MEb5310: Incompressible Fluid Flow
Solutions to Assignment - 1

Instructor: Harish N Dixit
Department of Mechanical & Aerospace Engineering,

IIT Hyderabad.

Problem 1

By manipulating the symbols, show that the product of ¢, and S;; is zero, where S;; is any
symmetric tensor and € is the usual alternating tensor.

Solution

The product of € and S will be a vector in the kth direction. So we define a vector w such that

Wp = eiijij.

Since S;; is symmetric, we have S;; = Sj;, where as €;j; = —¢;i. Flipping ¢ and j, we have
wy = €ikSji
= —€ijkSij-
Comparing the original definition of w; and the above expression, we have wy = —wy. Hence
Problem 2

You have learnt in class that any tensor T can be decomposed as follows:
Tij = Qij + Ry

where Q is a symmetry tensor and R is an antisymmetric tensor. We can also construct a vector
d as a product of a two tensors. If we define d as

di = €Tk,
then show the following relation:
Ty = Qu + %Gz‘jkdk-
Solution
We first obtain the inverse relationship between d; and Tj;. Let us consider the expression
€itmd;
Using the definition of d;, we get

€itmdi = €ijk€itm Tk,
= (6jl(5km - 5jm5kl)]jjk7
= j}m — Liml-



But, we know that R;; = (T;; — Tj;)/2. Hence interchanging {i, j} with {l, m}, we have

Tm - Tm
Ry, = %
Therefore
€itmdi = 2Ry, = €pd; = 2R;;.
Hence,
1

Ty = Qi + §€ijkdk-

Problem 3

If the second order tensor T is defined as
Tij = vkwiSkj + CL(Sij + €ijkWE,

where a is a scalar, v, w are vectors, S is an arbitrary second order tensor, € and d have their
usual meaning.

The summation for the three indices {7, j, k} goes from 1 to 3. Write down the expressions
for the following tensor components:

(i) T
(ll) T12

(iii) Contraction of T;;: Make i = j to obtain an expression for Tj;. Note that Tj; is equal to
trace(7T).

Solution

T, = E Vw1 Sk1 + ad11 + €115Wk,
k
= vw1S11 + Vw1 S91 + v3w1S31 + a.

Ty = E Vw1 Ske + ad1a + €195 Wy,
k
= vjwiSi2 + VawySae + Vw1 Sso + €123Ws3.

We have used 615 = 0 and only k£ = 3 gives a non-zero value for €;9.
(iii) With ¢ = j, we have
T = Z Z VpW; Ski + ady; + €W,
ik
= Z VRW1 Sk + Vw2 Ske + Vw3 Sks + a(011 + 02 + 33),
k
= Z Vw1 Sk + VrWaSka + vrw3Skz + 3a,
k

= trace(T).



We have used d1o = 0 and only k& = 3 gives a non-zero value for €19.

Problem 4
Using index notation, prove the following vector algebra identities between the vectors u, v, w, z:

(iv) [(vxw)-(vxw)] + (v-w)> = v?w?, where v and w are the magnitudes of v and w
respectively.

Solution
I will ignore the > symbol in all my solutions below for simplicity.
(i)

u-(vxv) = w(vxw),

Ui €i5kVj Wi,

V€45 WEU;,

V€51 WrUs;,

vi(w xu);,
= v-(w xu)=RHS.

(uxv) - (wxz) = (uxv)(wxz),

€ijkU;VEEImWIZm,

(5jz5km - 5jm5kl)ujvkwlzm:

= 0ji0km U VkW 2, — 0 O U VW) 2y

UV W R — UjVEWEZy,

= (u-w)(v-z)—(u-2z)(v-w)=RHS.
(iii) Let us consider the i* component of LHS:

(uxv)x (wxz), = €prluxv);(wxz)y,
= €ijr(jimWUm) (€rnpWn2p),
= (€kij€knp) €jimUUmWn 2Zp,
= (0inljp — Oip0jn)€jimUUmWn Zp,
= €mUWUmWiZ; — EjlmWUnW;Zi,
= (uxv)jzjw; — (U X v)w,;z,

= [(u X V) 'Z]wi — [(11 X V) W]ZZ



(iv) Consider the first term in the LHS:

(vxw) (vxw) = (vxw)(vxw),,
= € jkVjWEEiimUiWm,
= (0j10km — OjmOk) VWKV Wy,
= 010kmVj WU Wry, — OOk VjWEV Wy,
= VWV Wk — VWEVEW),
= (v-v)(w-w)—(v-w)(v-w),

= v’ — (v-w)i

Problem 5
Using index notation, prove the following vector calculus identities:

(i) V-¢ov=Vo v+ ¢(V -u) where ¢ is a scalar.

(ii) V-Vu=V(V-u) -V x (V xu). LHS is simple V*u, the vector Laplacian.
(ili) u- Vu=3V(u-u) — [ux (V x u)]
(iv) Vx(AxB)=A(V-B)-B(V-A)+(B-V)A—-(A-V)B

Solution

(i) Consider the LHS:
o (£ (5o

— Z:Zéij (g—ivj+ %)’

- S(omnron)

= V¢-v+¢(V-v)=RHS.

(i) Consider the last term of RHS (I am omitting the ) symbol for simplicity):
V x(Vxu) = €;V;(V xu)y,

_ 2, Oum
= €k 8x] €kim al'l )
0 Ouy,

GkUEkZma axl

0 Oum
aZL‘j 6ml ’
o 0 8Uj _ 0 auz

N 895, (’9xj (%j (’)xj ’

= V(V:u)—- V. -Vu=RHS.

= (udjm — im0j1)




(i) Consider the last term of RHS (I am omitting the ) symbol for simplicity):

V X (V X 11) = Eijkv]‘(v X ll)k,

_ .9, Otm
- szkaxj €kim 890; )
0 Ouy,

€kij€klm 7
“ m@xj 8901 7
0 Ouy,

= (040jm — 6im5jl)a_xja_xl7

o 0 an _ 0 aul
N 8901 (%j (%j (%j ’

= V(V:u)—V.-Vu=RHS.

(iii) Consider the last term of RHS (I am omitting the > symbol for simplicity):

ux (V xu) ik; (V X u)y,
Oy,
= Eijkujeklma_xla
Oy,
= Ekijeklmuja_xl>
Oy,
= (5il5jm - 6im6jl)uj8_xl>
- 8:151 Y 8flfj ’
N 0[[’1 2 J J a.’L‘j ’
= %V(u'u)—u-Vu:RHS.
(iv) Consider the LHS:
V x (A x B) Cijka_xj(A X B)y,
0
Eijka_ijklmAle7
. 0(A;B,)
kij€klm (7
J 3xj
0A, 0B,,
(0310 jm — dim0j1) (Bmﬁ_xj + A oz, ) )
0A; 0B, 0A; 0B;
B— 4+ A— —B—L - A
J(‘?xj + 813]' 8%» ]an7

B-VA+A(V-B)—B(V-A)— A VB,
RHS.




