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Recap : Mean Value Theorem
Length of a Curve
Deriving the Formula

Examples
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Mean Value Theorem

Theorem

Let f be a continuous function over a closed interval [a, b] and
differentiable on the open interval (a, b). Then there is an element

c € (a, b) such that
f(b)—f(a)
ﬁ o f (C).

3/15



Let f(x) = x° on the interval [1,3]. By the Mean Value Theorem, there
exists ¢ € (1, 3) such that

f(3) —f(1)
f'(c) = 21—,
Since
f'(x) = 2x,
we obtain 9_1
= — = 4
2c > ,
and hence
c=2|

Thus, the tangent to y = x2 at x = 2 has the same slope as the secant
line joining (1,1) and (3,9).
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Mean Value Theorem

y

A

>

0

sl D
b-a =

secant slope tangent slope
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® Aim: calculate the length of a curve y = f(x).

6/15



® Aim: calculate the length of a curve y = f(x).
® The curve is the graph of a function f : [a, b] — R.
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® Aim: calculate the length of a curve y = f(x).
® The curve is the graph of a function f : [a, b] — R.

® A function f is called smooth on [a, b] if ' is continuous there.
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Aim: calculate the length of a curve y = f(x).
® The curve is the graph of a function f : [a, b] — R.

A function f is called smooth on [a, b] if ' is continuous there.

We will derive a formula for the length of a smooth curve, by
approximating it with straight-line segments and taking a limit —
the same Riemann-sum idea used for area and volume.
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A Curve and Its Polygonal Approximation

® Partition [a,b]: a=x9 < x1 < -+ < Xp—1 < X, = b, and let
Px = (xk, f(xk)) be the corresponding point on the curve.
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A Curve and Its Polygonal Approximation

® Partition [a,b]: a=x9 < x1 < -+ < Xp—1 < X, = b, and let
Px = (xk, f(xk)) be the corresponding point on the curve.

® Connecting consecutive points Px_1 and Py by straight segments
gives a polygonal path whose length approximates the length of the
curve.
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From a Curve to Its Length: Step by Step

—~_

The curve y = f(x) on [a, b].
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From a Curve to Its Length: Step by Step

—~_

X0 =a x1 x x3 x4 = b

X

Partition [a, b] into n sub-intervals.
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From a Curve to Its Length: Step by Step

Py=A

P4=B

+ + + + + X
X0 =a x1 x x3 x4 = b

Mark the points Px = (x«, f(x«)) on the curve.
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From a Curve to Its Length: Step by Step

Py=A

Py=B

+ + + + + X
X0 =a x1 x x3 x4 = b

Connect consecutive points by straight chords: a polygonal path.
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From a Curve to Its Length: Step by Step

P4=B

X

xp = a x1 X2 X3 xqg =b

One chord’s length: L, = \/AxZ + Ay?.
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From a Curve to Its Length: Step by Step

Py=A

Py=B

Refine the partition: more, shorter chords hug the curve more closely.
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From a Curve to Its Length: Step by Step

n b
L= lim ZLk:/ V14 F/(x)? dx
n—oo
k=1 a

Pp=A
/\/ P4=B

X

As n — oo: exact arc length L = fab 1+ f/(x)? dx.
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Deriving the Length Formula

® Partition [a,b]: a=x9 < X1 < -+ < X, = b, and let
Pk = (Xk, f(Xk))
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Deriving the Length Formula

® Partition [a,b]: a=xp <x1 <--- <X, =b, and let
Pk = (Xk7 f(Xk))

® Let Axx = xx — xk—1 and Ayx = f(xk) — f(xk—1). The chord joining
Py_1 and Py has length

Lk = (AXk)2 + (Ayk)Q.
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Deriving the Length Formula

® Partition [a,b]: a=xp <x1 <--- <X, =b, and let
Pk = (Xk7 f(Xk))

® Let Axx = xx — xk—1 and Ayx = f(xk) — f(xk—1). The chord joining
Py_1 and Py has length

Lk = (AXk)2 + (Ayk)Q.

® The polygonal path’s total length approximates the length of the

curve: n "
> Le=> V(Bx)? + (Ayi).
k=1 k=1
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Zooming In: The Chord Length

Segment length:
L=V@Ax ) + Ay

T
Ay,
4
n= oA | !
: : ry = flx,)
I I
| |
-1 Xk
e —

® Here r; and r, just denote the curve's heights f(xx—_1) and f(xx) —
the figure is drawn generally, but for us the curve is y = f(x)
throughout.
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Zooming In: The Chord Length

Segment length:
L=V(@Ax)" + (Ay,)

T
A.“k
4
n= oA | !
! L = fl)
I I
| |
-1 Xk
85—

® Here r; and ry just denote the curve’s heights f(xxk—1) and f(xx) —
the figure is drawn generally, but for us the curve is y = f(x)
throughout.

® By the Pythagorean theorem, L = /(Axx)? + (Ayx)? — exactly
the chord length used above.
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Deriving the Length Formula — contd.

® By the Mean Value Theorem, there is a point cx € (xxk—_1, xk) such
that Ay, = f'(ck) Axk.
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Deriving the Length Formula — contd.

® By the Mean Value Theorem, there is a point cx € (xxk—_1, xk) such
that Ay, = f'(ck) Axk.

® Substituting,

i L, = i \/(AXk)2 + f’(Ck)z(AXk)z = ZAXk\/ 1+ f’(Ck)2.
k=1 k=1 k=1
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Deriving the Length Formula — contd.

® By the Mean Value Theorem, there is a point cx € (xxk—_1, xk) such
that Ay, = f'(ck) Axk.
® Substituting,

i L, = i \/(AXk)2 + f’(Ck)z(AXk)z = ZAXk\/ 1+ f’(Ck)2.
k=1 k=1 k=1

® This is a Riemann sum for y/1 + f’(x)?. As the partition is refined
(Pl —0).

n b
L= 1im > Axe/T+ f(c)? = / V14 f(x)? dx.
n—o00
k=1 a
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Length of a Curve

If ' is continuous on [a, b], the length (arc Iength) of the curve
y = f(x) from A= (a,f(a)) to B= (b, f(b

L—/ mdx—/ 1+ j’;
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Length of a Curve

If ' is continuous on [a, b], the length (arc Iength) of the curve
y = f(x) from A= (a,f(a)) to B= (b, f(b

L—/ mdx—/ i jﬁ

® The quantity ds = \/dx2 +dy? = /1 + f/(x)? dx is the arc length
differential, so L = fa ds.
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Length of a Curve

Definition
If ' is continuous on [a, b], the length (arc Iength) of the curve
y = f(x) from A= (a,f(a)) to B= (b, f(b

L—/ mdx—/ 1+ jﬁ

® The quantity ds = \/dx2 +dy? = /1 + f/(x)? dx is the arc length
differential, so L = fa ds.
® For a curve x = g(y), ¢ <y < d, swapping the roles of x and y

gives
d
= / V1+g'(y) dy.
c
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Worked Example

31
Find the length of the curve y = % + X 1<x<4.
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Worked Example

31
Find the length of the curve y = % + X 1<x<4.

x2 1

f/(X):Z—;
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Worked Example

g 1
FindtheIengthofthecurveyz%—i——, 1<x<4.
X
x?2 1
flix) =2 - =
(*) 4  x2
2 1)\? 411
L+ (P =1+ (2= 5) =1+ — -+
() +<4 X2 T2t

HESE S S E ?
T16 2 x4 \4 x2)
2
1
So \/1+ F(x)2= XI + = (positive on [1,4]), and
X

VS| 2 11* 61 11
/1 (4 +x2> x {12 x]l 12 ( 12)



Worked Example

x3 1

Find the length of the curve y = D + -, 1<x<4.
X2 1
f/ = — _—

2 41 1
1+f’(X)2:1+<X—> =1+ -2 4=

X
1

x? 1 2

4
x4 1
- 2
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Worked Example

g 1
FindtheIengthofthecurveyz%—i——, 1<x<4.
X
x?2 1
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2
® Find the length of y = §x3/2 from x =0 to x = 3.
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2
® Find the length of y = §x3/2 from x =0 to x = 3.

® Find the length of y = In(cos x) on [0, g]
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2
® Find the length of y = §x3/2 from x = 0 to x = 3.
® Find the length of y = In(cos x) on [0, g]

1
® Using the x = g(y) formula, find the length of x = g(y2 +2)3/2,
0<y<3.
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® Approximate a curve y = f(x) by a polygonal path of chords; the
chord over [xk_1, xx] has length L, = \/AxZ + Ay?.
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® Approximate a curve y = f(x) by a polygonal path of chords; the
chord over [xk_1, xx] has length L, = \/AxZ + Ay?.

b
® By the Mean Value Theorem, Z Ly — / V14 f'(x)?dx as the
k a

partition is refined — this is the arc length of the curve.
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® Approximate a curve y = f(x) by a polygonal path of chords; the
chord over [xk_1, xx] has length L, = \/AxZ + Ay?.

b
® By the Mean Value Theorem, Z Ly — / V14 f'(x)?dx as the
a

k
partition is refined — this is the arc length of the curve.

® For a curve x = g(y): L—/ V14 g'(y)?dy, by the same

argument with x and y swapped.
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