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Riemann Sums
The Definite Integral

Examples
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® Let f be a bounded function defined on the closed interval [a, b].
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{x1,...,Xxn—1} between a and b such that

a=xp<x1<:-<Xp_1<Xp=hb.

® Notation: P = {xg,x1,...,xn} is called a partition of [a, b]. Define
Axp = Xk — Xk—1-
® |n each sub-interval select a point c,. The Riemann sum
n

Sp= Z F(cr) Dx

k=1

® We can choose the sub-interval lengths to be different too. The norm of a
partition P, denoted ||P]|, is the length of the largest sub-interval.
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From a Curve to the Riemann Sum: Step by Step

y = f(x)

a b

An arbitrary bounded function f on [a, b].
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From a Curve to the Riemann Sum: Step by Step

y
y =f(x)
+ + + + + X
a X x2 x3 b
Split [a, b] into subintervals: a partition P = {xp,...,xs}.
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From a Curve to the Riemann Sum: Step by Step

y = f(x)

In each subinterval, choose a point c.
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From a Curve to the Riemann Sum: Step by Step

y
y=1f(x)
f(e1)
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a x1 x2 x3 b
o o o a
4
Build a rectangle of height f(cx) over each subinterval: Sp = E (k) Axk.
k=1
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From a Curve to the Riemann Sum: Step by Step

a b

Refine the partition: more, thinner subintervals.
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From a Curve to the Riemann Sum: Step by Step

a b

The Riemann sum with the finer partition approximates the area better.
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From a Curve to the Riemann Sum: Step by Step

Keep refining P ...
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From a Curve to the Riemann Sum: Step by Step

a b

b
As ||P|| — 0, the rectangles’ total area converges to / f(x) dx.
a
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From a Curve to the Riemann Sum: Step by Step

y y=flx)

(=]
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Definite Integral

Definition
Consider f : [a, b] = R. We say f is Riemann integrable, and write fab f(x)dx =L, if
for every € > 0 there exists § > 0 such that for every partition P = {xp, ..., xn} of

[a, b] with ||P]| <  and any choice of ¢k € [xk—1,Xk],

’Z f(Ck)AXk = L’ < €.
k=1
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® When this limit exists it is independent of the partition, so we write
n

b
/f(x)dx: lim f(ck)Dxk.

[IPl[—0
k=1
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for every € > 0 there exists § > 0 such that for every partition P = {xp, ..., xn} of

[a, b] with ||P]| <  and any choice of ¢k € [xk—1,Xk],

’Z f(Ck)AXk = L’ < €.
k=1

® When this limit exists it is independent of the partition, so we write

n

b
/f(x)dx: lim f(ck)Dxk.

[IPl[—0
k=1

® |f the sub-intervals have equal length,

b
b—
/ f(x)dx = lim f(ck) 2.
R n— oo n

k=1
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Example: Integrable and Non-Integrable Functions

® Consider f : [0,1] — R defined by f(x) =1 for all x. Then f is Riemann
integrable.
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Example: Integrable and Non-Integrable Functions

® Consider f : [0,1] — R defined by f(x) =1 for all x. Then f is Riemann
integrable.

® More generally, f : [a, b] — R defined by f(x) = x is Riemann integrable.
® Likewise, f : [a, b] — R defined by f(x) = x? is Riemann integrable.
® Consider the Dirichlet function f : [0,1] — R defined by

1 if x is rational,
f(x) = e
0 if x is irrational.

Then f is not Riemann integrable.

® Why? For any partition, choosing all ¢ rational gives Sp = b — a; choosing all ¢,
irrational gives Sp = 0. The Riemann sum does not converge to a single value L.
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Evaluating integral using the definition

. 1
Calculate the integral fo xdx.
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Evaluating integral using the definition

) 1
Calculate the integral fo xdx.
Consider f(x) = x on [0, 1].
Divide [0, 1] into n equal subintervals:

1 i
Ax = —, Xji= —.
n n
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Evaluating integral using the definition

. 1
Calculate the integral fo xdx.

Consider f(x) = x on [0, 1].
Divide [0, 1] into n equal subintervals:
1 i

Ax = —, Xji= —.
n n

Using right endpoints,
n

1
i\ 1
/ xdx = lim f<i> -
0 n—o00 n n

I
'
BN‘,_.
17
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Properties

° fab f(x)dx = — fba f(x)dx,
o [Tf(x)ax =0,

o [P(kF(x) +g(x))dx = k [ F(x)dx + [} g(x)dx,
° f: f(x)dx = fab f(x)dx + fbc f(x)dx

® |f f has maximum value M and minimum value m on [a, b], then

b
m(b—a) < / f(x)dx < M(b — a).

® [f f and g are function defined on [a, b] such that f(x) < g(x) on [a, b], then

b b
/f(x)dxg/ g(x)dx

Proof = Riemann sum!!!
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® Partition [a, b], choose sample points cx € [xk_1, Xk], and form the Riemann sum

n

SP = Z f(Ck)AXk.

k=1
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® As ||P|| — O, if Sp tends to the same limit L regardless of the partition and
choice of c's, we call f Riemann integrable and write

b
/ f(x)dx = L.
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® Partition [a, b], choose sample points cx € [xk_1, Xk], and form the Riemann sum

n

SP = Z f(Ck)AXk.

k=1

® As ||P|| — O, if Sp tends to the same limit L regardless of the partition and
choice of c's, we call f Riemann integrable and write

b
/ f(x)dx = L.

® Simple functions like f(x) = 1, f(x) = x, f(x) = x? are Riemann integrable, but
not every bounded function is — the Dirichlet function is a standard
counterexample.
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