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The Euclidean metric on Rn is given by d(x̄, ȳ) =
√

∑n
i=1 |xi − yi|2 for x̄ = (x1, . . . , xn) ∈

Rn, ȳ = (y1, . . . , yn) ∈ Rn. Answer all parts of the same question at the same place.

1. Prove or disprove the following statements:

(a) [1]Let A be any set and f : A −→N is onto. Then A is countable.

(b) [2]Let K = {functions f : N −→ {0, 1}}. Then K is countable.

2. Find out the limit points of the following sets:

(a) [1]E1 =
{

(−1)n

n : n ∈N
}

.

(b) [1]E2 =

{
1

k1+ 1
n

: n, k ∈N

}
.

(c) [2]E3 =
{
(x, y) ∈ R2 : x ∈ Q and y ∈ Qc}.

3. Determine whether the following sets are compact or not, and explain the details
in either case.

(a) [1]F1 =
{

λx + (1− λ)y : λ ∈ {1, 1
2 , 1

3 , .....}
}

, where x, y ∈ R are fixed.

(b) [2]F2 =
{

2 + 3x + x2 : x ∈ [0, 1]
}

.

4. Which of the following di’s are metrics on R? For x, y ∈ R,

(a) [1]d1(x, y) =
∣∣x2 − y2

∣∣.
(b) [2]d2(x, y) = min {|x− y| , 1}.

5. [2]Let {An} be a sequence of open sets in R such that Ac
n are bounded. If An ⊆ An+1

for all n ∈N, then prove that there exist x ∈ R such that x /∈ An for all n.

6. Find out the closures and interiors of the following sets with respect to the Eu-
clidean topology.

(a) [1]A1 = [0, 1) ∪ (1, 2].

(b) [2]A2 =
{
(x, y) ∈ R2 : |x|2 + |y|2 < 1

}
.

(c) [2]A3 =
{
(x, 0) ∈ R2 : x ∈ R

}
.

7. [3]Let X be an infinite set. Construct a metric on X such that X is bounded, but X is
not compact.

8. [3]Is every point of an open set E ⊆ R2 is a limit point of E? Answer the same question
for closed sets, as well.

9. [4]Prove that for every real x > 0 and every integer n > 0 there exists a unique real
number y ∈ R such that yn = x.


