
Linear systems I



Generally a problem of computing
Solution to a

BVP is converted

to the problem of solving
a system of linear equations .

→ discretization of domain

→ collocation

Linear Algebra
Ax = b

mxn

AX
1

AER BER: XI

To find xf R such that

Ax=b

For ns today
,

m=n .

( A is square)



Given Ax -
b

, compute ×
.

A is invertible ⇒ × is unique .

×= Atb

Q¥on;IfA#re
NIT Exactly known

,

what is

the effect on He solution we

obtain ? !

Plant :

Introduce the concept of distance
-

on the vectors and matrices .

- Condition number .

- sensitivity analysis .



Vector norm
-

:

11
.

11 → IN → R which satisfy

I ) 11×117,0 ,
HxM=o iff N=o .

Ii ) 112 sell =

12€
:L ER

Iii ) hsetyll E Hxlltllyll

*tow far × is from ] , IIm - yy

Exaifpes
D " n "e=(Enmity

"

;a=l;)
ii )

nnllq
= Max Heil

@ as Psa
E- t.sn

iiil Hxllp = |)(§,HiP)%to > 1



Matrix . norms :

11 . 11 : |R"
× "

→ |R

i ) 11AM > 0
, and MAH =o iffA=o .

in ) 112AM = KIHAH for 2 C- R
nxn

AGIR

Iii ) HATBHEIIAHTIIBH

IV ) HABH EHAHIIBH

E

'Ff÷i=(,§§.la;D
"

.

where A= [ aij ]i's,
,

. ,

Frobenius . norm of A
.



Induced
. matrix norms :

llallz = Max HA±
×±0 11×112

( Matrix as a linear function from

1k
"

→ R
"

xm A@under the action

of AEIRM ' ?
IIAXMZ"⇐

.. ^

1k # IR

x Ax ]
lltxllz

HAHZ = may
-

×±0 11×42

Let 2=11×112 =M×a±'s HAAIHZ

=×m¥oH¥nH.



Geometric meaning 8 induced norm

HA 'k=

.am#tA@z

|Y=¥x 't

X # 0

R2/
AelR*2

we*o¥¥*⇐*btz
We want to solve A×=b

Note that the matrices A&b

May not be known exactly .

@ Understand the effect of this on

the computed Solution .



Casa Assume A is known

exactly .
However b is not known

exactly .

#
1

Fiat
.m

*

@= f

dxrxie.YIIIL.IN
h



A×= b - Ci )

b not known exactly .

Ax^=bt8b
where oh is an exact solution

.
A

Denok by ×^= a + gq
Axntbtob

A @+ Fn ) =bt8b + 2)

subtracting ( 17 from (2)

A8n= sb

⇒ ok =
Atob

⇒ Hsnllz = HAt8bHz

EHA 'Hz Hsbllz -C*)

From ( 1 )
, llbllz EHAHZHBXVZ

⇒ ¥
,

< 1 ' A' 12 1 txi )

hb÷From 1*34*7 | "M¥1 EHAHZHATK '
1,51k



Definition : Let AEIR
" "

be an

in invertible matrix
.

Then

condition number of A w.at .

induced 2- norm is defined as

kz( A) = HAIL. 11MHz

Exercise .

÷ Illz = 1
.

For any invertible matrix A

I= AA
'

I = AIHZ = HA Adllz £ HAHZHAYIZ
.

=kzCA)
⇒ KZCA ) 31

Take A=I

1=11+412 - HII 'Hz< HIHZHI'llz
= 1

⇒ KZCI ) = 1



Example b is not exactly known
.

1186112Tax
10-4

KIA ) 2102

118×112
g. kdA ) 1155112⇒

lz Hbllz
102.10-4

- 2
iisnlk410⇐i.ie

e± al ;a;Ya! ]

b=fYaaafT×=flµ



b+ob= ( Yga;?;] :sb=f ::D
AE= btob

ii. xtsx = [20.9J
-18 . qq

cheek :

a
'

= Eh:19:]
kzc A ) =

3 . 9 92 × 10
6

"

EYE e- #
"

TED10
' I

10-25

steel Yoga;:D Anthea::]
ii. to?aa )



magnification
maximum magnification of A :

Magmaxl A) = Max
11 Axllz

Xto ¥
= 11 Allz

minimum magnification of A :

)"¥
minmaglt )= ×M±'no Txuz

=

min NAXHZ
nxHz=1*tootI

T
image of the

unit circle unit circle

11×112=1 AX



Exercise For aninvertible matrix

AGIR
" "

, prone that

maxmagl A) = # .

minmaglat )

maxmaglt
'

)= 1-

minmaglt )

.

consequence of the exercise :

kz( A) = HAHZ HA
' '

llz

= maxmaglt ) . maxmaglt
'

)

fkzlty-max.my#minmaglA
)

-



exercise
... (

'

on:)where E is such that KI is

Very close to zero .

but �6�to
Fundamentals of matrix computations

- David Watkins

Ninmericallinear algebra and applications
-

Biswa North Datta

Matrix Computations
- Golub,

Van loan

-



Proof
,

refer the

Sensitivity result
.

books .

Let Ax=b and ( ATSA)Cx+Sx)=(b+Sb )
.

d- is non . singular and

Iffy
< tea

,
.

2 2

then

"fade .atI"f¥iti÷i't2
2

z
2

' III.
Understanding ill - conditioned matrices .

A ER
" "

with a veryhigh
condition number .

A- to;) , b=l :)
Ax=b =) ×=( f)



1£ KZCA ) - Ma×ma_9(A) = 1-

minmaylt ) minmagltj

⇒ KIA ) > > 1

⇒ minmagla ) < < 1

hnitvccfur
F a CER

" such that

HADI
a < 1

aminnAcll-minmag1A@Ac-iEnaiciA-fdi.k.a

,ny

⇒ Columns J A are
to (g)

"

almost
"

linearly dependent .

Similar ,
I can prove , rows of A are

"

almost
"

linearly dependent .



A= fdaogo9,9%9) ; Has #o
'

Ax=b+obb=(Ya9g9y)
Maximise

ago:D
ask.to?#

| III
'

Ian
= 1997.01

.



Hibertmatrix

a- fi.
E

.

"he'tIf
Hills ( M

Sinfonia
-

.

( 1930 )

Let AEIRMM
.

Then there exist

orthogonal matrices UEIRMM and

vernm and numbers 93,523 . . .

7,82 > o where rEmin{m ,n} such

that

A= UEVT

where Et First ]mµ



r= rank 1A )

o=[

I
, . .

in

'm
]

I I

V - fly.  . . ,Yd
A = riuirf + of nzvzti . . . + fiurvrt

17 A

maxmagtt ) minmagtt )

11×42=1 A GAY
'

Ax

#¥€
[ V ,S,✓]= svdl A)

A= USVT


