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Improper integrals of Type II: Finite Intervals
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The integral of a discontinuous function

If the function f(x) is discontinuous at the point x = a of the interval
[a, ], then define

/aC f(x)dx = bli_}n; /bC f(x)dx.
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The integral of a discontinuous function

If the function f(x) is discontinuous at the point x = a of the interval
[a, ], then define

/aC f(x)dx = bli_}n; /bC f(x)dx.

If the function f(x) is discontinuous at some point x = xp inside the
interval [a, c], then define

/a " F(x)dx = / " fx)dx + /X Ob F(x)dx,

if both the improper integrals on the right-hand side of the equation exist.
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1
Evaluate [; \/%.
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1
Evaluate [; \/%.

/1 - b dx
0 1—x  bol- o V1—x
= — lim 2v1—«];

b—1—

= — lim A(VI—b-1)]
= (-2)=2

4/8



1
Evaluate [~ %.
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1
Evaluate [~ %.

® The point x = 0 is the point of discontinuity for the function
f(x) = X—lz
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1
Evaluate [~ %.

® The point x = 0 is the point of discontinuity for the function
f(x) = X—lz

® Therefore,

L odx . a dx . L dx
— = lim — lim =
_1 X a—0~ J_1 X b—0t Jp X
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1
Evaluate [~ %.

Solution
® The point x = 0 is the point of discontinuity for the function
f(x) = %.

® Therefore,

L odx . a dx . L dx
— = lim — lim =
_1 X a—0— J_1 X b—0t Jp X
+1],

® Now, lim,o+ [, & = lim, - [— %]a_l = lim,0- [ —
] = o0.

. 1 . 1
and limp_0+ & = limp_yo+ [ — %]b = limpo+ [— 1+

Sal L N
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1
Evaluate [~ %.

® The point x = 0 is the point of discontinuity for the function
f(x) = X—lz

® Therefore,

L odx . a dx . L dx
— = lim — lim =
1 X a—0— 1 X b—0t b X

+1],

] = oo

® Now, lim,_o+ fjl % = lim,_0- [_ %]a_l = lim,_50- [_

Sal L N

: . 1
and limp_o+ fbl & = limp_yo+ [ — %]b = limpo+ [— 1+
® Therefore, the integral diverges in the interval (—1,1).
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1
Evaluate [~ %.

® The point x = 0 is the point of discontinuity for the function
f(x) = %.

® Therefore,

L odx . a dx . L dx
— = lim — lim =
1 X a—0— 1 X b—0t b X

+1],

] = oo

® Now, lim,_o+ fjl % = lim,_0- [_ %]a_l = lim,_50- [_

Sal L N

: . 1
and limp_o+ fbl & = limp_yo+ [ — %]b = limpo+ [— 1+
® Therefore, the integral diverges in the interval (—1,1).

CAVEAT: { Ll [-1t = —2}

—1x2 X
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If the function f(x) defined on the interval [a, b], has a finite number of
points of discontinuity in this interval, then the integral
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Remark

If the function f(x) defined on the interval [a, b], has a finite number of
points of discontinuity in this interval, then the integral is defined as
follows:

/ab b= / f(x)dx+/: f(x)dx+...—|—/anb ks

if each of the integrals in the RHS converges. If one of the integrals in
RHS is divergent, then f: f(x)dx is called divergent.
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Comparision Theorem with discontinuity

Theorem (Comparision Theorem with a discontinuity)

Let f(x) and g(x) be discontinuous at the point c on the interval [a, c],
and at all other points of this interval 0 < f(x) < g(x) holds.

1. If [ g(x)dx converges, then [  f(x)dx converges.
2. If [ f(x)dx diverges, then [ g(x)dx diverges.
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Comparision Theorem with discontinuity

Theorem (Comparision Theorem with a discontinuity)

Let f(x) and g(x) be discontinuous at the point c on the interval [a, c],
and at all other points of this interval 0 < f(x) < g(x) holds.

1. If [ g(x)dx converges, then [  f(x)dx converges.
2. If [ f(x)dx diverges, then [ g(x)dx diverges.

Theorem (Absolute convergence with a discontinuity)

If f(x) is discontinuous at the point ¢ and the improper integral
S5 |f(x)|dx converges, then the integral [ f(x)dx of the function itself
converges.
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. 1
Does the integral fo mdx converges?
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. 1
Does the integral fo mdx converges?

® The integrand is discontinuous at x = 0.
® Now, m < % and fol %dx exists.

1 .
® Therefore, fo mdx exists.
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. 1
Does the integral fo mdx converges?

® The integrand is discontinuous at x = 0.
X

1 )
e Now, m < % and fo %dx exists.

1 .
® Therefore, fo mdx exists.

1. Verify that the integral fac ﬁdx converges for a < 1 and
diverges for a > 1.

2. Verify that the integral fac ﬁdx converges for a < 1 and
diverges for a > 1.

8/8



	Improper integrals of Type II: Finite Intervals

