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Theorem (Spectral theorem for real symmetric matrices)
Any real symmetric matrix is orthogonally similar to a diagonal matrix.

V.

Theorem

If\1,..., \¢ are the distinct eigenvalues of an n x n real symmetric
matrix, then the minimal polynomial of is given by (x — A1) ...(x — Xk)

v

Theorem

If M, ..., \n are the eigenvalues of A, then Nk, ..., \k are the
eigenvalues of AX.
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Positive Semidefinite Matrices(PSD)
posSirie &e,r—mae%;i’; >°

A symmetric matrix A € R"*" is positive semidefinite(PSD) if xTAx > 0
for every x € R".

P
Theorem <AX XD

TFAE for A€ R™":4+ Sqpnme e !
@ Ais PSD.
Q@ All the eigenvalues of A are nonnegative,

© There exists an n x k real matrix B such thafA = BBT,)
| C—
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Cone of positive semidefinite matrices

Let S" denote the subspace of symmetric matrices in R"*".The set of
positive semidefinite matrices in S” will be denoted by PSD,. PSD,, is
a convex cone.

Canve* cone: A Subses < & RWING
=
eoner BJ ,
U) x,yeC =22y €C

LY K20 = «KxXEC
xe <
CEY cn -a=58ey (P
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Rayleigh ratio: A & RV . xelzed) & RN

[;(A)(x) - X;éi’ X € R, x # 0.

Theorem (Rayleigh-Ritz)
If A is a symmetric n x n matrix with eigenvalues A\ > X\o > ... > A\p

and if {uy, us, ..., Uy} is any orthonormal basis of eigenvectors of A,
where u; is a unit eigenvector associated with \;, then

xT Ax )\
MaXy£0—=— = A1
0 X Tx

with the maximum attained for x = uy, and

. xT Ax N
min — =
Xx#0 XTX n

with the maximum attained for x = up,.
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Theorem

If A is a symmetric n x n matrix with eigenvalues \y > X\o > ... > A\p
and if {uy, us, ..., un} is any orthonormal basis of eigenvectors of A,
where u; is a unit eigenvector associated with \;, then

) xT Ax
Q max VT = )\k
X Lspan{uq,....ux_1} X'X

with the maximum afttained for x = uy, and
@

with the minimum attained for x = u.

. xT Ax
min —F = Ak
XxLspan{uki1,....un} X' X
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Theorem (Courant-Fischer)

Let A be a symmetric n x n matrix with eigenvalues A\ < \o < ... < \p
and let (uy, Uo, . . ., Un) be any orthonormal basis of eigenvectors of A,
where u; is a unit eigenvector associated with \;. If Vi denotes the set
of subspaces of R" of dimension k, then

xT Ax
)\k - maXWEVn k+1m|nXEWX;£0 X )

xTAx

Ak = Minyycy, MaxXye w —_—.
€Vk xeW x#0 xTx
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Perron-Frobenius : Graph version

s
Theorem 2
Let G be a connected graph adjacency matrix A. Let \y > --- > X\, be
the eigenvalues with the corresponding the eigenvectors xi, . . ., Xp,
respectively. Then,

A.>0
0 )\1 > —)\n-
A1 > Ao

oc 2 . . . Axz= N x,
© There exists a positive eigenvector x;. !

[
5 7&">o
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Spectrum and bipartiteness

Theorem

Let G be a bipartite graph. Then X is an eigenvalue of A(G) if and only
if =\ is an eigenvalue of A(G). Further, if G is connected and
A1 = —Ap, then G is bipartite.

e
1 1 ——
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Interlacing inequalities

Theorem (Cauchy interlacing theorem)

Let A be a symmetric n x n matrix and let B be a principal submatrix of
Aofordern—1.If A\, o,..., Anpand pq, o, ..., un_q are the
eigenvalues of A and B, respectively, then

A <pr SAg<po- < pin—1 < Ap

Theorem

Let A and B be symmetric n x n matrices such that B= A+ xx'. If

A, Ao, ..., Apand uq, uo, - .., up are the eigenvalues of A and B,
respectively, then
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Interlacing inequalities

Theorem (Poincaré separation theorem)
Let A be an n x n matrix partitioned as

B C
SEH

such that B and D are square matrices order m and n — m,

respectively. If \q, \o, ..., Ap and uq, po, ..., um are the eigenvalues of
A and B, respectively, then \; < pj < Ap_myjfori=1,....m
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Wilf’s theorem

Theorem
X(G) <1+ X\(G), where x(G) is the chromatic number of G.
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Proof of Wilf's theorem
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Block matrices

Lemma
If B and C are symmetric n x n matrices, then

)\1(B+ C) < )\1(3) +)\1(C)

Lemma
Let B be an n x n positive semidefinite matrix and suppose B is
partitioned as
Bi1 By ]
B =
[ Bo1 Bao
where B4 is p X p. Then \4 (B) < A\ (B11) + A4 (BQQ).
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Block matrices - contd.
Lemma

Let B be an n x n symmetric matrix and suppose B is partitioned as

Bi1 B2 ]
B =
[ Bo1 Bao

where Bi 1 IS,O X p. Then )\1(5) i )\n(B) < )\1(511) I )\1(822).

Lemma
Let B be a symmetric matrix partitioned as

0 Bip ... Bk
B Bo1 0 Bk
B¢y Beo ... O

Then M\ (B) + (k — 1)An(B) < 0.

15/17



Hoffman’s bound

Theorem (Hoffman’s bound)
X(G) > 1 -4t
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