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1. Determine the value of a for which the following system of equation has a non-trivial
solution.

a3x + (a + 1)3y + (a + 2)3z = 0
ax + (a + 1)y + (a + 2)z = 0

x + y + z = 0

2. Determine for which values of a and b the following system has no solutions. (using
the concept of determinants).

ax + y + 2z = 0
x + 2y + z = b

2x + y + az = 0

3. Determine the row-rank of

A =

1 2 1
2 3 1
1 1 2

 .

4. Determine the coefficients (i.e., component vector) of P(x) = 5 + 7x − 3x2 relative to
the following basis

1. The standard basis is B = {1, x, x2}.
2. The ordered basis C = {1 + x, 2 + 3x, 5 + x + x2}.

5. Find the matrix A of a linear transformation T : R2 → R2 that satisfies

T
[

2
3
]
=
[

1
1

]
& T2[ 2

3
]
=
[

1
2
]
.

6. If T1 : Rn → Rm, T2 : Rm → Rp are two linear transformations, then prove that the
composition T = T2 ◦ T1 : Rn → Rp is also a linear transformation.

7. Find Ker(S), Range(S), and their dimensions for the linear transformation S : M2×2(R)→
M2×2(R) defined by S(A) = A− AT .

8. Let V be the vector space of all real convergent sequences {xn}. Define a transforma-
tion T : V → V as follows: If x = {xn} is a convergent sequence with limit a, let
T(x) = {yn}, where yn = a− xn for n ≥ 1. Prove that T is linear and describe the null
space and range of T.



9. Let V be the space of all infinite sequences of real numbers. Consider the transforma-
tion

T(x0, x1, x2, . . .) = (x1, x2, x3, . . .)

from V to V (T drops the first term x0 of the sequence).

1. Show that T is a linear transformation.

2. Find the kernel of T.

3. Is the sequence (1, 2, 3, ...) in the image of T?

4. Find the image of T.
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