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Perron-Frobenius : Graph version

Theorem

Let G be a connected graph adjacency matrix A. Let \y > --- > X\, be

the eigenvalues with the corresponding the eigenvectors Xy, . . ., Xn,
respectively. Then,

Q N>\
e A > Ao
© There exists a positive eigenvector x;.
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Spectrum and bipartiteness

Theorem

Let G be a graph. Then, G is bipartite if and only if the following holds:
whenever X is an eigenvalue of A(G), —\ is an eigenvalue of A(G).
Further, if G is connected and Ay = —\p, then G is bipartite.
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Theorem (Courant-Fischer)

Let A be a symmetric n x n matrix with eigenvalues \1 < Xo < ... < \p
and let {uq, o, ..., un} be any orthonormal basis of eigenvectors of A,

where u; is a unit eigenvector associated with \;. If Vi denotes the set
of subspaces of R" of dimension k, then

. xT Ax
Ak = min max ——,
Wev, xeW.x#£0 X' X

. xTAx
Ak = max min 7
Wevn7k+1 xeWx#£0 X' X
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A, = Min ocT A2
V= e e Rr” ocT e
= xFo
- i1 TANR
A 1 - xXe®" 2

LA 2T
4/11




5/11

Interlacing inequalities

Theorem

Let A be a symmetric n x n matrix and let B be a principal submatrix of
Aofordern—1.If X\, Xo,..., Anand pq, o, ..., un—_q are the
eigenvalues of A and B, respectively, then

MSpu <A <pp-<ppqg<Ap

A= |B 3
97 <




Interlacing inequalities

Theorem (Poincaré separation theorem)
Let A be an n x n matrix partitioned as

8

such that B and D are square matrices order m and n — m,

respectively. If \q, \o, ..., Ap and uq, po, ..., um are the eigenvalues of
A and B, respectively, then \; < pj < Ap_myjfori=1,....m

2] S P~| f M_M)H
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Wilf’s theorem

Lemma s ndwrie o
Let G be a graph with n vertices and H be a,subgraph of G on p
vertices. Then /\max( G) > )‘max(H) and )‘mm(G) < Amln(H)

Lemma

For a graph G, 6(G) < Amax(G) < A(G), where A(G) and 6(G) are the
maximum and minimum vertex degrees of G, respectively.

Theorem
X(G) <1+ Anax(G), where x(G) is the chromatic number of G.

X (0) 4\ + Ol6) = Broorers Hreovern)
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Block matrices

Lemma
If B and C are symmetric n x n matrices, then

Amax(B + C) S )\max(B) + )\max(C) /

Lemma
Let B be an n x n positive semidefinite matrix and suppose B is

partitioned as
Bi1 By ]
B =
[ Bo1 Bao

where By1 is p x p. Then Amax(B) < Amax(B11) + Amax(B22)-

—
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Block matrices - contd.
Lemma

Let B be an n x n symmetric matrix and suppose B is partitioned as

B:[Bﬁ 312] e

Bo1 B

where By1 is p x p. Then Ayax(B) + Amin(B) < Amax(B11) + Amax(B22).

Lemma
Let B be a symmetric matrix partitioned as

0 B> ... Bk
B— B.21 (.) . B.Zk
Biy Bio ... O

Then Amax(B) + (kK — 1)Amin(B) < 0.
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Also, DNmp, B < Aonpa, €€
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Hoffman’s bound

Theorem (Hoffman’s bound) one ed9e)
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