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Type I: Infinite Intervals
Testing Convergence Without Evaluating

Practice and Summary
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® Aim: extend the definite integral fab f(x) dx to two situations it was
not built for.
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® Aim: extend the definite integral fab f(x) dx to two situations it was
not built for.

® Type I: the interval of integration is unbounded, e.g. [a, c0).

® Type ll: the interval is bounded, but f is unbounded near an
endpoint or an interior point.

® Both are called improper integrals; we handle them by integrating
up to (or away from) the trouble spot, and then taking a limit.

® Today: Type I, in detail, along with a tool to decide convergence
without always evaluating the integral exactly. Type Il follows next
lecture.
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Infinite Limits of Integration

Definition

b
If f is continuous on [a, o) and blim / f(x) dx exists and is finite, we
— OO0 a

/a T () dx = Jlim / ’ F(x) dx,

and say the improper integral converges. If the limit fails to exist, or is
infinite, we say it diverges.

define
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Similarly, for the other unbounded intervals:

. /b F(x) dx == aﬂmoo/ab F(x) dx.
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Infinite Limits of Integration

Definition

b
If f is continuous on [a, o) and blim / f(x) dx exists and is finite, we
—00
define ’
0 b
/ f(x)dx = lim / f(x) dx,
. b—oo J,

and say the improper integral converges. If the limit fails to exist, or is
infinite, we say it diverges.

Similarly, for the other unbounded intervals:

O/b f(x)dx := lim /abf(x)dx.

oo a——o00
o / f(x)dx = / f(x) dx +/ f(x) dx for any fixed ¢ — and

both pieces must converge.
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From a Finite Area to an Improper Integral: Step by Step

‘ X

The curve y = f(x) = on [0, c0).

1+ x2
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From a Finite Area to an Improper Integral: Step by Step

\ , x

The area over [0, b] is fob f(x) dx — an ordinary, finite integral.
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From a Finite Area to an Improper Integral: Step by Step

As b grows, so does the shaded area — but it seems to be filling up, not
blowing up.
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From a Finite Area to an Improper Integral: Step by Step

‘ X

Even for large b, the area keeps growing more and more slowly.
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From a Finite Area to an Improper Integral: Step by Step

‘ X

Let b — oo: the shaded region becomes the whole (unbounded) area
under the curve.
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From a Finite Area to an Improper Integral: Step by Step

1 Area — —
- AR
\

The limit limp_ o0 fob f(x) dx exists and is finite — this defines
fooo f(x) dx.
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Worked Example

o0
dx
Evaluate /
0

14 x2°
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Worked Example

* dx
Evaluate .
o 1+x2

/°° dx _ /b dx
= lim _—
o l14+x%2 booofy 1+ x2

= lim [tan* x}
b— oo 0

= lim tan"'h
b— oo
T

5

The improper integral converges, and equals /2 — matching the picture
on the previous slide.
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The p-Integral: A Key Benchmark

b
dx 1 1-p
oForp;él, . ;—E[b —1:|
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The p-Integral: A Key Benchmark

b
dx 1
° F 1 — = _——[ptP—-1].
orp#£1, X l—p[ ]
> d 1
OASbHoo:ifp>1,thenb1*P%O,so/ >x_
1 xP p_l

converges.

If p <1, then b1=P — o0, so the integral diverges.

b
pr:l,/ ﬁzlnb—>oo—diverges.
1 X

 dx
— converges <— p>1
1 XxP
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Worked Example: Splitting at a Point

* dx
Evaluat .
vauae/_ool_’_x2
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* d
Evaluate / x

oo 1 X2

* Split at 0: /midx —/O e +/O° o
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Worked Example: Splitting at a Point

* d
Evaluate / x

oo 1 X2

e Split at O: J/f = Aggfszgg, = ()/"0 444513544, + J/f = 444513544,
PRaEE L 1+ 142 Jy 14x2

® The second piece is w/2, from the previous example. For the first,

O dx im Tran-1 0_0_(_5)_5
1+x2_aJToo[a" XL_ 2/ =72

— 00
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Worked Example: Splitting at a Point

* d
Evaluate / x

oo 1 X2

e Split at O: J/f = Aggfszgg, = ()/"0 444513544, + J/f = 444513544,
PRaEE L 1+ 142 Jy 14x2

® The second piece is w/2, from the previous example. For the first,

O dx im Tran=tx1" = 0 (_g)_z
Oo1+x2_aJ'1‘oo[a" XL_ 2) = 2

< d
°Adding,/ ﬁx)@:g—kg:ﬂ.

Both pieces had to converge separately — this is not just [tan—! x]>°
evaluated carelessly in one step.
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Why We Need a Comparison Test

® Many improper integrals cannot be evaluated in closed form.
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Why We Need a Comparison Test

® Many improper integrals cannot be evaluated in closed form.

® But we can still often tell whether they converge, by comparing the
integrand to one we already understand — like the p-integral.

Theorem (Direct Comparison Test)
Suppose 0 < f(x) < g(x) for all x > a. Then:

1. If/ g(x) dx converges, so does/ f(x) dx, and
a a

/:0 f(x)dx < /:Og(x) dx.

2. If/ f(x) dx diverges, so does/ g(x) dx.
a a
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Worked Example: Using the Comparison Test

e d
Does/1 )(2(17_);@) converge?
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Worked Example: Using the Comparison Test

e d
Does/1 )(2(17_);@) converge?

1

o F >1,14e>1,s0 —+—— < —.
or x > + e o) x2(1—|—ex) 2

> dx
® By the p-integral with p =2 > 1, / — = 1 converges.
1 X
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Worked Example: Using the Comparison Test

e d
Does/1 X2(17iex) converge?

1
<=,

° [ >1,1 x> 1, —_
or x > +e o) x2(1+ex) 2

> dx
® By the p-integral with p =2 > 1, / — = 1 converges.
1 X

i dx
® By the Direct Comparison Test, also converges, and
1 XX

1+ e¥)
is at most 1.
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Worked Example: Using the Comparison Test

e d
Does/1 X2(17iex) converge?

1
< .

° [ >1,1 x> 1, —_
or x > + e sz2(1+eX) 2

> dx
® By the p-integral with p =2 > 1, / — = 1 converges.
1 X

i dx
® By the Direct Comparison Test, also converges, and
1 XX

1+ e)
is at most 1.

Note we never evaluated the original integral — comparison alone settled
convergence.
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A Sharper Test: Dirichlet’s Test

® The Direct Comparison Test needs f > 0. It says nothing about an

integrand like ﬁ, which changes sign infinitely often.
X
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X

Theorem (Dirichlet's Test)
Let f,g:[a,00) — R satisfy:

1. f is decreasing, with f(x) — 0 as x — oo;

t
2. g is continuous, and / g(x) dx‘ < M for some M > 0 and all
a

t> a.
Then / f(x)g(x) dx converges.
a
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A Sharper Test: Dirichlet’s Test

® The Direct Comparison Test needs f > 0. It says nothing about an

integrand like ﬁ, which changes sign infinitely often.
X

Theorem (Dirichlet's Test)
Let f,g:[a,00) — R satisfy:

1. f is decreasing, with f(x) — 0 as x — oo;

2. g is continuous, and

t
/ g(x) dx‘ < M for some M > 0 and all
t>a. ?

Then/ f(x)g(x) dx converges.
a

Idea: f decaying to 0 tames the oscillation of g's (bounded) running
integral — a one-sided analogue of the alternating series test.
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Worked Example: Dirichlet’s Test

o -
sin x
dx.

Investigate the convergence of /
1 X

12/15



Worked Example: Dirichlet’s Test
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1 X

1
® Take f(x) = = (decreasing, — 0) and g(x) = sin x (continuous,
X

with | [} sinx dx| = | cos1 — cos t| < 2).
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1
® Take f(x) = = (decreasing, — 0) and g(x) = sin x (continuous,
X

with | [} sinx dx| = | cos1 — cos t| < 2).

- , °° sin x
® By Dirichlet's Test, —— dx converges.
1 X
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Worked Example: Dirichlet’s Test

* sin x

Investigate the convergence of / dx.

1 X

1
® Take f(x) = = (decreasing, — 0) and g(x) = sin x (continuous,
X

with | [} sinx dx| = | cos1 — cos t| < 2).
® By Dirichlet's Test, / snx dx converges.
1 X

® It does not converge absolutely: comparing [, || dx
block-by-block over each interval [27n, 2w(n + 1)] bounds it below
by a constant multiple of the divergent series >

n+1-°
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Worked Example: Dirichlet’s Test

* sin x

dx.

Investigate the convergence of /
1 X

1
® Take f(x) = = (decreasing, — 0) and g(x) = sin x (continuous,
X

with | [} sinx dx| = | cos1 — cos t| < 2).
® By Dirichlet's Test, / snx dx converges.
1 X

® It does not converge absolutely: comparing [, || dx
block-by-block over each interval [27n, 2w(n + 1)] bounds it below
by a constant multiple of the divergent series >

n+1-°

So / —_— dx is conditionally convergent — it converges, but not

absolutely
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By the Dirichlet test, the improper integral converges. But it is not
absolutely convergent. For,

/27rk
1

k—1

2m(n+1)
dx > Z/
—1 2mn
-1 1 27 (n+1)
> _— i d,
_Z2ﬁ(n+1) /2” |sin x| dx
1 /27T
—— [ sinx| dx
z; 271'(!7 + 1) 0

k—1

2
:2 m(n+1)

As >, 7r(n+1) is diverges, hence the improper integral diverges. That

sin x

X

sin x
X

is, the improper integral [;"°° "X dx converges, but not absolutely!
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° Evaluate/ e~ dx.
0
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® Determine whether / converges or diverges, using the
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oo
° Evaluate/ e~ dx.
0

® Determine whether / converges or diverges, using the

XV X2

p-integral as a benchmark together with the Direct Comparison Test.

0
® Evaluate / xe* dx (integrate by parts first).

— 00
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® An integral over an unbounded interval is improper: integrate up to
a finite bound b and let b — +00; the improper integral converges
if this limit exists and is finite.
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® The Direct Comparison Test lets us decide convergence or
divergence by comparing with a known integral, without evaluating
the integral itself.

¢ Dirichlet’s Test handles oscillating integrands like sin x/x that
Direct Comparison can’t reach — and can give conditional
convergence (converges, but not absolutely).
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® An integral over an unbounded interval is improper: integrate up to
a finite bound b and let b — +00; the improper integral converges
if this limit exists and is finite.

> dx
® The benchmark / —, converges exactly when p > 1.
1 X

® The Direct Comparison Test lets us decide convergence or
divergence by comparing with a known integral, without evaluating
the integral itself.

¢ Dirichlet’s Test handles oscillating integrands like sin x/x that
Direct Comparison can’t reach — and can give conditional
convergence (converges, but not absolutely).

® Next: improper integrals where the integrand (not the interval) is
the source of the trouble.
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