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Note: Unless otherwise specified, all groups discussed here are finite, and all sets consid-
ered are nonempty and finite.

1. GROUP ACTIONS AND THEIR APPLICATIONS

1. Let P be a p-group for some prime p, acting on a set X, where p 1 | X|. Prove that P
has a fixed point x € X; that is, there is an x € X such that gr = x for all g € P. Deduce
that Z(P) # {1} for any p-group.

2. Which of the following represent(s) the Class Equation of a group of order 10?
1+1+1+245, 1424245, 14+2+3+4, 1+14+24+2+2+2.

3. Prove that if Qg acts faithfully on X, then | X| > 8.
4. Determine all groups which contain at most three conjugacy classes.
5. Determine the possible Class Equations for groups of order 8.
6. Classify all groups of order 8.
7. Let G be a group acting transitively on a set X . Prove that

1 LlFix()] = 1.

g€G

where Fix(g) = {z € X : gx = x}, the set of fixed points of g.

8. Let G be a nontrivial group acting transitively on a set X of cardinality at least 3. Show
that Fix(g) = () for some g € G. Deduce that if G is nontrivial and H is a proper subgroup
of G, then G # U gHg™ L.

g€eG

9. Let G be a group. Prove that if G/Z(G) is cyclic, then G is abelian, and hence,
G =Z(G).

10. Let P be a p-group acting on X. Let Fix(G) = {x € X : gx = 2 V g € G}. Prove
that | X| = Fix(G) (mod p).




2. FREE GROUPS AND PRESENTATATIONS
1. Leta,b € G, where G is a group. Show that (a, b) = (bab?, bab®)
2. Prove that the group G := (a, b, ¢ | bab = ¢?) is free.

3. A subgroup H of G is referred to as charcteristic if for every automorphism o of GG, one
haso(H)=H (e.g. H={1}and H = Q).

(a) Prove that every characteristic subgroup of G is normal.

(b) Prove that Z(G) is a characteristic subgroup of G.

4. Let G’ denote the commutator of a group G.

(a) Prove that G’ is a characteristic subgroup of G.

(b) Prove that G/G’ is abelian.

(c) Let N be a normal subgroup of G. Then G/N is abelian if and only if G’ C N.
5. Show that the commutator subgroup of the free group .% (a, b) is the normal subgroup
generated by aba~b~!. (The normal subgroup generated by z € G is the subgroup

generated by the set {gzg~! : g € G}. Itis the smallest normal subgroup of G containing
).

6. Consider the two groups
Gy = {a,b | ad=1=b",aba"! = b2>, Gy = (z,y | 2 =1=y  zyz™! = y3>.
Prove that G; = Gs.

7. Let ¢ : G — G; be a surjective group homomorphism. Let S C G be such that
G1 = (¢(9)). Further, suppose that ker ¢ = (T") where T C G. Show that G = (SUT).

8. Classify up to isomorphism all groups of order 55 by giving their presentations (Sylow
theorems needed).

9. Determine the presentations for the Klein four-group and Aj.

10. Let A be a finite abelian group generated by two elements. Show that A is a direct sum
of two cyclic groups.

3. SYLOW’S THEOREMS
1. Let G be a group of order 225 with a cyclic 5-Sylow subgroup. Show that G is abelian.

2. Let G be a group of order 385. Show that the 11-Sylow subgroup of G is normal and
that the 7-Sylow subgroup is contained in Z(G).

3. If |G| = 108, then show that G has normal subgroups of order 9 or 27.
4. Show that if |G| = pq for some primes p and ¢, then either G is abelian or | Z(G)| = 1

5. Let GG be a group of order 3825. Prove that if G has a normal subgroup H of order 17,
then H C Z(QG).

6. If |G| = 60 and G has more than one 5-Sylow subgroup, then prove that G is simple.
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7. If |G| = p®m, where p is a prime, e and m are positive integers with m < p. Prove that
G is not simple.

8. Prove that if |G| = 2°m, where m is odd and G has a cyclic 2-Sylow subgroup, then G
has a normal subgroup of order m.

9. Prove that the number of p-Sylow subgroups of GLo(F,) is p + 1

10. Let G be a group of order 315 having a normal 3-Sylow subgroup. Prove that Z(G)
contains a 3-Sylow subgroup of G. Deduce that G is abelian.

4. SYMMETRIC GROUPS

1. Determine the disjoint cycle decomposition of the permutation (in S,,) sending i — n—1
foreachi=1,2,...,n—1andn — n.

2. Compute the disjoint cycle decomposition of (123 4)i fori =1, 2,3, and 4.
3. Prove that any proper subgroup of A5 has order at most 12.

4. List all the conjugacy classes in Sy.

5. Find all normal subgroups in Sy.

6. Let o = (12)(34) in S,,, n > 4. Find the number of conjugates of o. Also, determine
the centralizer of o.

7. Prove that for a prime p, the symmetric group S, is generated by an arbitrary transposi-
tion and an arbitrary p-cycle.

8. Consider the equation £ : z” = 1in S}, where p is a prime. Show that the number of
solutions of £ in Sy, is (p — 1)! + 1.

9. Find all conjugacy classes in A5 and the number of elements in each conjugacy class.

10. If p is a prime, give explicit generators for an p-Sylow subgroup of 5.




