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Outline for today

* Optimization in CS

e Shannon Capacity

* The Theta Function of a Graph

* Lovasz Bound

e Shannon capacity of the 5-cycle

* Linear and Semidefinite Programs



Parts 3,4

* Semidefinite programs for the Theta function

e Sandwich theorem and perfect graphs

* Relaxations and Rounding: Combinatorial optimization.
Examples.

 Goemans Williamson Max-Cut algorithm



Broadcasting Problem

* A telecom company rolling out
radio towers in a city.

* Two towers conflict if their
signals interfere when they use
the same frequency.

 Which towers can broadcast
simultaneously on the same
channel?




Modelling as a graph problem
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Scheduling Tasks on Shared Machines

* In a high-performance computing cluster: tasks need
machines

e Some pairs of tasks can’t be run at the same time because
they require the same resource.

* Find the largest batch of tasks that can run in parallel

without conflict57 3 2 ede %
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Scheduling Exams

* A professor has to schedule n exams

(SCHEDULING )

.
* Two exams cannot be scheduled in the AM
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same slot, if some student has 0 =) W Exam
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* Find the maximum number of exams N oO
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that can be scheduled simultaneously in
the same slot




Exam Scheduling as a graph problem
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Fundamental Graph Quantities

cG=W,E) IVl=n

* Independent Set |
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Chromatic Number

* Proper Colouring of a graph for ke,
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* Chromatic Number y(G)
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NP-Hardness

* Both a(G) and y(G) are believed to be hard to compute
for any input graph G
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e But they turn up frequently in practical applications!
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Information Transmission

Suppose we send symbols across a noisy channel. Some
symbols might be misread as others — they ‘conflict.’

Example: We have a communication channel with five
possible symbols: A,B,C,D, E.

Possible confusion:
e Awith B, E,
e CwithB, D,
e Ewith A, D

Goal: Transmit a message without confusion at the
receiver’s end. At most how many alphabets can you
transmit?



Another example

* |f you receive “JILL”

* What are the possible words that
might have led to it?

e JILL, JJLL, JLLL may all have been
received as JILL

e Conflict graph shows that 2
messages (e.g. fix E and I) can be
transmitted without ambiguity
from the sender’s end

* Can you do something better if
you allow to transmit k = 2
symbols at a time?
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Definition: Similarity Graph G
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Independent sets in G, G"

* Theorem: a(G*+%) % a(G*)a (G
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Example: Cc

A(CE) > o (Cs) *‘X(Cf)
I

g

g 2-.



Shannon Capacity @j]};

* Bits of information transmitted is logla(G) (W)
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Part 2

Lovdsz Theta Function and Shannon Capacity of Cs



Quick Recap of Part 1

Independence number a(G)and chromatic number y(G) are hard-
to-compute quantities of G, but important from bot theoretlcal and
practical standpoints

Alphabet={A, B, C, ...}, eachisa vertexof G = (V,E)

{i,j} € E if alphabet at vertex i and j are similar (i.e. can be
confused)

a(G) = max subset of non-similar messages Gr- (v ) CI)

(Vs Ve ~ O % )
a(Gk) = max subset of non-similar messages that can be % Vi # """‘J’“ o V.
transmitted using G* (k symbols at a time used) Joc otk &

Information per alphabet symbol = - logg(a(G"))
a(Gk) > a(G)*, inequality may be strict (e.g. a(CSZ) = 5> 22)
—=



Shannon Capacity: definition
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Hard to analyze!

* g(G) is “notoriously” hard to compute even for simple
graphs [Shannon, 1956]

* Lovasz [1979] determined o (Cc) via an ingenious
“relaxation”

* Open to determine a(G) for many graphs, even C-



Finding o (G)

1

% a(e)") . o (@)
e Let S(G) = 2106} = (@ 2 (e '

* To find what S(G) is, first look to bound it

* Lovasz’s idea: look at a geometrical representation of
(z, and its properties




Lovasz’'s approach: Orthonormal
Representations

e Let G = (V,E), withV = {1,2, ... n)
{i);&%: ﬁ;j
. LetE = (g)\E

* Orthonormal Representation of G: A set of unit vectors
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Orthonormal Representations examples
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Value Of dan %fOr G 02> orthenormel rep™

* Let U = {uy, ..., u,} be an Orthonormal Representation of
G

* The value of U is defined as

_ 1
V(U) = _Inin 1{miax (cTul-)2>
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¢ fhat minimnin T i callid The hadls”
* Note: 7 is read as “theta”






Theta function 9(G) for G N

9(G) = .mirol 9(U)
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* Note: Minimum exists (continuous function over a
compact set)

* Why consider the quantity 9(G)?



Lovasz Bound ( NS

* Theorem: S(G) < 9(G)

Proof uses two lemmas:

L ———

e Lemma A:9(G - H) <9(G)9(H)
» Corollary: 9(G*) < 9(G)*
* Lemma B: For all graphs G": a(G") < 9(G")
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Lemma A

* LemmaA:9(G - H) < 9(G)I9(H)

Definition (Strong Graph Product): G - H
G= (V,E) H= (W)F)
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Lemma B

Lemma B: For all graphs G": a(G") < I9(G")
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Shannon capacity of Cc: Lovasz's umbrella
construction s

ét
Lemma: C: has an OR with value = V5. Thus, 9(Cs) = \/g/
— /

Recall that we had shown that S(Cs) > /5. Combined with
the above, we infer that S(Cs) = /5. uCtAweset b2 we hae
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llustration of OR for Cg




Te
0 anslyze $(6) , wed @
pory & \zg_@

e

}\m\b o andyze i

/ 9 (6
/ |

_:4_@( 6))



More properties of 9(G)

* For a graph G and its complement G, 9(G)9(G) = n



Relaxations for combinatorial quantities

* Linear Relaxation for Independent Set
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