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. Let X be a metric space with metric d. Show that d;, defined by

d(z,y)
SR S )

is also a metric on X. Observe that X itself is a bounded set in the metric space
(X, dq).

. Let X = {0,1}" (the boolean cube), the set of all strings of length n with entries are
from {0, 1}. For z,y € X, define d(x,y) to the number of coordinates in which = and
y differ. Show that d is a metric.

. Let G be a group. Let {a,b,a™, b7} be a generating set for G. Define d(v,w) is the
minimal k such that k& such that v = wgigs - - - g, where g; € {a,b,a™, b7} for all 4.
Show that d is a metric on G.

. Let G be a finite graph. Suppose G is connected. Define d(v,v) = 0 and d(v, w) to be
the length of the shortest path between the vertices v and w. Show that d is a metric.

. Consider Z, the set of all integers. Define d(z,y) to be 27 for x # y, where m is the
largest power of two dividing  —y and d(x,z) = 0. Show that d is a metric. Calculate
d(999,1000) and d(0,1000). Show also that d(x, z) < max{d(x,y),d(y, z)}.

. Let (X,dx) and (Y, dy) be metric spaces. Then, show that X x Y is a metric space
with respect the following: d((x1,y1), (x2,v2)) = /dx(x1,22)? + dy (y1, y2)*.

. Consider a function d : R x R — R defined by
0 ifr =y,
d(z,y) = . (1)
|+ [yl ifz#y.
Show that d is a metric on R.

. Let X be a non-empty set and let d be a real function of ordered pairs of elements of
X which satisfies the following two conditions: d(x,y) = 0 <= x =y and

d(z,y) < d(z,2) +d(y, z)

for all x,y,z € X. Show that d is a metric on X.
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Show that every Cauchy sequence is bounded.

What are the Cauchy sequences in a discrete metric space? Show that every discrete
metric space is complete.

Define d on N as follows: d(m,n) = |+ — 2| for all m,n € N. Show that d defines a

n
metric on N. Show that this is not a complete metric space.

Let (X,d) be a metric space and B(X,R) be the set of all bounded real functions
defined on X. Prove that it is a metric space with respect to the metric induced by
the norm

11 = sup ().

Show that this metric space is complete.
If A and B are open subset of R, then A + B is also open where

A+ B={x+ylr € Aye B}

Describe the interior of each of the following subsets of the real line: the set of all
integers; the set of all rationals; the set of all irrationals; (0, 1);[0,1];[0,1) U{1,2}. Do
the same for each of the following subsets of the complex plane:

{z:]z] <1};{z:|2z] < 1};{z: I(2) = 0};{z : Re(z) is rational}.

Let A and B be two subsets of a metric space X and prove the following:
(a) Int(A) U Int(B) C Int(A U B);
(b) Int(A) NInt(B) = Int(AN B).

Give an example of two subsets A and B of the real line such that

Int(A) UInt(B) # Int(A U B).

Let X be a metric space, and let G be an open set in X. Prove that G is disjoint from
a set A & (G is disjoint from A.

Show that the following functions f,, defined on [0, 1] is a Cauchy sequence in the space
(C(X,R),d), (continuous bounded functions on X) where d(f, g) = fol |f(x)—g(x)|dx:

1 if0<z<1/2,
falm) =4 —27(@—1/2)+1 if1/2 <z <1/2+4 (1/2)",
0 if1/2+ (/2" <z <1

Let X be a metric space and A a subset of X. A is said to be dense in X if A = X.
Prove that A is dense in X < the only closed superset of A is X < the only open set
disjoint from A is () & A intersects every non-empty open subset of X.
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Prove that the set {m/2" : m € Z,n € N} is dense in R.
Prove that § is an element of the Cantor set.

Describe the boundary of each of the following subsets of the real line: the integers,
the rationals; [0, 1]; (0,1). Do the same for each of the following subsets of the complex
plane: {z:|z| < 1};{z:|2| < 1};{z: Im(z) > 0}.

Let (X, d) be a metric space. Then f as a function from X to R is continuous at ¢ € X
iff for every sequence {x,} converging to ¢, f(x,) converges.

Let f : R — R be a function which is continuous at one point and f satisfies

flx+y) = fl@)+ f(y)

for all z,y € R, then f(z) = ax for some a.
Prove that f: RT — R defined by f(z) =/ is uniformly continuous.

Let zo be a fixed point in a metric space (X, d) and to each point x in X, define a real
valued function f, on X by f.(y) = d(y,z) — d (y, zo).

(a) Show that f, is bounded.

(b) Show that f, is continuous.

By (a) and (b), the mapping F' defined by F(x) = f, is a mapping of X into C'(X,R).
(c) Show that F'is an isometry.

F is thus an isometry of X into the complete metric space C'(X,R). We define the
completion X* of X to be the closure of FI(X) in C(X,R).

(d) Show that X* is a complete metric space that contains an isometric image of X.



