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Functions of Two Variables and Their Limits
Partial Derivatives

Practice and Summary
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From One Variable to Two

e A function of two variables takes a point of the plane and returns a
real number,

f:DCR?—R, w = f(x,y),

with domain D and range the set of values f(x,y).
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From One Variable to Two

e A function of two variables takes a point of the plane and returns a
real number,

f:DCR?—R, w = f(x,y),

with domain D and range the set of values f(x,y).

® lts graph is the set of points (x, y, f(x,y)) — a surface z = f(x, y),
not a curve. The sets where f(x,y) = c are its level curves.

® Since the domain now sits in the plane, we need a little vocabulary:
(x0, ¥0) is an interior point of a region R if some disk around it lies
entirely in R, and a boundary point if every disk around it meets
both R and its complement. R is open if all its points are interior,
closed if it contains its boundary.
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From One Variable to Two

e A function of two variables takes a point of the plane and returns a
real number,

f:DCR?—R, w = f(x,y),

with domain D and range the set of values f(x,y).

® lts graph is the set of points (x, y, f(x,y)) — a surface z = f(x, y),
not a curve. The sets where f(x,y) = c are its level curves.

® Since the domain now sits in the plane, we need a little vocabulary:
(x0, ¥0) is an interior point of a region R if some disk around it lies
entirely in R, and a boundary point if every disk around it meets
both R and its complement. R is open if all its points are interior,
closed if it contains its boundary.

f(x,y) = /9 — x2 — y2 has domain the closed disk x> + y? < 9 and
range [0, 3]; its graph is a hemisphere and its level curves are circles.
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The Limit of a Function of Two Variables

lim  f(x,y) = L means: for every € > 0 there is a § > 0 such that

(va)_>(X07yo)
for all (x,y) in the domain of f,

|f(x,y) — L| <e whenever 0< \/(x —x0)2+ (y — )2 < 0.

4/16



The Limit of a Function of Two Variables

lim  f(x,y) = L means: for every € > 0 there is a § > 0 such that

(va)_>(X07yo)
for all (x,y) in the domain of f,
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® The same definition as in one variable, with [x — xp| replaced by the
distance from (x, y) to (xo, yo); the condition describes a punctured
disk.
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The Limit of a Function of Two Variables

lim  f(x,y) = L means: for every € > 0 there is a § > 0 such that

(va)_>(X07yo)
for all (x,y) in the domain of f,

|f(x,y) — L| < e whenever 0 < +/(x—x0)2+ (y — y0)2 < 6.

® The same definition as in one variable, with [x — xp| replaced by the
distance from (x, y) to (xo, yo); the condition describes a punctured
disk.

® The usual limit laws carry over unchanged — sums, constant
multiples, products, quotients (nonzero denominator) and nth roots.
So polynomials and rational functions may be evaluated by
substitution wherever the denominator does not vanish:

x—xy+3 3

li - - —_3
() 0.1) X2y 4+5bxy —y3 -1
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The Limit of a Function of Two Variables

lim  f(x,y) = L means: for every € > 0 there is a § > 0 such that

(va)_>(X07yo)
for all (x,y) in the domain of f,

|f(x,y) — L| < e whenever 0 < +/(x—x0)2+ (y — y0)2 < 6.

® The same definition as in one variable, with [x — xp| replaced by the
distance from (x, y) to (xo, yo); the condition describes a punctured
disk.

® The usual limit laws carry over unchanged — sums, constant
multiples, products, quotients (nonzero denominator) and nth roots.
So polynomials and rational functions may be evaluated by
substitution wherever the denominator does not vanish:

x—xy+3 3

li - - —_3
() 0.1) X2y 4+5bxy —y3 -1

® What is genuinely new: on the line there were two ways in, from the
left and from the right. In the plane there are infinitely many paths,

and the definition demands the same L along every one of them.
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The Two-Path Test

y
_ 2xy ]
[ Does ~lim  ——=— exist?
L . ()= (0,0) X= +y

/ \\

, \
/ \
: R

\ f='o

\\ //

S-d--7 f=-1
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The Two-Path Test

Problem

2xy

- =1 Does exist?

7 / (x,y)—(0,0) X2 4 y?
li \\ o
: ¢ — x Solution

\ / On the punctured line y = mx,

B 2x(mx) 2m
f=-1 f‘ = = 9
y=mx x2+(mx)2 1+ m?
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The Two-Path Test

y Problem
2x
- =1 Does Y exist?
.7 / (xy)—(0,0) x? + y2
:, ¢ o Solution
. fz//'O On the punctured line y = mx,
N f‘ _ 2x(mx) __2m 7
y=mx x2+4+(mx)2 1+ m?

a constant depending on m — it is 0
along y =0 but 1 along y = x.
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The Two-Path Test

y Problem
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- =1 Does Y exist?
.7 / (xy)—(0,0) x? + y2
:, ¢ o Solution
. fz//'O On the punctured line y = mx,
N f‘ _ 2x(mx) __2m 7
y=mx x2+4+(mx)2 1+ m?

a constant depending on m — it is 0
along y = 0 but 1 along y = x. Two
values, so no limit.
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The Two-Path Test

y

) 2xy
||m —_—
(x,y)—(0,0) X2 + y?

1 .
| & e x Solution

On the punctured line y = mx,

- =1 Does exist?

R 2x(mx) 2m
h f=-1 f‘ = = 9
y=mx x2+(mx)2 1+ m?

a constant depending on m — it is 0
along y = 0 but 1 along y = x. Two
values, so no limit.

One-sided test: matching values along some paths never proves a limit exists
— and straight lines alone are not enough, since curved paths count too.
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Example - 1

2
Find ( ;im( )x‘;)j}yy2 if it exists.
x,y)—(0,0
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Example - 1

® First observe that along the line x = 0, the function always has
value 0 when y # 0. Likewise, along the line y = 0, the function has
value 0 provided x # 0. So if the limit does exist as (x, y)
approaches (0, 0), the value of the limit must be 0. To see if this is
true, we apply the definition of limit.

® Let € > 0 be given, but arbitrary. We want to find a § > 0 such that
4xy” —O’ <e whenever 0</x24+y2<é

x2+y?

or
4)x|y?

any? <€ whenever 0< \/m <5
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Example - 1

® Since y2 < x? + y? we have that
2
ilz)jrl);Z < Ax| =4y/x < 4/x2 + y2
® So if we choose § = €/4 and let 0 < /x2 + y2 < §, we get
2
X‘ixij — 0‘ <Ax2P+y2<4d=4(5) =
e [t follows from the definition that

lim tffz =0.
(x,y)—(0,0) Y

8/16



Continuity

Definition
f(x,y) is continuous at (xp, yo) if f is defined there, the limit
lim f(x,y) exists, and the two are equal. f is continuous if it is

(x:y)—=(x0,¥0)
continuous at every point of its domain.
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(x:y)—=(x0,¥0)
continuous at every point of its domain.

® Word for word the one-variable definition — only “limit" has
changed its meaning.
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(x:y)—=(x0,¥0)
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® By the limit laws, sums, products, quotients (nonzero denominator),
roots and compositions of continuous functions are continuous. So
every polynomial in x and y is continuous everywhere, and every
rational function wherever its denominator is nonzero.
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Continuity

Definition

f(x,y) is continuous at (xp, yo) if f is defined there, the limit

lim f(x,y) exists, and the two are equal. f is continuous if it is
(x:y)—=(x0,¥0)
continuous at every point of its domain.

® Word for word the one-variable definition — only “limit" has
changed its meaning.

® By the limit laws, sums, products, quotients (nonzero denominator),
roots and compositions of continuous functions are continuous. So
every polynomial in x and y is continuous everywhere, and every
rational function wherever its denominator is nonzero.

Example

f(x,y) = iyt for (x,y) # (0,0), with £(0,0) = 0, is continuous

everywhere except the origin: away from 0 it is a rational function, and
at 0 the limit does not exist, as we just saw. No choice of 7(0,0) can
repair it.

e
<
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Continuity

Definition
f(x,y) is continuous at (xp, yo) if f is defined there, the limit

lim f(x,y) exists, and the two are equal. f is continuous if it is
(x:y)—=(x0,¥0)
continuous at every point of its domain.

® Word for word the one-variable definition — only “limit" has
changed its meaning.

® By the limit laws, sums, products, quotients (nonzero denominator),
roots and compositions of continuous functions are continuous. So
every polynomial in x and y is continuous everywhere, and every
rational function wherever its denominator is nonzero.

Example

f(x,y) = iyt for (x,y) # (0,0), with £(0,0) = 0, is continuous

everywhere except the origin: away from 0 it is a rational function, and
at 0 the limit does not exist, as we just saw. No choice of 7(0,0) can
repair it.

Why?

e
<
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Rates of Change in the Coordinate Directions

With two inputs there is no single rate of change — it depends on the
direction we move in. The simplest thing that works is to move parallel
to one axis at a time.
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Rates of Change in the Coordinate Directions

With two inputs there is no single rate of change — it depends on the
direction we move in. The simplest thing that works is to move parallel
to one axis at a time.

Definition

The partial derivatives of f(x,y) at (xo, yo) are

of _ f(xo + h, yo) — f(x0, 0)
Ox (%0,50) h—0 h ’
or _ i [0, 0+ h) — f(x0, %0)
0 Iy "0 h

provided the limits exist.
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ordinary derivative of the one-variable function got by freezing the
other variable.
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Rates of Change in the Coordinate Directions

With two inputs there is no single rate of change — it depends on the
direction we move in. The simplest thing that works is to move parallel
to one axis at a time.

Definition

The partial derivatives of f(x,y) at (xo, yo) are

of o f(xo + h, yo) — f(x0, 0)
Ox (%0,50) h—0 h ’
or _ i [0, 0+ h) — f(x0, %0)
0 (o) 10 h
provided the limits exist.
of d
® Equivalently, — = —f(x, : each partial is literally an
q Y ox o) ~ dx (oyo)| p y

ordinary derivative of the one-variable function got by freezing the

other variable.
0z

. of .
® Notation: —, f,, —, z; values at a point as f.(xo, ¥0)-

ox ox
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A Partial Derivative Is an Ordinary Slope: Step by Step

z="f(x,y)

/’\y

X

The surface z = f(x, y) over a region of the xy-plane.
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A Partial Derivative Is an Ordinary Slope: Step by Step

z=f(x,y)
P
—T\\) y
s
(x0, 0)

X

Fix (xo0, yo) in the domain; above it sits P(xo,yo, f(xo,yo)) on the surface.
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A Partial Derivative Is an Ordinary Slope: Step by Step

Yy =>»
z=f(x,y)
P
L]
|
|
Al
Yy
1
.
(Xo,}’o)

X
Freezing y at yo means slicing the surface with the vertical plane y = yo.
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A Partial Derivative Is an Ordinary Slope: Step by Step

z="f(x,y)

X

The slice is a curve z = f(x, yo) — an ordinary function of the single
variable x.
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A Partial Derivative Is an Ordinary Slope: Step by Step

z="f(x,y)

slope = f(x0, ¥0) /

X

Its slope at P is an ordinary derivative, and that number is f(xo, y0).
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A Partial Derivative Is an Ordinary Slope: Step by Step

z
X = Xo
z=f(x,y)
P
1
|
/ : slope = f,(x0, Y0)
|
slope = fi(x0, y0) £/] |
Y
:
(x0, y0)

X

Freezing x at xp instead gives a second curve z = f(xo, y), whose slope at
Pis f:V(X(),yo).
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A Partial Derivative Is an Ordinary Slope: Step by Step

z="f(x,y)

—pr
slope = f,(xo0, o)

slope = f«(xo0, o) /
—\L\\) y

(x0, 0)

X

So at each point of the surface there are two tangent lines and two rates of
change — one per coordinate direction.
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Computing Partial Derivatives

The working rule: to find £, treat y as a constant and differentiate in the
ordinary way; for f,, treat x as a constant. Every one-variable rule —
sum, product, quotient, chain — still applies.
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The working rule: to find £, treat y as a constant and differentiate in the
ordinary way; for f,, treat x as a constant. Every one-variable rule —
sum, product, quotient, chain — still applies.

Example

For f(x,y) =x*+3xy+y—1: f=2x+3yand f, =3x+1, so
f(4,~5) = —7 and f, (4, —5) = 13,
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Computing Partial Derivatives

The working rule: to find £, treat y as a constant and differentiate in the
ordinary way; for f,, treat x as a constant. Every one-variable rule —
sum, product, quotient, chain — still applies.

Example

For f(x,y) =x*+3xy+y—1: f=2x+3yand f, =3x+1, so
f(4,~5) = —7 and f, (4, —5) = 13,

Example

N
\<|

For f(x,y) = ————, with y constant only cos x varies, while with x
() y + cosx Y v

constant the quotient rule applies:

2y sin x £ 2 cos x

fo=——s, —_—.
(y + cos x)2 Y (y + cos x)?

12/16



Computing Partial Derivatives

The working rule: to find £, treat y as a constant and differentiate in the
ordinary way; for f,, treat x as a constant. Every one-variable rule —
sum, product, quotient, chain — still applies.

Example

For f(x,y) =x*+3xy+y—1: f=2x+3yand f, =3x+1, so
f(4,~5) = —7 and f, (4, —5) = 13,

Example

N
\<|

For f(x,y) = ————, with y constant only cos x varies, while with x
() y + cosx Y v

constant the quotient rule applies:
£ 2y sin x _ 2cosx
" (y +cosx)?’ Y (y +cosx)?’

Everything extends verbatim to three or more variables: differentiate with
respect to one, hold all the others fixed. For f(x,y,z) = xsin(y + 3z),
f; = 3x cos(y + 3z).
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Implicit Partial Differentiation

Find % if z is defined implicitly as a function of x and y by

X
yz—Inz=x+y.
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Implicit Partial Differentiation

(Problerm

Find % if z is defined implicitly as a function of x and y by

X
yz—Inz=x+y.

(Solution

e Differentiate both sides with respect to x, holding y fixed and

remembering that z depends on x:
0z 10z

Yox “zox
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Implicit Partial Differentiation

Find % if z is defined implicitly as a function of x and y by

X
yz—Inz=x+y.

e Differentiate both sides with respect to x, holding y fixed and

remembering that z depends on x:
dz 10z
Yox " zox

1\ 0
® Factor and solve: < — ) 9z _ 1,
z ) Ox
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Implicit Partial Differentiation

Find % if z is defined implicitly as a function of x and y by

X
yz—Inz=x+y.

e Differentiate both sides with respect to x, holding y fixed and
remembering that z depends on x:

0z 10z _
yax z Ox
1\ 0 0

® Factor and solve: <y—z>a)z<:1,so a—i:yzil.

Exactly the one-variable implicit method — the only new instruction is
“hold the other independent variable fixed".

13/16



A Warning: Partials Can Exist Where f Is Not Continuous

0, xy#0,

Let f(x,y) = {1 =0
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A Warning: Partials Can Exist Where f Is Not Continuous

0, xy#0,

Let f(x,y) = {1 =0

® Not continuous at the origin: along y = x with x # 0 we have
xy = x2 #0, so f = 0 there and the limit along that path is 0 —
but £(0,0) = 1.
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A Warning: Partials Can Exist Where f Is Not Continuous

0, xy#0,
1, xy=0.

9

Let f(x,y) = {

® Not continuous at the origin: along y = x with x # 0 we have
xy = x2 #0, so f = 0 there and the limit along that path is 0 —

but £(0,0) = 1.
® Yet both partials exist there: holding y = 0 gives f(x,0) =1 for
all x, a constant, so £(0,0) = 0; by symmetry £,(0,0) = 0.

14/16



A Warning: Partials Can Exist Where f Is Not Continuous

0, xy#0,

Let f(x,y) = {1

, xy=0.

® Not continuous at the origin: along y = x with x # 0 we have
xy = x2 #0, so f = 0 there and the limit along that path is 0 —
but £(0,0) = 1.

® Yet both partials exist there: holding y = 0 gives f(x,0) =1 for
all x, a constant, so £(0,0) = 0; by symmetry £,(0,0) = 0.

Remark

In one variable, differentiability at a point forces continuity there. Partial
derivatives are weaker: each sees only one line through the point and is
blind to what happens off those two lines. Next lecture we introduce the
stronger condition — differentiability — that does imply continuity.
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2

® Show that does not exist — note that every

lim ————
(x)=(0,0) x* + 2
straight line into the origin gives 0, so try the path y = x2.
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2

X
® Show that lim X does not exist — note that every
(x)=(0,0) x* + y?

straight line into the origin gives 0, so try the path y = x2.

x2 —
® Evaluate lim il

(x,y)—(0,0) \f* VY

(rationalise the denominator first).
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X
® Show that lim X does not exist — note that every
(x)=(0,0) x* + y?

straight line into the origin gives 0, so try the path y = x2.

x* — xy
® Evaluate lim
(x,y)—(0,0) \f* VY
® Find £, and f, for f(x,y) = x e, and all three first partials of
f(x,y,z) =In(x + 2y + 3z).

(rationalise the denominator first).
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2

X
Show that lim X does not exist — note that every
(x)=(0,0) x* + y?

straight line into the origin gives 0, so try the path y = x2.
x? — Xy
Evaluate  lim
(x))=(0.0) V/X — \/Y
Find £, and f, for f(x,y) = x ¥, and all three first partials of
f(x,y,z) =In(x + 2y + 3z).

(rationalise the denominator first).

Find % and & if x? 4+ y2 + z? = 9 defines z implicitly.
Ox dy
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2

X
® Show that lim X does not exist — note that every
(x)=(0,0) x* + y?

straight line into the origin gives 0, so try the path y = x2.

x2 _
® Evaluate lim il

(x,y)—(0,0) \f* VY
® Find £, and f, for f(x,y) = x e, and all three first partials of
f(x,y,z) =In(x + 2y + 3z).

(rationalise the denominator first).

® Find % and & if x? 4+ y2 + z? = 9 defines z implicitly.
Ox dy

® The plane y = 1 cuts the surface z = x
slope of its tangent at (2,1, 2).

2 _ xy in a curve. Find the

15/16



® A function of two variables is defined on a region of the plane; its
graph is a surface and its level curves f = ¢ give a flat picture of it.
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® A function of two variables is defined on a region of the plane; its
graph is a surface and its level curves f = ¢ give a flat picture of it.
® The e-0 definition of a limit is unchanged, with |x — xo| replaced by

the distance to (xo, o) — but (x,y) may approach along infinitely
many paths, and the limit must be the same along all of them.
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® The e-0 definition of a limit is unchanged, with |x — xo| replaced by
the distance to (xo, o) — but (x,y) may approach along infinitely
many paths, and the limit must be the same along all of them.

® Two-path test: two paths giving different values prove the limit
does not exist; matching values along a few paths prove nothing.
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A function of two variables is defined on a region of the plane; its
graph is a surface and its level curves f = ¢ give a flat picture of it.

The e—0 definition of a limit is unchanged, with |x — xo| replaced by
the distance to (xo, o) — but (x,y) may approach along infinitely
many paths, and the limit must be the same along all of them.

Two-path test: two paths giving different values prove the limit
does not exist; matching values along a few paths prove nothing.

A partial derivative is an ordinary derivative in disguise: freeze all
but one variable. Geometrically it is the slope of a trace cut from the
surface by a vertical plane, so each point carries two tangent lines.
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A function of two variables is defined on a region of the plane; its
graph is a surface and its level curves f = ¢ give a flat picture of it.

The e—0 definition of a limit is unchanged, with |x — xo| replaced by
the distance to (xo, o) — but (x,y) may approach along infinitely
many paths, and the limit must be the same along all of them.
Two-path test: two paths giving different values prove the limit
does not exist; matching values along a few paths prove nothing.

A partial derivative is an ordinary derivative in disguise: freeze all
but one variable. Geometrically it is the slope of a trace cut from the
surface by a vertical plane, so each point carries two tangent lines.

Warning: both partials can exist at a point where f is not
continuous — existence of partials is not the right generalisation of
“differentiable”.
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