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Abstract A vortex placed at an initially straight density interfacénds it into an
ever-tightening spiral. This flow then displays rich dynasyidue to inertial effects
caused by density stratification (hon-Boussinesq effeats] gravitational effects.
In the absence of gravity we showed recently that the flow ligesi to centrifugal
Rayleigh-Taylor and spiral Kelvin-Helmholtz instabiéisi. The latter grows slightly
faster than exponentially. In this paper we present contjutsiincluding gravity
with and without and with inertial effects. Gravity modifitge spiralling process
and contributes to the breakdown of the vortex. When botbctgfare allowed to
operate together, the resulting flow has a complex radiabdter, with small-scale
structures near the vortex core attributed to non-Boussjeéfects, and large scale
roll-up due to gravity followed by breakdown.

1 Introduction

\ortical structures in stratified flows display a range ofersisting instabilities
and non-monotonic behaviour, see e.g. [1] and [2]. The ptesiidy is two-

dimensional, of a lone vortex with its axis perpendiculathe plane of density
stratification, with and without gravity. An initially flatehsity interface is wound
up into an increasingly tightened spiral by the vortex, &mtio how it would advect
a patch of passive scalar (see for example [5]). In the aleseingravity, centrifugal
forces are predominant, and we showed recently [4] that indgof instabilities, of
a centrifugal Rayleigh-Taylor (CRT) and spiral Kelvin-iHéioltz (SKH) types are
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triggered. The former arises from a mechanism similar tqRhgleigh-Taylor insta-
bility of a vortex with a heavy core, as studied by [9] and [Bhe latter arises purely
from the fact that the density interface, being spiral, is aquaite circular. Both in-
stabilities would be missed upon making a passive-scafaoapmation, i.e., upon
neglecting the inertial effects of density stratificati@ravity is unnecessary in this
process, but since the density stratification is stable vafpect to gravity to be-
gin with, it would be interesting to see the effect that giawould have on these
instabilities, and on the resulting breakdown into a pdgdibrbulence-like state.
We show that gravity has a profound effect on the dynamicshastiens the final
breakdown into a turbulence-like state. We present sirauat(i) including cen-
trifugal effects (non-Boussinesq) but without gravityddii) gravity present, under
the Boussinesq approximation, and (iii) of the two combined

The vorticity and density balance equations are given initkéscid, infinite
Peclet number limit by

2Q 2u ap
P = BPX G 9%k (1)
Ip

where2 /2t = 0d/dt+u- 0, andu = (ur&,Ugey), Q, p andg denote the velocity
vector (of radial and azimuthal components), the vortjdity density and gravity
respectively. The flow is taken to be incompressiblellsa = 0. The two cases we
presentin sections 2 and 3 correspond to the neglect of tomdeand the first term
on the right hand side of (1) respectively, while the full ajons are solved in the
third case.

2 Centrifugal effects

A brief description of the flow is given here, further detaélee available in [4].
Consider a point vortex of circulationr located at an initially horizontal den-
sity interface, with a differencdp in density across it. The point vortex causes a
spiralling of the density interface, as in figure 1.

For large time or small radius, the spacing between suaeegsins of the spiral
scales as

I,3
A~ (3)

When a small amount of diffusivity is present in the flow, the prominent length-
scales in the flow can be expressed in terms of the Peclet nuRebe " /k, of the
flow, as shown in fig.(1). If we assume that these jumps areilleircthen the flow
is analogous to the planar Rayleigh-Taylor instabilitycept that the gravitational
potential arises from the centrifugal forces. Density jsfompy, to py correspond-
ing to heavy and light fluids. Just as a heavy fluid above a bgletis unstable due
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Fig. 1 Evolution with time of an initially horizontal density intace due to a point vortex at the
origin [4]. The dashed line is at a later time than the sol liAt finite Peclet number, a central
region indicated by a grey circle is homogeneous, and thralspitends upto a lengify ~ |qPe'/2.
At large Pe and large time many density jumps exist.
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Fig. 2 Maximum growth ratewy of disturbance as a function of the number of density jumps
for m=5 and.< = 0.05. The circles show the growth rate with the core fluid beiegJy, at

pn = 1.05, while squares are for a light core, @t= 0.95. The first two jumps are located at
(@r; =0.1r, =0.102 (b)r; = 0.1r, = 0.105, with the remaining jumps spaced outrdsin
accordance with the spaciigbetween the jumps. The growth rate has been normalisé'd/bil.

to gravity, a heavy fluid inside a light one is unstable to gargal forces, here we
refer to this as the CRT instability. It is shown analytigdibr inviscid flow with
k = 0 that although stabilising and destabilising density jempcur alternately,
the net effect is destabilising, even in the case of a light csee fig.(2).

We have so far approximated the interface to be circular,nnihereality, the
interface is actually in the form of a spiral. Baroclinic qoie is created when a
density interface is not strictly perpendicular to centgi&l acceleration, and this
torque produces vorticity here since the interface is nofiggdly circular.

For a point vortex, any passive interface around it woule tiéle form of a Lituus
spiral, which can be represented parametrically as

rt

From equation (4) we may obtain the angldetween the spiral and a circle, cross-
ing each other at a given point and sharing the same origimaztids as
r2

tana = — 5
2rt’ ()
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so the assumption of a circular interface is better at smeldii or late times.

Returning to the vorticity equation (1), neglecting grgvénd assuming that the
effect of the circulatior” of the point vortex is far greater on the basic flow than of
that which is newly created, we may write

2Q Op [U?
A [Tef]' ©)
At high 6, i.e., at large time at a given radius, the integral of thevebmay be

approximated as

2t

At every unstable density jump, negative vorticity is cezband vice versa, resulting
in heavier fluid travelling faster and lighter fluid slower.spiral Kelvin-Helmholtz
(SKH) instability thus ensues, and combines with the cligal Rayleigh-Taylor
(CRT) instability.

Given thatAUy increases logarithmically in time, we have a spiral Kelvin-
Helmholtz instability with a slightly faster than exponiahgrowth rate, i.e.py ~
at™ wherea andb are constants.

While a perfectly sharp density interface is increasinghgtable to increasing
wavenumber, a small but finite thickness of the interfacemeines that the fastest
growing wave has a wavelength comparable to the thicknessxgected. The re-
placement of a point vortex by a Rankine with smoothed-ogesdioes not change
the answer qualitatively either, except within the vortexec

Numerical simulations are obtained as follows. The 2D NaSiwkes equa-
tions including non-Boussinesq effects are solved usied-thurier pseudospectral
method in space. Inviscid (with hyperviscosity) results presented here but vis-
cous results are qualitatively no different. Figure 3 shtiwesvorticity and density
fields including non-Boussinesq effects in the absence afityr Vorticity of al-
ternating sign is produced in the form of two interwoven alsralong the density
interfaces, and instabilities ensue, consistent with lbeotetical predictions.

3 Gravitational effects

We now consider the effects of gravitational effects aloné employ the Boussi-
nesq approximation. These are the first results from an owgstudy [3]. In the
linear framework, such a flow has been treated in [7].

Figure 4(a) shows vorticity and density contours from siatioins when the
Froude number is 4.6. Centrifugal effects are not incluaka to which the spi-
ralling process of the interface is impeded. In generalyiydecomes important
wheng > I"2/r3. An estimate of this ratio for realistic trailing vorticesawgiven by

[8].
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Fig. 3 Vorticity (a) and density (b) fields in the inviscid simularis without gravity. The time is
157 times the period of rotation of the vortex core, and thed&td number is 0.2.
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Fig. 4 (a) Density field in the inviscid simulations using the Banssq approximation. The time
is 157 times the period of rotation of the vortex core, andAhgood number is 0.2. (b) Evolution
of angle made by the satellite vortices with time for varieagies of gravity.

The inclusion of gravity results in the formation of two date vortices, whereas
the non-Boussinesq equations (without gravity) resultheformation of a small
scale instability. When the two effects are combined, festof both the cases can
be seen as shown in fig.(5). The small scale non-Boussinéstisefre seen near
the vortex center, whereas the large scale overturningredatther away from the
center. More details on these effects can be seen in [3].

4 Conclusions and outlook

We have shown that interesting dynamics emerges when tisevpascalar approx-
imation is not made, as usually done for small Atwood numbmvgl When den-
sity variation is very sharp, gradients in density can leadignificant barloclinic
torque, making the Boussinesq equations incomplete. Grampedes the original
spiralling process, but gives rise to satellite spiraldgad. Both speed up the de-
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Fig. 5 Density field in a full simulation combining effects of grawiand inertia related density
effects. Small scale undulation near the center of the xéstdue non-Boussinesq terms, and large
scale overturning seen at an angle of due to gravitational effects.

struction of the identity of the vortex, and result in a tudnce-like state. More
work is in progress and will appear in a future study ([3]).cMmer area of interest
would be influence of these instabilities in multiple vorsoenarios, as in trailing
vortices and vortex merger problems.
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