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Abstract— Closed form expressions for the bit error rate (BER)
for a multiple input multiple output (MIMO) relay system
employing maximum likelihood (ML) based decode and forward
(DF) cooperative diversity are obtained. The DF operation at
the relay involves maximal ratio combining (MRC) on the
source-relay link and space-time coding (STC) on the relay-
destination link. Exact expressions of the BER are obtained for
the case of a single relay supporting two antennas. For a system
employing a large number of relays, each having two antennas,
approximate expressions for the BER are obtained using the
piecewise linear (PL) approximation for the ML detector. This is
done by finding the statistics of conditionally Gaussian random
variables, that appear in the decision variable. The validity of
the analytical expressions is then verified through simulations.
Through numerical results obtained from the BER expressions
for large number of relays, it is then shown that the loss in
diversity order due to DF can be compensated by using multiple
antennas at the relay.

I. INTRODUCTION

Cooperative diversity has been found to be an efficient sub-
stitute for traditional multiple input multiple output (MIMO)
systems, with diversity gain being obtained by transmission
through relays distributed across the wireless network. This
removes the necessity of having multiple transmit antennas at
a node, a requirement that is difficult to satisfy at the mobile
station due to size constraints, thus affecting the performance
on the reverse link.

Maximum likelihood (ML) detection for decode and for-
ward (DF) cooperative diversity was proposed in [1], [2] for
single input single output (SISO) relay systems. A piecewise
linear (PL) approximation to the ML detector, known as the
PL combiner, was also provided in [2], [3] for practical ap-
plications. For MIMO relay systems [4], [5], the ML decision
rule in [3] was shown to be valid even while using space-time
coding (STC) on the relay-destination link in [6]. However, the
only valid full rate STC for such a system is the Alamouti code
[7] for a two antenna relay system. Further, only simulation
results were available in [6] for the bit error rate (BER) for a
two antenna relay system employing maximal ratio combining
(MRC) on the source-relay link and the Alamouti code on the
relay-destination link.
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Fig. 1. Multiantenna based relay model for cooperative diversity.

In this paper, using a novel concept of conditionally Gaus-
sian random variables, we obtain i) exact expressions for the
BER for ML detector and PL combiner for a single relay
with two antennas and ii) close approximation to the BER for
PL combiner with multiple relays, each having two antennas,
for the coherent MRC-STC based ML-DF cooperative system
in [6] for a Rayleigh fading channel. The numerical results
obtained from the closed form BER expressions in our paper
exactly match the simulations in [6].

Also, the ML-DF scheme for SISO relay channels has been
shown to suffer a loss in the diversity order by a factor of two
[3]. A significant contribution of this paper is that, through
numerical results, it is shown that this loss can be compensated
using two antennas at the relay with MRC-STC based ML-DF.
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II. SYSTEM MODEL

We consider a specific case of the general MIMO relay
model in [6] with N relays (R) between the source (S) and
destination (D) as shown in Fig. 1. The source has Ms = 1
transmit antennas, the rth relay has Mr = 2 antennas, that are
used for reception on the source-relay link and transmission
on relay-destination link, and the destination has Md = 1
receive antennas. The DF mechanism is used, which means
that the relay first demodulates the symbols transmitted by
the source before retransmitting to the destination. Further, we
assume that the modulation is BPSK and all transmissions are
on orthogonal flat fading channels. Without loss of generality,
we use the alphabet x to represent a transmitted symbol, h to
represent the channel gain on a given link, n for additive white
Gaussian noise, y for the received symbol at a node and E
for the transmit power at a given node. With i = 1, 2 denoting
the antenna index, the received symbols on the S-D, S-R and
R-D links are respectively

yd,s=
√

Eshd,sxs + nd,s,

yi
r,s=

√
Esh

i
r,sxs + ni

r,s,

yd,r=

√
Er

2

2∑
i=1

hi
d,rx

i
d,r + ni

d,r, (1)

where xs ∈ {1,−1} is the symbol transmitted by the source
and xi

d,r ∈ {1,−1} is the symbol transmitted by the ith an-
tenna of the rth relay. The channel experiences Rayleigh fad-
ing, hence the fading coefficients hd,s ∼ CN (0,Ωd,s), hi

r,s ∼
CN (0,Ωr,s) and hi

d,r ∼ CN (0,Ωd,r) are zero mean complex
circularly Gaussian. Channel knowledge on each link is as-
sumed to be perfect. Also, nd,s, n

i
r,s, n

i
d,r ∼ CN (0, N0). Es

is the source power and Er is the relay power distributed
equally among the two antennas during transmission.

A. MRC and STC at the Relay

Let xr and x′
r be the decision made at the rth relay in

consecutive time slots using MRC with the following rule

2∑
i=1

hi∗
r,sy

i
r,s

1
>
<
−1

0. (2)

Note that this gives us receive diversity on the S-R link. The
average BER on this link is denoted by εr, with a closed
form expression available in [8]. The symbols xr and x′

r are
now transmitted using the Alamouti code [7] on the R-D link
according to the following scheme(

xr x′
r

−x′
r xr

)
(3)

where the rows represent the time slots and columns represent
the transmit antennas. Thus, in the first time slot, x1

d,r = xr

and x2
d,r = x′

r.

B. ML Decision

The ML decision criterion at the destination for BPSK
modulation may be obtained from [2], [6] as

X +
N∑

r=1

f(Yr)
1
>
<
−1

0, (4)

where

X=
4Re{h∗

d,syd,s}
√

Es

N0
,

Yr=

√
Er

2
4Re{h1∗

d,ry
1
d,r + h2

d,ry
2∗
d,r}

N0
, (5)

f(t)= ln
δ + et

1 + δet
, 0 < δ < 1 (6)

with y1
d,r and y2

d,r being the received symbols on the R-D
link over consecutive time slots and {∗} denoting the complex
conjugate operation. We would like to mention that f(Yr) now
has the parameter δr = εr

1−εr
for the rth relay, where εr is the

BER for the S-R link. To simplify the analysis, we use the
suboptimal ML scheme proposed in [9] by considering εr to
be the average BER instead of the instantaneous BER.

C. PL Combiner

Lemma 2.1: The function f(t) in (6) has the following
piecewise linear approximation [2], [3]

f(t) ≈
⎧⎨
⎩

ln 1
δ t ≥ ln 1

δ
t ln δ < t < ln 1

δ
ln δ t < ln δ

. (7)

Using the above approximation in (4), we obtain the PL
combiner for ML-DF cooperative systems.

D. Problem Definition

Assuming equal probability of the symbols xs = {1,−1},
the average probability of error for the ML-DF cooperative
diversity system can be expressed as

Pe =
∑
x

N∏
r=1

ε
1−xr

2
r (1 − εr)

1+xr
2

×P

(
X +

N∑
i=1

f(Yi) < 0|xs = 1,x

)
, (8)

where x = (x1, x2, . . . , xM ) is the set of all possible
M−tuples formed by the symbols transmitted by the relays.
We wish to find out a closed form expression for Pe in (8).

E. Solution Strategy

From (8), it is clear that the knowledge of the statistics of
X and f(Yr) defined in (5) and (6) would greatly simplify the
analysis. The variable X can be expressed using (1) as

X =
4Es

N0
xs|hd,s|2 +

4
√

Es

N0
Re(h∗

d,snd,s) (9)
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The conditional mean and variance of X can be expressed as

E[X|hd,s] =
4Es

N0
xs|hd,s|2

var(X|hd,s) =
8Es

N0
|hd,s|2 (10)

From (9) and (10), we find that the variable X ∼
N
(

4Es

N0
xs|hd,s|2, 8Es

N0
|hd,s|2

)
It is easy to show that even

Yr ∼ N
(

2Er

N0
xs

∑2
i=1 |hi

d,r|2, 4Er

N0

∑2
i=1 |hi

d,r|2
)

has a sim-
ilar distribution We call such distributions as conditionally
Gaussian. In the following section, we find the cumulative dis-
tribution function (CDF), probability density function (PDF)
and higher order moments of conditionally Gaussian random
variables like X,Yr and their functions f(Yr). Using these,
we find a closed form expression for Pe in (8) for both the
ML detector as well as the PL combiner in the subsequent
sections.

III. CONDITIONALLY GAUSSIAN DISTRIBUTIONS

A. Preliminaries

Definition 3.1: (The Gamma distribution) A gamma dis-
tributed random variable A, with scale parameter c > 0 and
order n > 0 has the PDF [10]

pA(x) =
1

Γ(n)
cnxn−1e−cx, x > 0 (11)

For n = 1, A is exponential with parameter c.
Definition 3.2: A conditionally Gaussian random variable

with parameters a, b > 0 is defined as Z ∼ N (aA, bA) where
A is a random variable. In this paper, we assume that A is
gamma distributed with parameter c and order n. We refer
to such variables as gamma conditionally Gaussian random
variables. For n = 1, we obtain exponential conditionally
Gaussian random variables with parameter c.

Definition 3.3: For 0 < δ < 1, we define the function

s(t) =
e−t − δ

1 − δe−t
. (12)

It directly follows from the above that s(t) ≤ e−t, t > 0. In
the rest of the paper, we use the symbols f and s to represent
the functions defined in (6) and (12) respectively.

Lemma 3.1: For any constants a, b > 0 and c > 0,∫ ∞

0

Q

(
ax + b√

x

)
e−cxdx =

exp
(−b

(
a +

√
a2 + 2c

))
√

a2 + 2c
(
a +

√
a2 + 2c

) ,
(13)∫ ∞

0

xQ

(
ax + b√

x

)
e−cxdx =

e−b(a+
√

a2+2c)

(a2 + 2c)
(
a +

√
a2 + 2c

)
×
[
b +

a + 2
√

a2 + 2c

(a2 + 2c)
1
2
(
a +

√
a2 + 2c

)
]

(14)

Proof: Defining the error function Φ(x) = 2√
π

∫ x

0
e−t2dt and

noting that Q(x) = 1
2

[
1 − Φ

(
x√
2

)]
, we obtain (13) using

the result in [11, 6.297.1] Differentiating (13) with respect to
c in the integral, we obtain (14).

Lemma 3.2: For any constants a > 0, b and c > 0,

1√
2πc

∫ ∞

0

e−axe−
(x−b)2

2c2 dx = e−ab+ b2c2
2 Q

(
ac − b

c

)
(15)

Proof: Completing squares and using [11, 3.322.2], we obtain
(15).

Lemma 3.3: For any constants a > 0, b, n ≥ 0, the integral
defined by

I(n, a, b) =
∫ ln 1

δ

0

xne−ax(b + x)dx (16)

is obtained as

I(n, a, b) =
Γ
(
n + 2, a ln 1

δ

)
+ abΓ

(
n + 1, a ln 1

δ

)
an+2

(17)

where Γ(., .) is the incomplete Gamma function defined in
[12, p.197].
Proof: The integral I(n, a, b) can be expressed as

I(n, a, b) =
∫ ln 1

δ

0

xn+1e−axdx + b

∫ ln 1
δ

0

xne−axdx (18)

which is obtained as (17) using [12, (4.4.5)]
Definition 3.4: For a > 0, b > 0 and c > 0, we define the

integral

Λ(a, b, c) =
∫ ln 1

δ

0

(s(x))a
e−cx(b − ln s(x))dx. (19)

Lemma 3.4: For δ << 1,

Λ(a, b, c) ≈ I(0, a + c, b). (20)
Proof: For δ << 1, s(t) ≈ e−t. Substituting in (19),

Λ(a, b, c) =
∫ ln 1

δ

0

e−(a+c)x(b + x)dx, (21)

which can be expressed using Definition 3.3 as (20).

B. Closed Form Expressions for the Statistical Functions of
Conditionally Gaussian and Related Distributions

Theorem 3.1: If Z be gamma conditionally Gaussian with
parameters a, b, c and order n = 2, the CDF and PDF of Z
can be expressed as

CDF :

FZ(z)=
{

1 − β(−1)e−zα(−1)(z + γ(−1)) z ≥ 0
β(1)ezα(1)(−z + γ(1)) z < 0,

(22)

PDF :
pZ(z)= pZ+(z) + pZ−(z), where

pZ−(z)= β(1) [α(1)(−z + γ(1)) − 1] ezα(1)u(−z), (23)

pZ+(z)= β(−1) [α(−1)(z + γ(−1)) − 1] e−zα(−1)u(z),

u(.) is the unit step function and for m ∈ {1,−1},

α(m)=
√

a2 + 2bc + ma

b
,

β(m)=
bc2

(a2 + 2bc)
(√

a2 + 2bc + ma
) ,

γ(m)=
b
(
2
√

a2 + 2bc + ma
)

√
a2 + 2bc

(√
a2 + 2bc + ma

) ,
β(1) γ(1) + β(−1)γ(−1) = 1. (24)
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Proof: See Appendix.
Theorem 3.2: Let X be exponential conditionally Gaussian

with parameters a, b and c, as in Definition 3.2. We then have
the following expressions for the CDF and PDF of X .

CDF :

FX(x)=

{
1 − ge−xh(−1)

h(−1) x ≥ 0
gexh(1)

h(1) x < 0,
(25)

PDF :

pX(x)=
{

ge−xh(−1) x ≥ 0
gexh(1) x < 0,

(26)

where

h(m)=
√

a2 + 2bc + ma

b
, m ∈ {1,−1}

g=
c√

a2 + 2bc
and

1
g

=
1

h(1)
+

1
h(−1)

. (27)

Proof: See Appendix.
Theorem 3.3: The CDF of V = f(Z), for Z defined in

Theorem 3.1 is given by

FV (v) = (28)⎧⎪⎪⎨
⎪⎪⎩

1 v > ln 1
δ

1 − β(−1)s(v)α(−1) (− ln s(v) + γ(−1))) 0 ≤ v < ln 1
δ

β(1)s(v)−α(1) (ln s(v) + γ(1))) ln δ < v < 0
0 v < ln δ

Corollary: Using the PL approximation, the nth moment of
V is given by

E[V n] =∑
m∈{1,−1}

β(m)
[
(−1)

n(1−m)
2 (ln δ)nδα(m) (γ(m) − ln δ)

+ (−1)
n(1+m)

2 α(m)I
(

n, α(m), γ(m) − 1
α(m)

)]
. (29)

The variance of V can be obtained from the first and second
moment as var(V ) = E[V 2] − (E[V ])2.
Proof: See Appendix.

C. Gamma Conditionally Gaussian distributions in ML-DF
MIMO Relay Systems

From the discussion in section II.E and Definition 3.2, we
have the following lemma.

Lemma 3.5: Let X and {Yr}N
r=1 be as defined in (5). Then

X is exponential conditionally Gaussian with parameters a =
4Es

N0
xs, b = 8Es

N0
, c = 1

Ωd,s
and Yr are gamma conditionally

Gaussian of order n = 2, with parameters ar = 2Er

N0
xr, br =

4Er

N0
, cr = 1

Ωd,r
respectively.

IV. BER FOR MRC-STC ML-DF MIMO RELAY SYSTEMS

A. Exact Analysis for Single Relay

Theorem 4.1: (ML Detector) For a single relay between
the source and destination, the closed form expression for the
conditional probability in (8) is given by

P (X+f(Y1) < 0|xs = 1, x1) =
g

h(1)
+ g (30)

×
∑

m∈{1,−1}
mβ1(m)Λ (α1(m), γ1(m), h(−m))

for Λ in Definition 3.4 and g, h and α1, β1 and γ1 defined in
(27) and (24) being the respective parameters for X and Y1.
Corollary: Using Lemma 3.4 in (30) results in the following
simple closed form approximation for the BER.

P (X + f(Y1) < 0|xs = 1, x1) =
g

h(1)
+ g (31)

×
∑

m∈{1,−1}
mβ1(m)I (0, α1(m) + h(−m), γ1(m)) .

Proof: From (8), we have

P (X + f(Y1) < 0|xs = 1, x1) = Ff(Y1)(−X). (32)

From Theorem 3.3, we obtain

Ff(Y1)(−X) = (33)⎧⎪⎪⎨
⎪⎪⎩

1 X < ln δ

1 − β1(−1)s(X)−α1(−1) (ln s(X) + γ1(−1))) ln δ < X < 0

β1(1)s(X)α1(1) (− ln s(X) + γ1(1))) 0 ≤ X < ln 1
δ

0 X > ln 1
δ

The required probability may now be obtained by averaging
the above over X . This results in

∫∞
−∞ Ff(Y1)(−x)pX(x)dx,

which upon substituting for pX(x) from Theorem 3.2, and
using (19) from Definition 3.4 gives (30). From Lemma 3.4,
for δ << 1, we obtain a closed form approximation for (30)
in (31).

Theorem 4.2: (PL Combiner) The closed form expression
for the conditional probability in (8) for the PL-DF system is
given by

P (X + f(Y1) < 0|xs = 1, x1) = β1(1)γ1(1)

− g
∑

m∈{1,−1}

mβ1(m)
h(−m)

[
(γ1(m) − ln δ)δh(−m)+α1(m)

+ α1(m)I
(

0, α1(m) + h(−m), γ1(m) − 1
α1(m)

)]
(34)

Proof: We have

P (X + f(Y1) < 0|xs = 1, x1) = FX(−f(Y1)). (35)

From (35), using Theorem 3.1, we obtain

FX(−f(Y1)) =

{
1 − g exp[f(Y1)h(−1)]

h(−1) f(Y1) < 0
g exp[−f(Y1)h(1)]

h(1) f(Y1) ≥ 0
. (36)

Using the PL approximation from Lemma 2.1 in the above,
we obtain

FX(−f(Y1)) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1 − gδh(−1)

h(−1) Y1 < ln δ

1 − g exp[Y1h(−1)]
h(−1) ln δ < Y1 < 0

g exp[−Y1h(1)]
h(1) 0 ≤ Y1 < ln 1

δ
gδh(1)

h(1) Y1 > ln 1
δ

(37)

where we have made use of the fact that f(t) � 0 ⇔ t � 0 for
0 < δ < 1. Averaging (37) over Y1, the required probability
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may be expressed as∫ ∞

−∞
FX(−f(x))pY1(x)dx =

[
1 − gδh(−1)

h(−1)

]
FY1(ln δ)

FY1(0) − FY1(ln δ) − g

h(−1)

∫ 0

ln δ

exh(−1)pY1(x)dx

gδh(1)

h(1)

[
1 − FY1

(
ln

1
δ

)]
+

g

h(1)

∫ ln 1
δ

0

e−xh(1)pY1(x)dx

which, after substituting for pY1(x) from Theorem 3.1 and
evaluating the integral and simplifying results in (34). Using
Lemma 3.5 and substituting the expressions obtained from
Theorems 4.1 and 4.2 in (8), a closed form expression for
the BER for the DF cooperative diversity system is obtained
for the ML detector and PL combiner respectively.

B. Central Limit Theorem Approximation for Multiple Relays

We use the central limit theorem (CLT) [10] to find an
approximate expression for the BER when a large number
of relays are used.

Theorem 4.3: (CLT approximation) For large N and μr, σ
2
r

defined to be the mean and variance of Vr = f(Yr) re-
spectively, the conditional probability defined in (8) can be
expressed using the CLT as

P (X + Y < 0|xs = 1,x) = Q
(μ

σ

)
+ J(1) − J(−1)(38)

where Y =
∑N

r=1 f(Yr) and for m ∈ {1,−1}

J(m) =
g

h(m)
e−mh(m)μ+

[h(m)]2σ2

2 Q
(
σh(m) − m

μ

σ

)
for μ =

∑N
r=1 μr, σ

2 =
∑N

r=1 σ2
r .

Proof: From Corollary 3.1, expressions for μr and σr can be
obtained. Then, using the central limit theorem, for large M ,
we have the distribution Y ∼ N (μ, σ2). Since P (X + Y <
0|xs = 1|x) = FX(−Y ), this probability may be expressed,
using Theorem 3.1 as

FX(−Y ) =

{
1 − g

h(−1)e
h(−1)Y Y ≤ 0

g
h(1)e

−h(1)Y Y > 0
(39)

Unconditioning with respect to Y , the desired probability
may be expressed as

∫∞
−∞ FX(−y)pY (y)dy, where pY (y) =

1√
2πσ

e
(y−μ)2

2σ2 , y ∈ (−∞,∞). Using Lemma 3.2 to evaluate
this integral and simplifying, we obtain (38).

V. RESULTS AND DISCUSSION

Following the simulation setup in [6], the total power used
by the system is assumed to be one unit, shared by the
source and relays, each relay supporting exactly 2 antennas.
This may be represented as Es +

∑N
r=1 Er = 1. We define

Lr = distance between source and rth relay
distance between source and destination with the fad-

ing power on the source-relay link Ωr,s ∝ 1
L4

r
. In Fig. 2, a

comparison of the simulation and analytical results for the
case of a single relay (N = 1) is provided for L = 0.3, 0.5
and 0.8 and Es = Er = 0.5. For the analytical results,
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Fig. 2. Comparison of analytical results with simulations for single relay
(N = 1). Relay supports two antennas (M1 = 2).

0 2 4 6 8 10 12 14 16 18 20
10

−25

10
−20

10
−15

10
−10

10
−5

10
0

Average SNR (dB)

A
ve

ra
g

e 
p

ro
b

ab
ili

ty
 o

f 
er

ro
r

 

 

Simulation
CLT approx

N = 0

N = 1, 2

N = 3, 4

N = 7, 8

N = 5, 6

Fig. 3. CLT approximation for MIMO relay. N = 1, . . . , 8, Mr = 2. Loss
in total diversity order due to DF.

the closed form BER expression in (8) is used along with
Theorem 4.1 and Theorem 4.2 for the ML detector and PL
combiner respectively. Monte Carlo simulations have been
used to evaluate the definite integral that appears in the
conditional BER expression for the ML detector. As we can
see from Fig. 2, the simulation results obtained in [6] exactly
match the the closed form BER results obtained in this paper
for N = 1.

In Fig. 3, CLT based BER results are plotted for upto N = 8
relays using Theorem 4.3. A comparison of the CLT approxi-
mation with the simulation results for N = 1, 2 shows that the
CLT approximation acts as a lower bound on the BER for low
SNR, but closely follows the simulations in the high SNR re-
gions. We have considered Es = 0.5, Er = 0.5

N and Lr = 0.5.
Representing the diversity order and the corresponding number
of relays as (d,N), we graphically obtain [8, p.829], for
even number of relays, the values (2.78, 2), (4.76, 4), (6.9, 6)
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and (8.74, 8). For odd number of relays, the diversity order
is obtained as (2.33, 1), (4.35, 3), (6.45, 5) and (8.34, 7). We
sum up our results as

N < d ≤ N + 1, N even
N + 1 < d ≤ N + 2, N odd.

(40)

The total number of antennas used in our MIMO relay system
for transmission is 2N +1, but from (40), we find the diversity
order to be N +1. This suggests a loss in the overall diversity
order by a factor of 2, as seen in Fig. 3. However, full relay
diversity (N +1) is obtained. Thus, using multiple antennas at
the relay can offset the loss in relay diversity due to DF [3].

VI. CONCLUSIONS

In this paper, we have found exact expressions for the
BER of an MRC-STC based ML-DF MIMO relay system
employing a single relay with two antennas, for the Rayleigh
fading channel. A closed form approximation for BER for
the ML detector is also obtained. An alternative measure of
the performance of ML is obtained by finding a closed form
expression for BER for the PL combiner, again for the single
relay system. In the process, we have derived expressions for
the CDF, PDF and moments of gamma conditionally Gaussian
variables. Using the central limit theorem, we then obtain an
approximate expression for the BER when multiple relays are
employed. The diversity order of the system was obtained
graphically from this expression. This was found to be exactly
equal to the achievable relay diversity for the equivalent SISO
system. On the basis of our numerical results, we conclude
that the MRC-STC based technique proposed in [6] for ML-
DF MIMO relay systems can compensate for the loss in the
diversity order for the ML-DF based SISO relay system in [3].

APPENDIX

A. Proof of Theorems 3.1 and 3.2

The conditional CDF of Z can be expressed as

P (Z < z|A) =

⎧⎨
⎩

1 − Q
(

−aA+z√
bA

)
z ≥ 0

Q
(

aA−z√
bA

)
z < 0

. (41)

Unconditioning (41) with respect to A, we have

FZ(z) =

⎧⎨
⎩

1 − c
∫∞
0

Q
(

−ax+z√
bx

)
e−cxdx z ≥ 0

c
∫∞
0

Q
(

ax−z√
bx

)
e−cx z < 0

. (42)

Now, substituting (14), Lemma 3.1 in (42), we obtain (22).
Differentiating FZ(z) in (22) results in the expression for
pZ(z) in (23). Repeating the above analysis for X , (25) and
(26) can be obtained from (42) and (13), Lemma 3.1.

B. Proof of Theorem 3.3

Since V = f(Z), the CDF of V can be expressed as

FV (v)= P (V < v) = P (f(Z) < v)
= P

(
eZ < s(−v)

)
. (43)

Since eZ > 0,

FV (v) = P (Z < ln(s(−v)))

=

⎧⎨
⎩

1 v > ln 1
δ

FZ(ln(s(−v)) ln δ < v < ln 1
δ

0 v < ln δ
. (44)

Using the expression for the CDF of Z from Theorem 3.1
in (44) and noting that ln(s(v)) is odd, we obtain (33).
Now, using the PL approximation from Lemma 2.1 and the
expression for pZ(z) from Theorem 3.1,

E[V n]=
∫ ∞

−∞
[f(z)]npZ(z)dz

=
(

ln
1
δ

)n ∫ ∞

ln 1
δ

pZ(z)dz +
∫ ln 1

δ

0

znpZ+(z)dz

+(−1)n

∫ ln 1
δ

0

znpZ−(−z)dz + (ln δ)n

∫ ln δ

−∞
pZ(z)dz.

From the above, noting that the first and last integrals can be
expressed in terms of FZ

(
ln 1

δ

)
and FZ(ln δ) and substituting

the expressions for pZ+(z) and pZ−(z) from (23), using
Lemma 3.3 we obtain (29).
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