBits of information transmitted is ÌÏÇ‌Ὃ

ÅFor Ὧ- letter words, average information per bit is:



Part 2
Lovasz Theta Function and Shannon Capacity of ὅ



vǳƛŎƪ wŜŎŀǇ ƻŦ tŀǊǘ м

ÅLƴŘŜǇŜƴŘŜƴŎŜ ƴǳƳōŜǊ ‌ὋŀƴŘ ŎƘǊƻƳŀǘƛŎ ƴǳƳōŜǊ …Ὃ ŀǊŜ ƘŀǊŘπ
ǘƻπŎƻƳǇǳǘŜ ǉǳŀƴǘƛǘƛŜǎ ƻŦ ὋΣ ōǳǘ ƛƳǇƻǊǘŀƴǘ ŦǊƻƳ ōƻǘƘ ǘƘŜƻǊŜǘƛŎŀƭ ŀƴŘ 
ǇǊŀŎǘƛŎŀƭ ǎǘŀƴŘǇƻƛƴǘǎ

Å!ƭǇƘŀōŜǘҐ ὃȟὄȟὅȟȣ Σ ŜŀŎƘ ƛǎ ŀ ǾŜǊǘŜȄ ƻŦ Ὃ ὠȟὉ

Å ὭȟὮᶰὉ  ƛŦ ŀƭǇƘŀōŜǘ ŀǘ ǾŜǊǘŜȄ Ὥ ŀƴŘ Ὦ ŀǊŜ ǎƛƳƛƭŀǊ όƛΦŜΦ Ŏŀƴ ōŜ 
ŎƻƴŦǳǎŜŘύ

Å‌Ὃ Ґ ƳŀȄ ǎǳōǎŜǘ ƻŦ ƴƻƴπǎƛƳƛƭŀǊ ƳŜǎǎŀƎŜǎ

Å‌Ὃ  Ґ ƳŀȄ ǎǳōǎŜǘ ƻŦ ƴƻƴπǎƛƳƛƭŀǊ ƳŜǎǎŀƎŜǎ ǘƘŀǘ Ŏŀƴ ōŜ 
ǘǊŀƴǎƳƛǘǘŜŘ ǳǎƛƴƎ Ὃ όὯ ǎȅƳōƻƭǎ ŀǘ ŀ ǘƛƳŜ ǳǎŜŘύ

ÅLƴŦƻǊƳŀǘƛƻƴ ǇŜǊ ŀƭǇƘŀōŜǘ ǎȅƳōƻƭ Ґ ÌÏÇ‌Ὃ

Å‌Ὃ ‌Ὃ Σ ƛƴŜǉǳŀƭƛǘȅ Ƴŀȅ ōŜ ǎǘǊƛŎǘ όŜΦƎΦ ‌ὅ υ ςύ



Shannon Capacity: definition

ÅNote that ὅ shows that Ὧ ρ need not always be the 
best!

Å„Ὃ  is bounded, and satisfies the limit criterion



Hard to analyze!

Å„Ὃ  ƛǎ άƴƻǘƻǊƛƻǳǎƭȅέ ƘŀǊŘ ǘƻ ŎƻƳǇǳǘŜ ŜǾŜƴ ŦƻǊ ǎƛƳǇƭŜ 
graphs [Shannon, 1956]

ÅLovasz [1979] determined „ὅ  via an ingenious 
άǊŜƭŀȄŀǘƛƻƴέ

ÅOpen to determine „Ὃ  for many graphs, even ὅ



Finding „Ὃ

ÅLet 3Ὃ ḧς ‌Ὃ

ÅTo find what 3Ὃ  is, first look to bound it

Å[ƻǾŀǎȊΩǎ ƛŘŜŀΥ ƭƻƻƪ ŀǘ ŀ ƎŜƻƳŜǘǊƛŎŀƭ ǊŜǇǊŜǎŜƴǘŀǘƛƻƴ ƻŦ 
Ὃȟ and its properties



[ƻǾŀǎȊΩǎ ŀǇǇǊƻŀŎƘΥ hǊǘƘƻƴƻǊƳŀƭ 
wŜǇǊŜǎŜƴǘŀǘƛƻƴǎ

Å[Ŝǘ Ὃ ὠȟὉΣ ǿƛǘƘ ὠ ρȟςȟȣὲ

Å[Ŝǘ Ὁ Ὁ͵

ÅhǊǘƘƻƴƻǊƳŀƭ wŜǇǊŜǎŜƴǘŀǘƛƻƴ ƻŦ ὋΥ ! ǎŜǘ ƻŦ ǳƴƛǘ ǾŜŎǘƻǊǎ 
όȟȣȟό  ǎŀǘƛǎŦȅƛƴƎΥ

Åόό π ὭȟὮᶰὉ

Å5ƛƳŜƴǎƛƻƴΚ



Orthonormal Representations examples

ÅTrivial orthonormal representation

ÅComplete graph ὑ



4-Cycle ὅ



Value of an OR for Ὃ

ÅLet Ὗ όȟȣȟό  be an Orthonormal Representation of 
Ὃ

ÅThe value of Ὗ is defined as

Ὗ‮ ḧ ÍÉÎ
ȡ

ÍÁØ
ρ

ὧό

ÅNote: έŀǘŜƘǘά ǎŀ ŘŀŜǊ ǎƛ ‮





¢ƘŜǘŀ ŦǳƴŎǘƛƻƴ Ὃ ǊƻŦ Ὃ‮

Ὃ‮ ḧ ÍÉÎ
ȡ   

Ὗ‮

ÅbƻǘŜΥ aƛƴƛƳǳƳ ŜȄƛǎǘǎ όŎƻƴǘƛƴǳƻǳǎ ŦǳƴŎǘƛƻƴ ƻǾŜǊ ŀ 
ŎƻƳǇŀŎǘ ǎŜǘύ

Å²Ƙȅ ŎƻƴǎƛŘŜǊ ǘƘŜ ǉǳŀƴǘƛǘȅ ΚὋ‮



Lovász Bound

ÅTheorem: 3Ὃ Ὃ‮

Proof uses two lemmas:

ÅLemma A: ὌẗὋ‮ Ὄ‮Ὃ‮
ÅCorollary: Ὃ‮ Ὃ‮

ÅLemma B: For all graphs Ὃᴂȡ‌Ὃ ᴂὋ‮



Lemma A

ÅLemma A: ὌẗὋ‮ Ὄ‮Ὃ‮

Definition (Strong Graph Product): ὋẗὌ






