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Motivation
Setting Up the General Case

The Formula and Examples
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® Aim: calculate the area of the surface obtained by revolving a curve
y = f(x) about the x-axis.
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® Aim: calculate the area of the surface obtained by revolving a curve
y = f(x) about the x-axis.

® The curve is the graph of a nonnegative function f : [a, b] — R,
f(x) > 0, so it does not cross the axis of revolution.

® As with arc length, we call f smooth on [a, b] if f is continuous
there.

® A surface is a thin skin, not a solid — think of it as the material
needed to make the outer shell of the solid of revolution, not to fill it.

® We will derive a formula the same way as before: approximate by
simple pieces, then take a limit.
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Building Block 1: A Straight Segment Gives a Cylinder

® let AB be a horizontal
segment in the xy-plane, of
length Ax, at height y.
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Building Block 1: A Straight Segment Gives a Cylinder

® let AB be a horizontal
segment in the xy-plane, of
length Ax, at height y.

® Revolving AB about the
x-axis sweeps out a cylinder
of radius y and height Ax.

Ax

2wy

® Unrolled, its lateral surface is
a rectangle of sides Ax and
27y, so its area is

NOT TO SCALE
(b)

21y Ax.
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Building Block 2: A Slanted Segment Gives a Frustum

® Now let AB be a slanted
segment of length L, with
endpoints at heights yi, y»
above the axis.
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Building Block 2: A Slanted Segment Gives a Frustum

® Now let AB be a slanted
segment of length L, with
endpoints at heights yi, y»
above the axis.

® Revolving AB about the
x-axis sweeps out a frustum
of a cone.

® Unrolled, its lateral surface is =T
(again) a rectangle, of sides L 7| U
and 27y*, where
v = yi+y

NOT TO SCALI
(a) (b)

is the average
height. So its area is

2my*L.
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The General Curve

® Let y = f(x) be a smooth,
nonnegative function on
[a, b]; we revolve its graph
about the x-axis.
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nonnegative function on
[a, b]; we revolve its graph
about the x-axis.

® Partition [a, b] as before,
a=xg<x31<:-<x,=b,
and use the partition points
to cut the curve into short
arcs. Let PQ be one such
small arc.
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The General Curve

® Let y = f(x) be a smooth,
nonnegative function on
[a, b]; we revolve its graph
about the x-axis.

® Partition [a, b] as before, y
a=xg<x3<---<xp,=>b,
and use the partition points 0

to cut the curve into short
arcs. Let PQ be one such \
small arc. b

® The arc PQ sweeps out a - o>
curved band of the surface — ' '
we approximate its area using
the two building blocks
above.
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From a Curve to a Surface: Step by Step

axis of revolution

The curve y = f(x) > 0 on [a, b], about to be revolved about the x-axis.
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From a Curve to a Surface: Step by Step

S

Revolving traces out a surface — a thin skin, not a solid.

axis of revolution
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From a Curve to a Surface: Step by Step

S

Partition [a, b]: mark the circular rims at each xi.

axis of revolution
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From a Curve to a Surface: Step by Step

Each rim is a circle of radius f(xx), swept out by the point
Pk = (Xk, f(Xk))

axis of revolution
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From a Curve to a Surface: Step by Step

14

Approximate the band swept by arc Px_1 Pk by the frustum swept by the

chord: slant length Ly = \/AxZ + Ay?.

axis of revolution
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From a Curve to a Surface: Step by Step

Pr—1
P

Frustum area = 2wy, Lk, average radius y; = %(f(xk,l) + f(xk)).

axis of revolution
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From a Curve to a Surface: Step by Step

axis of revolution

Refine the partition: more, thinner frustum bands hug the true surface
more closely.
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Zooming In: One Frustum Band

® Zooming in on the arc from
P to Q over [xk—_1, xk]:
rotating the chord PQ
(instead of the arc itself)
sweeps out a frustum that
approximates the band.
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Zooming In: One Frustum Band

® Zooming in on the arc from
P to Q over [xk—_1, xk]:
rotating the chord PQ
(instead of the arc itself)
sweeps out a frustum that
approximates the band.

® This is exactly Building Block
2 above, applied locally to —
one piece of the partition.
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Formula for a Single Band

® The frustum swept out by chord Px_1Px has average radius

o FO%—1) + ()
Yk = f

and slant length Ly = /(Axk)? + (Ayk)?.
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Formula for a Single Band

® The frustum swept out by chord Px_1Px has average radius

o FO%—1) + ()
Yk = f

and slant length Ly = /(Axk)? + (Ayk)?.
® So its lateral surface area is

2ryp L = m(F(x—1) + F () vV (Bxk)? + (Ayk)?.
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Formula for a Single Band

® The frustum swept out by chord Px_1Px has average radius

o FO%—1) + ()
Yk = f

and slant length Ly = /(Axk)? + (Ayk)?.
® So its lateral surface area is

2ryp L = m(F(x—1) + F () vV (Bxk)? + (Ayk)?.

® Summing over all the bands, the surface area is approximately

n

D m(Flan) + F0)) V(Bx)2 + (Byic)?.
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The Mean Value Theorem and the Limit

® By the Mean Value Theorem, there is a point ¢, € (xk—1, xk) with

A
f'(ck) = A—Z ie. Ay, = f'(ck) Ax.
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® By the Mean Value Theorem, there is a point ¢, € (xk—1, xk) with
A
f'(ck) = A—Z ie. Ay, = f'(ck) Ax.

® Substituting, each band’s contribution becomes

ﬂ(f(xkfl) + f(Xk))\/ 1+ f/(Ck)2 Ax.
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The Mean Value Theorem and the Limit

® By the Mean Value Theorem, there is a point ¢, € (xk—1, xk) with
A
f'(ck) = A—i:i ie. Ay, = f'(ck) Ax.

® Substituting, each band’s contribution becomes

ﬂ(f(xkfl) + f(Xk))\/ 1+ f/(Ck)2 Ax.

® As the partition is refined, f(xx—1) + f(xx) — 2f(ck), and the sum
becomes a Riemann sum for 27w f(x)+/1 + f/(x)?. Letting ||P| — 0,

n

nli)mOO Z’iT(f(kal) + f(Xk)) \/WAX’(

k=1

= /b 2rf(x)/1+ ' (x)? dx.
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Area of a Surface of Revolution

If ' is continuous and f > 0 on [a, b], the area of the surface generated
by revolving the curve y = f(x) about the x-axis is

S= /ab27rf(x)\/m dx = /abQﬂy\/l—F <ji>2 dx.
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Area of a Surface of Revolution

Definition

If ' is continuous and f > 0 on [a, b], the area of the surface generated
by revolving the curve y = f(x) about the x-axis is

S= /ab27rf(x)\/m dx = /ab2ﬂ'y\/1—|— <Zi>2 dx.

® In short form, with p the radius (distance to the axis of revolution)
and ds the arc length differential, S = [ 2mp ds — the same recipe
as arc length, weighted by the circumference swept.
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Area of a Surface of Revolution

Definition
If ' is continuous and f > 0 on [a, b], the area of the surface generated
by revolving the curve y = f(x) about the x-axis is

S= /ab27rf(x)\/m dx = /ab2ﬂ'y\/1—|— <Zi>2 dx.

® In short form, with p the radius (distance to the axis of revolution)
and ds the arc length differential, S = [ 2mp ds — the same recipe
as arc length, weighted by the circumference swept.

® For a curve x = g(y), ¢ <y < d, revolved about the y-axis:

d
5= / 2mg(Y)VIT g ()7 dy.

e If f can be negative, use |f(x)| in place of f(x) — a radius is never
negative.
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Worked Example

Find the area of the surface generated by revolving the curve y = 24/,
1 < x < 2, about the x-axis.
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Example
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Worked Example

Example

Find the area of the surface generated by revolving the curve y = 24/,
1 < x < 2, about the x-axis.

F(x) = 2%, 50 F(x) = % and

5_/122W(2¢;)\/Xxﬁdx_/124ﬁ\/;. de

2 2
:/ 4rvx +1dx =4r [i(x—&— 1)3/2}

1 1
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Worked Example

Example

Find the area of the surface generated by revolving the curve y = 24/,
1 < x < 2, about the x-axis.
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® Find the area of the surface generated by revolving y = x,
0 < x < 2, about the x-axis. (This is a cone — check your answer
against the formula for the lateral surface area of a cone!)
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® Find the area of the surface generated by revolving y = x,
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® Find the area of the surface generated by revolving y = x,
0 < x < 2, about the x-axis. (This is a cone — check your answer
against the formula for the lateral surface area of a cone!)

® Find the area of the surface generated by revolving y = v/9 — x2,
—2 < x < 2, about the x-axis.

® Using the x = g()) formula, find the area of the surface generated
by revolving x = ,/y, 1 <y < 4, about the y-axis.
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® Approximate the surface swept by a curve y = f(x) using frustum
bands swept by chords; the band over [xx_1, xx] has area 2wy} Ly,
with average radius y; and slant length L.
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® Approximate the surface swept by a curve y = f(x) using frustum
bands swept by chords; the band over [xx_1, xx] has area 2wy} Ly,
with average radius y; and slant length L.

® By the Mean Value Theorem,
b
Z27ry,f Ly — / 27f(x)y/1+ f/(x)? dx as the partition is refined
k a

— this is the area of the surface of revolution.
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® Approximate the surface swept by a curve y = f(x) using frustum
bands swept by chords; the band over [xx_1, xx] has area 2wy} Ly,
with average radius y; and slant length L.

® By the Mean Value Theorem,
b
Z27ry,f Ly — / 27f(x)y/1+ f/(x)? dx as the partition is refined
k a

— this is the area of the surface of revolution.
® In short form, S = [ 2mpds; for x = g(y) about the y-axis,

5= [ 2mely)VIT e 0 oy
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