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Abstract—EXxact expressions are obtained for the bit error rate oy

(BER) for coherent and noncoherent decode and forward (DF)
cooperative systems with upto three relays between the sae
and destination. The piecewise linear (PL) combiner is emplyed

at the receiver. BER analysis is done using a contour integta Relay 2
approach for evaluating the Gil-Pelaez integral involving the
characteristic function (CF) of the decision variable. Ths removes
restrictions on relay location, imposed by the direct apprach.

Simulation results are provided to support the analysis andthe
relay diversity gain is demonstrated through BER plots.

Index Terms—Cooperative diversity, Gil-Pelaez, Residue theo- Direct Path T
rem, PL, DF.
Source Destination
|. INTRODUCTION
The performance of maximum likelihood (ML) decode and Relay 3

forward (DF) cooperative systems [1]-[5] is of consideeabl _ _
interest as it provides a benchmark for all other cooperad 1+ Cooperaive system with three relays.
tive schemes. The piecewise linear (PL) combiner [4] and
cooperative-maximal ratio combining (C-MRC) receiver [6]

have been suggested as useful alternatives to the ML dlﬁ:tectoSlnce the detection rgle in [4] for I'_ugher order .modulatlon
which is nonlinear. While C-MRC relies on instantaneo chemes does not lend itself to meaningful analysis, outtses

channel knowledge on the source-relay link, PL requires tREC restricte_d to binary modulation and he_nce inapplicab_le
average BER on that link, which may be easier to obtaifp current high-rate systems, wher_e combining schemes with
Thus, there exist scenarios where PL may be preferred to ore general modulation assumptl_ons_ [11_] can be employed.
MRC, leading to interest in its performance despite C-MR ,h'le a closed form BER expression !sﬂ_ihu_lt for sys.te.ms
achieving full diversity [6] and the PL combiner losing haliwIth more thap thrge relays, our apaIyS|s |nd|c§tes thetigas
the diversity order [4]. ity of an algorithmic approach for its computation and also a

Exact bit error rate (BER) analysis for the piecewise "neé}ovel application of the residue theorem [12] through rylti

(PL) combiner was provided in [7] and [4] respectively, foFontours.
coherent and noncoherent detection for a single relay rsyste
employing DF. Since multirelay systems are known to have

a higher diversity order [4], [6], it is important to have a
measure of their actual performance. This is the focus ofWe consider the model in [4], [7] with upthl = 3 relays,
our work, and we obtain exact expressions for the BER foperating in full duplex mode with negligible processing
multirelay PL-DF systems. For noncoherent PL-DF in a twdelay, between the source and destination, as shown ind-igur
relay system, exact expressions for the BER were obtained The DF method is employed at the relay followed by
in [8]. However, due to multiple integration regions in théviL decision at the destination. The modulation technique
BER analysis, the results in [8] were limited to the case whésn BPSK and BFSK for coherent and noncoherent detection;
both relays were equidistant from the source, an imprdcticdl transmissions being on orthogonal channels expengnci
scenario. A superior contour integral approach [9] is eiygdb Rayleigh fading. Henceforth, without loss of generalitye t

in this paper to remove this restriction on the relay logatiosource §), relay ) and destinationd) parameters will be
[10] to obtain exact expressions for the BER for binargepresented by the subscrigts andd respectively. For BPSK
phase shift keying (BPSK) and binary frequency shift keyingnd BFSK, letx € {1,-1} and x € {0,1},i € {s,r} be the
(BFSK) (coherent and noncoherent). We also obtain an exaespective bits transmitted at the source atidrelay, with
expression for the BER for three relay systems, which is npobwersEg and E; respectively. The received symbols on the
available in the existing literature. S-D, S-R and R-D links for = 1,...,N are respectively,
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TABLE I: ML decision parameters for BPSK and coherent and coterent BFSK,

Qq;iEj
ie{srhme (01} ys = “R2, yqj =

Modulation Scheme| ML Decision X, Y; & ai, Bi
4vERah; yq; -1
AvEReng, yai) 1-(14ysl) 2 %( 1+-L 4 1)

1
BPSK X+ 51, 1(%) 2 0 - f
1
1-(1+2y67Y) 2 %( 1+ 2 il)

(yg,i ~ Vi ) hg,i]

Nl

Nl

1
Coherent BFSK | X+ 3" f(Y%)20
0

Nonoherent BFSK | X+ 5, f(¥,) > 0 e (V2 - v 2+ys) " (L)
=1 ' 20 | @aENgng Wail” ~ Vi s [ CD™)yai +1]
BPSK: BFSK: A. Satigtics of X and Y;
Yas = VEshgsXs + Zs YT = M+ (—1)™q) VEdhas + Z Dropping subscrips, the probability density function (PDF)
’ ’ ’ S ' > and CF ofX are [4], [7]
Yrs = \/E_shr,sxs t4;s YTS =(m+ (_1)mxs) \/E_shr,s + ZTS
Yar = VEharx +2ar Y, = (M+ (-1)™) VEhg, + 7, px(X) = ge x20 and
X
1) ge”* x<0

Wherez.J,z|m CN(0,Ng),m € {0,1},h;; ~ CN(0, ;)1 # @x(Jw)z%, g:%,a>0,,8>0,
j,i € {r,d}, ] € {s,r} represent the additive white Gaussian JORE T Jw @ )

noise (AWGN) and the channel déieients at the respective

relays and the destinatiom denoting the two BFSK chgnEneIs .with parametersy, 8 (Table I, col. 5) defined in terms df

The link signal to noise ratio (SNR) is definedas = <=. andQ. It is obvious that everY, (Table I, col. 3) has similar
statistics. The CF oV = f(X) for the PL approximation is

[7]

A. ML Decision
Dy (jw) = [1-gé(a, jw) - 9¢(8, —jw)| .where  (6)
The ML decision criterion at the destination for binary
modulation is obtained from [4], [7], (Table I, cols. 2 & 3) t(1 — 6**Y)
where{*} denotes the complex conjugate operation and Pp(x.1) = W ()
f=m2*e  ocsen @)

1+ 6e’ B. Gil-Pelaez Inversion Formula

In f(Y;), 6r = 1% for therth reIay, where; is the average  From the Gil-Pelaez theorem [13], the conditional probabil

(2), the PL comblner in ML-DF cooperatlon is [4]

N
Ini t>Ini P(X+Zf(Y,)<0|xS=1,x)
f(t) ~ Ing<t<lIni . (3) =1
Ing t<iIng 1 1 Ox(jw) (8)
é - E f ]_[ <I>V,(a))dw
I1l. ProBLEM DEFINITION = A(Dy,, ... ,q)VN), say, whereV; = f(Y,).
Assuming equal probability of the symbolg, for N =
1,2,3, the average probability of error for the ML-DF coop¢  Recursive BER
erative diversity system in Figure 1 can be expressed as
. For the three relay system in Figure 1, from (8),
eIy 6 7 (1-&) P (X+ I, F(¥) < Ox = 1.%)
A(Dy,, Dy, Dvy)
P — (BPSK),
* T S N (1 - )P (X o+ SN, F(Y) < Ofxe = 1,%) S f O P Ge) g )
(BFSK), J “
(4) 11 f Dx(jw)
| | 5 ) dw + Irz::lﬂ@v,,qw,)
wherex = (X3, X2,..., Xn) is the set of all possible N-tuples ler (10)
formed by the symbols transmitted by the relays ahdnd 3 1 [ Ox(jw)Es(d)
Y; are defined in Table | (col. 3). We wish to exprd&sin - Zﬂ(d)vr) + Ef XV dw
closed form. r=1 J Joeo @



upon substituting fOII)Vr(Ja)) from (6) and some algebra, withwhere ROC means region of convergence. TH@sI,f con-
verge and forz = jw [12, p. 277, 296],

CDx(Ja))
A(Dy,, By,) = Z A(Dy,) - f o _
£ 2 21 11) f <1>><(Jw)51(¢)dw:g, Res 2x(A9(61. ~2)
1 f Ox(J0)E(9) - ¢ S
27y w “ +d R%S—X(Z)gz(al’ 3 (19)
1 1 DOy (jw
Awy) =35 [ 2, (9 _ o6ro)
JJ-w W (12) =4 -
1 f Ox(W)E) B @
————— *dw and L
2n; w resulting in
r r
8r(¢ = H g Z ]_[ ¢(a,,1a))¢(ﬁj, —Ja)), ﬂ(q)vl) — g + g/ ¢(a’l,ﬁ) _ ¢(ﬂ1, a) (20)
=1 k=1 !eék (13) a B a
J€JK
WU Tw={12,....t, 0 Je = {} from (12), (14), (16) and (17), which is exactly equal to [7,
From (10) - (12), it is clear that a recursive relationshif)zz)]’ validating the above approach.
exists between the conditional BERs for systems vhth=
1,2 and 3. Further, it is dficient to evaluate the integrals g Tiyo Relays, N = 2
J= 1 if Px(e) dw and (14) Forr = 2,6; < 62, computation of the integrals in (15) is
2 2ny w demonstrated througtf, where
<Dx(1w)8 @ 4 o
f : Z e 2_ 9 f Oy (Jw)p(a1, jw)p(B2, —Jw)d
—oo 3= 5 [}
21y J o gw
o9 " Ox(j0) Tiex, jes, $(@is J0)$(Bjs — ) o g foo (@ + B) ()27
k= , -
2NN 9w 21) J_oo 12w(B — jw)(a + jw)(a1 + jw)(Ba - Jw)
(15) 3
whereg’ = g[]j_; 9, to obtain expressions for the BER. This (ROC : J{w} > 0)

is done in the following section.

B[P ()]
271) J-o a1f20(B — jw)(a + jw)(a1 + jw)(Ba — jw)
|2

(16) (ROC : J{w} < 0)
(21)

IV. BER ANALysIS
From [12, p. 296] and (5),
1 Ox(2)

)
— Res - Res x@2) = g
220 Z z=-a Z «

A. SngleRelay, N =1
Forr = 1, (15) can be expressed as

after substituting fog from (7) and simplifying.
(@ +p) 25 *

11

1 |2 — g/
f‘” (e, _ f Ox(w)Br—10) . Rsz @1Bo2(f = 2)(@ + Z){e1 + (B2 - 2)
oo w 27r] Izga) _ g a8gz+a ) (@ +IB)8§2+@1 o2
,82(&’ - al) (Il(ﬂz + a) (ﬁ + a'l)(ﬁg + al)
L9 f Dx(w)las jw)
21 9w and
(17) @1+ 01832 81
) g(a+ﬁ)22[1 5+ S ( )]
"’( ) has a removable smegulanty and does not contribute any'sz -9 ZZ 55, a1Baz(B—2)(a + (a1 + (B2 - 2)
poles Further, foww = Re k= +1,
|5<1kw| — 5—kRsm0+JchosH < 0, R — 00, -1 < kg < 0, ( ? < 1)
X 2
(0<d6<15sind>00<0<n) B g (@+p)
W1 — &6~ — a1(B-B2) | (@ +B2)(a1 +B2)
=  |¢pB1,-W)|=——— <0, 0<f0<nm
¢(B1, —jw) BilB1 — W ’B(l_(srltﬁﬁ + 6tltl+,86[2)’z*ﬁ)
- . (23
AT Bolar = ) =
ailag + W The remaining mtegrals’.f can be similarly evaluated (see

(ROC : 3{w} < 0), Table Il for expressions).



TABLE II: Integrals forN = 2

Integral Integrand Pole Location Residue

12 Ox@a1.9é(a2.2) z=5 905(0113)(/’(02-13)

1 z B

12 Ox@¢PB1,-294(B2.—2) 7= —a —g $(B1,2)4(B2.@)

2 z a
2 g (@p 2R " e o g adi2 ™ ~ (@+p)2 L

31 a182B-2)(e+2)(@1+2)(B2-2) -4 Bola—a1) | a1(B2+e) — (B+a1)(Bata1)

; a a1 P[0 a1+B  a1+B BB

2 g (n+ﬁ)22ll—(511+z+511522 %) J 2248 q (a+B) B B 17(511 +(511 (522
32 a182B-2)(e+2)(@1+2)(B2-2) P2 a1(8-52) | (e+B2)(e1+p2) Bala1+h)
2 g (@+p)2(1-532"7) 2= p.p g | p(-027)

41 aB10(B-2)(a+2)(a2+2)(B1-2) Rl a2(B—B1) | (a+B1)(a2+B1) Bi(a2+P)
o | e [ g [LE ]

42 2B-2a+DazB1(az+D(B1-2) T2 Bila—a7) a2(Br+a)

C. Three Relays, N =3 Closed form expressions for the remaining integlélare

For r = 3, without loss of generality, we assume taat< listed in Table lIl.
02 < 63. From (15), we consider

g fm Ox(Jw)$(B1, —jw)d(a2, jw)p(as, Ja))d
217 J_oo Jw

Case |: For 61 < 6203, Ig is split as (see ROCs bhelow)

12 w. (24)

g = (@+f) () [1- 6577 = 657 + 55265 (5203)" |

3
5= 201 ). B )@ + srasaslBr— sz + o)as + )
12, (ROC:3{w)<0)
P A T e R e
217 J oo (B — jw)(a + jw)wprazas(B1 — jw)(az + jw)(as + jw)
12, (ROC:3{w}>0)
L Ree T @ADL 6 - 05 4 05 020| gtenpptas ) | ola+ POz BB L (26)
s (B-2)(a + 2ZBrazas(BL — 2)(az + 2)(az + 2) B1(B1—-p) B1(B—B1)(a + B1)
5 - res TP |-+ oy (2) + oy (2) - Fisyey (22)] _ 9@z —a)las —a) (57
2 aar-as (B = (@ + DZBraza3(B1 — 2)(a2 + 2)(as + 2) BB + )
Case II: For 1 > 6203, |13 is split as
L g @B (gl [1- 6 - T 4 56T (5209 — ooy (22)]
7 2y L (B - Jw)(a + j)wBra2as(Br — jw)(az + jw)(as + jw) do
ROC: J{wj<0
I Ll e e L A e e A G ol (28)
=pp B - 9(a + ZB1203(B1 — 2 (a2 + 2 (a3 + 2)
__g¥eapiesp) _ IERTETET) gl peen pldles sy | g (B +B) (552" 05")
B1(B1 - B) Braaas(B1 — B)(@2 + B)(az + B) B1(B - 1) @ + B1) Brazas(B - B1)(a + B1)(az + B1)(az + B1)
and
o g (o@D CP [ e (B) v dreR (2)7] L B [ oy () oo (2] @
27 217 Joo (B jw)(@ + jo)whrazaz(By — jw)(az + jw)(az + jw)  z=ecar-es (B - 2)(a + )ZBrazas(B1 — Dz + 2)(az + 2)
ROC: J{w}>0
gE ez, —a)plas—a) 9@ (90365
Bi(B1 + @) Brazasz(B1 + @)(a2 - a)(as — @)
g (@3)(e +B) (97557 g (@)@ +p) (5 557)

- Braoas(B + a2)(Br + a2)(@ — a2)(as — a2) - Braaas(B + az)(Br + as)(@ — as)(az — as)’ (29)



TABLE IlI: Integrals for N = 3

Integral Integrand Pole Location Residue
13 ga+p)p(a1.)é(az.)é(a3.9) 72=5 YO CPYOLICRYD)
1 —2)(a+2)z B
13 9 (@+P)¢(B1,~2¢(B2,~2¢(B3,~2) 7— —a _ 9 9(B1,0)¢(B2,0)$(B3,2)
e PP
N 9 ¢(a1.B)p(a: =
g (a+B) (- 2)3[1 601+z 6"2*2 016/33(61) 6;26€3(%)Z] %
13 B z)(n+z)mlnzﬁ3(wl+z)(wz+z)(/f53 Sz) B 2=B.Bs gﬁzsgs
3L g (@s)-2%|o1 o2 r00) -0 0y2 3 (42 )| R T
G-2loraamezslor Az 20s2 T e G =T
g,az éJ;3+u
. o ﬁ)(iz)3(7 6@34) wlwzﬁ3(w1ﬂr)(l;3+ﬂ)(ﬂ 37&)1
| Z=-a,-a1. — a2 g oj(atp)dy
32 (B-2(a+Dza1a2B3(a1+2)(a2+2)(B3-2) ’ +(ylazﬁ3(ﬂ+al)(af ) (Yz a1)(B3+a1)
+ o] 41/2(41/+/f) @2
wlﬂzﬁ3(ﬁ+f12)(ﬂ 02)(&71 a2)(B3+az)
o (@B 2)3[1 T3 nléﬂz(al)l g 05(01-13)05(}2,-/3)(/’(0313)
|3 R R e 2=B.p» 9852 L o(az )
: S A o G B D,
B2+ dmPaas@r ) Ba-Das+d ~ TPl BB BN
o2z, B2 (03 gad?" p(az.~a)
3 g (e+B)(-2) l 53 +53 05 ( )J 2= oot —as _<r1ﬂzz<r1—<r o
42 (ﬁ—z)(a+z)z:y1/32a3(<y1+z)(ﬂz z)(<y3+z) _g’al(a+ﬁ)5§2 1 p(az,—a1)
e
g (@+A)( )3[1 6nz+z 113+Z n2(5a3(6263) ] ~ _ /;Yz(ﬁ 7[;;3.
131,01 < 620 e R P e (s v z=p.B _ g @Bz pr)daspr)
B1(B—p1)(a+B1)
_ g ¢lazB)p(a3,h)
PLB1-B
o (+B)(-2)Y1-0327-523"7] 7 LA
1361 > 6263 B- Z)(n+z)131nzw3(ﬁ1 2)(ax+9)(a3+2) 2=B.B1 —}(12(13(/31 Bz B @atP
51 7

g (a+B)(= z)3[ 92573 (5203) - éﬁ16{12603(6263)J
(B-9)(a+2zB1a203(B1-2)(a2+2)(a3+2)

g (@+B)¢(az f1)d(a3 1)
B1(B—B1)(a+B1)
gAa +ﬁ)( 5<Zrz+/31 5;3#31)

 Bloaa BB Bz B s B

o (@p)-29 -1 "+t o2 (2] ]

g (Yﬁlﬂroﬁ(az,—a)ab(a&—a)

3 D@ DB10z03P1 D0z a5+ - - —
|5 01 < 6203 N e b )g a5 e P
Y e A B0 B2z A0zt §
g8} (. ~a)plaz~a)
[E;ﬁ(ﬁ%rﬂr) )
Sy g
_ an( 69 \Z By anf6a\E af{dp” 0" o3
13,61 > 626 | o et og2(32) o) | _ ~ FinaBr e a)es )
52:01 > 0203 B2+ dPrazaslPr-Naz+dastd z= -0, —az, -3

+ap a3-a;
g/ng(mﬁ)(ﬂil 2508712

_ﬂ1<Y203(5+02)(ﬁ(1+dz)(0-dz)(<r3-dz)

+ag ap-a;
) 5?1 3552703

_/ﬁwzﬂs(ﬁws)(ﬁﬁ%)(ﬂ ag)(az—a3)

632" 0(82.-B)¢(B3.~)

(a+/3)(z)3[1 5{11+z Hléﬁz(i;) l ay al+§
13,61 < 626 B- Z)(H+Z)mlﬁzﬁ3(wl+z)(§2 9(B3-2) 2=8.B2, 01132/33(01+/3)(B B)(B3=B)
61201 < 0203 )2 5,11(5/33(%) ”15’82(5‘333(6;153 )ZJ B.B2.B3 sz_ﬂ)
(B-2)(a+Dzx1B82B3(a1+2)(B2-2) (B3-2 nlﬁzﬁ3(n+ﬁzé(w%t€i)(ﬁ #2)lba=pa)
Y S BB Ba)e B BBa) B2 Ba)
R T o)
o e e el ) o e
o101 > 0293 B2+ papsler+ (B2 2= Paps M A e ey i i)
o (n+ﬁ)ﬁ§(1+5<1?1+ﬁ3(51232fﬁ3)
BB (a1 B Bo R Bpa)
9 (a+P)$(B2.@)¢(B3.2)
g (n+ﬁ)(z)3[ T z+(5ﬁ2(5/’3(62%3 )ZJ (fl;ffﬁ/’ﬁzl <Y(1y)05((l;3 1)
18501 < 6203 ] O VoY 2y Gl ] ] Z=-a,-m _ g (e+p)a
a18263(1—a)(B2+a)(B3+a,
_ g’ (a+p)a]
1 82B3(B+a1)(@=a1)(Bo+a1)(Ba+a1)
9'6(B2,0)¢(B3.2)
z z Z 51 V¥ 01(017(1«2 —a Bot+a Pata
g (n+ﬁ)(z)3l (sz dﬁ3 5’82(5133(62%3) 5115’12325'23(%) J q o (1+5 1 5'82 5’83 )
|62’ 01 > 6203 (B-2)(a+2)z182B3(a1+2)(B2—2)(B3—2) Z=-a,-a T a1BB3(a1—a)(Br+a)(Bata

g (e+p)a ((Sﬁzﬂll éﬂ3+nl)
— 1B (Bran)(a=—a1)(Bo+1)(Batay)




TABLE IlI: Integrals for N = 3

Integral Integrand Pole Location Residue
g ¢(&/§21(ﬁ;)¢(/;§fﬁ)
151
. g’ﬁz 6.43?3*/3
, a2 P30\ B1aaB3(B1-B)a2+B)(B3—p)
13 N ”22”33(%) J 2= B,Bu.p _ e Rolerp pr)iNps )
71 B2 2 PBraBB1-2(@2+2)(B3-2 = P-PLP3 T Pt BB
AR A
+5102133(0+131)(55131)(02%1)(133-51)
+ g'B5(a+p)
Bra2B3(a+B3)(B1-B3) (a2 +B3)(B—B3)
-z -z ay (69 \? g/azéjilm
g ap@*| 1o () | " P aler-aPaa)
13 A Rl o I 2= —a,-ap L 9 daz—a)e(p0)
2 R b v el TR s
B2+ BrazB3 P12+ D B3-2) _ 9 (a+B)agdy
s e (B+a)B1a2B3(B1 +ax)(a—ap) (B3 +ay)
7 lﬂg (ﬁ)¢%rsﬁ) .
3 9 (@+8)@%(1-03") 2= B.pf Y e
81 B2+ 1P203B1-9B2-D(az+9) FLP2 Pl ()02 )
g’ (a+p)(B2)é(a3B2)
/fl(“*ﬁz)(ﬁ*ﬁz)(ﬁl*/ﬁ)
3 g (n+/f)(z)3(1—5‘;3*2)(—0?1’2—5"23271+5€1’Z(5§2’f“) g ¢(ng,—n)¢gf1,w)¢(ﬁz,w)
's2 B+ B1P2x3B1L )Pz 2 (@349 Z=—mma3 Y@z —a)
B1B2(B1+0)(Bo+@)

V. REsurts aND Discussion
The channel fading follows the path loss modgl;
:‘lj,

i andj [4]. Also, Qs = % andQq, = (1?—‘;5)4 wherel, = ﬁ

1 j € {s,r,d} with L; ; being the distance between the node'g

residue theorem. Besides being simpler, this approactvedio
for the evaluation of the BER for arbitrary relay locations.
rom the analysis carried out in this paper, it is evident tha
for each additional relay, a recursive relation exists tog t
theoretical BER, and an algorithm for evaluating the BER for

The average system SNR des(EsLZL Er)’ N =1,2,3. All the arbitrary number of relays seems feasible.

following plots are with respect {0 this parameter. The etbs
form BER expression in (4) is used along with (8) - (15) and

Tables Il and Il to plot the theoretical BER fd¥ = 2,3,

and verify it through bit level simulations performed on all
the links to estimate the average probability of error at th
destination through the decision rules given in Table I .(col
2). The analytical expressions are similar for both BPSK and

BFSK, and the numerical values @fandg that figure in these

expressions, are readily obtained from Table | (col. 5), ni@he

y = ££ is the link SNR.

0

A comparison of the analytical and simulation results fer th
BER performance foN = 3 is shown in Figure 2. All nodes [5]
are assumed to transmit with equal power. Plots are availabl

for BPSK and coherent and noncoherent BFSK fdfedent

relay positions Ig). As expected, BPSK performs best, andjg)
coherent detection outperforms noncoherent detectioralfor
cases considered. In Figure 3, the BER plots for BPSK bas
cooperation withN = 1,2 and 3, for various relay locations
are shown. The total power used for the case of multiple
relays was kept equal to that for the case of single relay. Thtg]

plots suggest that using multiple relays results in a b&ER

performance with no additional power requirement. The gaif?]

due to relay diversity is thus evident.

VI. ConcLusioNs AND FuTurReE WORK

In this paper, exact expressions for the BER for a P
DF cooperative diversity system employing upto three =la
were obtained for the Rayleigh fading channel. This was done
through a contour integral approach for a CF based inversigal
formula for the probability of error, where multiple contsu [13]

were intelligently employed to facilitate application dfet
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