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Abstract

The work for this dissertation is two-fold, First to understand the Standard
Model(SM) and then look for physics beyond Standard Model. SM as the
gauge theory and Electro-weak symmetry breaking in SM is discussed thor-
oughly.

We investigate the extension of the Standard Model (SM) with hypercharge
zero( Y=0 ) Triplet in the scalar sector,i.e the Higgs Triplet Model (HTM) (SM
Doublet + Y=0 Real Triplet). The p parameter highly constrains the model
at tree level. Another feature of this extension is that the triplet field does
not couple to fermions, which makes it hard to produce them at the colliders.
The Dark matter in Inert Triplet Model (ITM), i.e. when triplet field does
not take part in electroweak symmetry breaking is also discussed, the neutral
component of triplet field can be a potential candidate for Dark matter when

radiative corrections are taken into account.

We also address the issue of vacuum stability of the Higgs potential in the
Standard Model and the Higgs Triplet Model. We studied the bounds on
Higgs mass coming from Triviality, Vacuum stability and also investigated
the perturbative scale of the theory in both Standard Model and Higgs Triplet
Model. Extending the scalar sector also enhances the stability of the potential.
The parameter space of HTM is constrained by the theoretical considerations

like vacuum stability, perturbativity etc.
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1 Introduction

The search for new physics beyond standard model has become a top priority task for
High Energy Physics (HEP) Community. There are many theoretical issues which can be
addressed only in beyond standard model scenarios, and we know that New Physics must
exist but we have no definitive sign of this.

On the one hand SM, the gauge theory of electromagnetic, weak, and strong interactions
of quarks and leptons, is extremely successful in describing the fundamental interactions
of particles. The celebrated Higgs mechanism is a cornerstone in the electroweak region
of the SM. As far as gauge theory is concerned, it does do not require the scalar sector to
be minimal, and this inspires hope to see new physics through the scalar sector i.e. Higgs
can also be present in some different representation. On the other hand, we know that the
SM is not a complete description of every physical phenomenon. The reliable indications
come from its failure to accommodate dark matter, to provide a viable explanation of the
present baryon asymmetry in the Universe. The Yukawa sector i.e. the Yukawa term, the
gauge invariant mass term for fermions is also just postulated as it is. Hierarchy problem,
Naturalness etc. also remains an unsolved mystery in the SM. SM can’t explain the non-
zero and extremely small Neutrino mass. Although the Standard Model with a minimal
doublet in scalar sector assumes neutrinos to be strictly massless, their non-zero neutrino
masses can be accommodated by adding right-handed neutrinos and assuming they get
their masses via the same Yukawa-type interactions as charged fermions. However this
would be extremely ad-hoc, and many physicists believe this as a clear indication of New
Physics. The stability of the vacuum on extrapolation of the self higgs quartic coupling
up-to high energy is also not addressed in SM.

In short, many intriguing features seek for explanations, which the SM does not.One
of the ways out is Model building based on extended Higgs sectors where we try to
find explanations for the issues in SM by taking into account the SM results around
the electroweak scale. The scalar sector, which we start to explore, is still very weakly
constrained and it can hide new physics treasures waiting to be discovered. It is this hope

of existence that drives most of the works on extended scalar sector model building.



2 Gauge Theory

A gauge theory is a theory where the action is invariant under a continuous group symme-
try. When the symmetry group depends on spacetime, it is called a local symmetry. The
continuous symmetry is called a gauge group and this transformation is called a gauge
transformation. We know nature likes symmetries. Symmetry principles underlie most of
the dynamics of the Standard Model. Symmetries have important consequences. They
imply conserved currents and definite statements about the spectrum of the theory. The
first consequence is given by Noether’s theorem, which states that for any invariance of
the action under a continuous global transformation of the fields there exists conserved
currents. The theorem includes both internal and space-time symmetries.

Gauge degrees of freedom[1] can be thought as some additional fictional degrees of free-
dom in a hypothetical gauge space where you can move around in different directions
specified by the parameters of the particle gauge group. In a nutshell, Gauge theory is
the mathematical description of the system which is followed by Nature. Apart from this
internal symmetry, there are many more other symmetries to explore, but the question
that we ask ourselves is that whether these symmetries are exact? Do Nature exactly fol-
lows symmetry? This we will explore in the further discussion, and we will see that this is
not the case and to explain some more fundamental concept like mass these symmetries
must be broken. Gauge theory is the theory of massless particles, and we already know
that in SM except for gluons and photons all other the particles are massive so there

should be some way out which solves this problem.

2.1 Gauge Theory in Quantum Mechanics

As we all know, the phase of a wave function does not visibly affect the physics of a
system. As an example, we choose to ignore(absorb into constants). This means that
we can arbitrarily pick a phase to start with and as long as we carry this phase through
the problem, no physical effects will be observed(the particle will end up in the correct
location). Here the gauge transformation is regarded as the change in phase of a wave

function.

2.2 Abelian Gauge Theory

Here we are concerned with the abelian gauge group i.e. a group in which the result
of applying the group operation to two group elements does not depend on the order in

which they are written. The gauge group that we will discuss is U(1).



2.2.1 Scalar QED

Scalar Quantum Electro Dynamics is the theory of photons coupled to the charged spinless
field (complex scalar field). This is one of the most straightforward examples of interact-
ing field theory based on gauge invariance. First, we will discuss the minimal coupling

scheme i.e. how to couple matter with the massless field?

The coupling of matter with the massless field is done using Noether Procedure [2].The

steps are given below :

Step-1: Linearize the symmetry transformation.

Step-2: Temporarily make the parameter(say « ) local.

Step-3: Evaluate the first order change in action. 61 = [ d*z[0,a(z)j"]
Step-4: For Every 0,c - Replace with the field term and add that term.

Consider the case of coupling of a charged complex scalar field with Maxwell field. Now

we apply the Noether’s Procedure to find the interaction term.

The Action is given by :

10) = [ d2(@0)!(0,6) — 1 Fu™). 1)
81(0) = [ d'zg(@,0(2)(0)). 2)
J(0) = i(610"6 — 06T ) (3)

Now for every d,(z) replace by A, and add that term.

So the first term to be added is : gA,j*(0).

This term can be decomposed into two terms on taking variation and one of the term
cancels the first term.

Repeat this process till d,c vanishes.

For this case we have to add two terms these are:

First Term(L,) : gA,j*(0).
Second Term(Ly) : g2A,, AF¢l¢.



So our lagrangian can be written as:

L=1Lo+ L+ Lo (4)

L= (9"9)"(0.0) — fF M+ g AL 0) + g* A AT (5)

L= (D"¢)"(Dyo) — FWF“” (6)
D, — 0, —1igA,

This is known as Minimal Coupling Scheme.

2.2.2 Quantum Electrodynamics

Quantum Electrodynamics(QED)[3][4] is the theory of photons interacting with matter.
We will discuss how to couple electromagnetic field with the fermionic field. This is mass-
less theory and was first given by Richard Feynman.

The lagrangian for QED can be written as

= iy ) — WF W— ey A (7)
@@DV“DMw 1 F e (8)
Y — el'p(leoé(x))w (9)
A, = A, — Oua(x) (10)

Here in the seventh equation we have
First Term - Kinetic term for fermionic field
Second Term - Kinetic term for gauge field

Third Term - Interaction term

So we can replace all the derivatives by covariant derivatives so as to couple to a gauge
field.

2.3 Non-Abelian Gauge Theory

Now the above group U(1) can be generalized and we have matrices as the group elements
and now the group elements don’t commute i.e they are non-abelian. The gauge group of
Standard Model have Non-Abelian groups i.e SU(2), SU(3) and in bSM Physics this can

be of an arbitrary dimension so we will discuss SU(N) group.



2.3.1 SU(N)

Let’s consider the case of N independent complex scalar fields.

[(®) = / d2[(0" D) (9,8) — m*Did — V(D' D) (11)
o = Uz)® (12)
0,0 = U(2)9,® + 9,UD (13)

The second term in Eq. 13 is the non homogeneous term, So to make the Kinetic term
gauge invariant, we need to replace the partial derivative by something else which would

transform homogeneously under SU(N). i.e
D,® — D& = U(x)D,® (14)

Now as we have seen earlier, D, = 8, +igA,

Now using the above equation We can find how gauge field transforms i.e
D, ®" =U(x)D,® (15)

A= UAU + ;(aMU)U—l (16)

Where A, is a N X N Matrix, A, is itself a non tensor i.e. it transforms inhomogeneously
under SU(N). The matrix valued Vector Field A, for SU(N) is a generalization of 4-Vector
Potential of Electro Dynamics and is referred to as a Non-Abelian Gauge Field.

Now using Minimal Coupling let us couple the multicomponent Scalar Field to a matrix-

valued Vector Field A,. So we have,
(D*®)'D,® = (9"0)'9,® — ig(PTA[0*® — 0,DTA*D) + g*TAT A#D (17)

The first term represents the kinetic term for scalars while the other two terms represent
the coupling to gauge field.
Now let’s try to construct Lagrangian for Non-Abelian case,

The matrix valued field Strength is given by E,, and it transforms as :-

El, = 8,A, — 9,4, (18)

— UE,, U™ +[B,, A, — [B,, A + ;[B,“ B,) (19)

Where B, = (9,U)U~! jand A, = UA,U~'. So this doesn’t transform homogeneously,

So we define the field strength using the covariant derivative as:

F;Ll/ = DMAV - DZ/AH (20)
= 0,A, — 0,A, + ig[A,, A) (21)

10



Now a little calculation shows that new field strength transform homogeneously, i.e
F,=UF,U™!
Now we can construct our Lagrangian as :-
L= —iTr(Fm,F“”) (22)
which is a gauge invariant term.

2.3.2 Yang-Mills Theory

Consider the case of internal Symmetry group SU(2) such as isospin under which 1 trans-

(1)

L = (i, — m) (23)

form as a doublet.

The Free field lagrangian is given as

Where 1 is a row vector and 1 is a column vector in isospin space. The transformation
matrix for SU(2) is given as
U = exp(—igaT,)

where g is the coupling constant, o, = [, g, 3] are the parameters and T, = [T}, T3, T3]

are the generators of the group and they follow the Lie Algebra.
[T, Tg] = €k Ty (24)

The generators of this group T; = 0;/2 are given as :

01 0 —i 1 0
o1 = , 02 = . andagz
10 v 0 0 —1

Now we can make our Lagrangian locally gauge invariant by minimal coupling scheme by

introducing the covariant derivative as :

L =4(iv"Dy —m)y, (25)
D, =8, +igW'T, (26)
a __ 1 2 3
We=[WL W2 W3], (27)

11



Now the transformation law for W, and W, can be derived from the SU(N) algebra as
discussed before by taking N=2, taking the infinitesimal form of transformation matrix(U)
and using the fact that,

(a.7)(b.7) = (a.b) + t7.(a X b)

and we get,

W, =W, + 0ua+ gla x W,), (28)
Wi, = 0,We — W + ge™WIWwe (29)

So the most general Yang-Mills Lagrangian invariant under SU(2) local gauge symmetry

is given by :

. 1 v
Ly angnrins = w(Z’V”Du —m)y) — ZTT(WWW“ ) (30)

3 The Brout-Englert-Higgs mechanism

The Gauge theory predicts all the excitations of the fields to be massless, but we all
know except gluons and photons all fundamental particles have mass. Higgs Mechanism
is the mechanism that gives mass to these particles after electro-weak symmetry breaking.
Goldstone’s Theorem states that for every spontaneously broken generator, of a global
symmetry group, there must be a corresponding Nambu-Goldstone boson. Whenever a
local symmetry is broken the goldstone disappears ,and we get massive vector bosons.
The words used to describe this are that the vector boson becomes massive by "eating”
the would-be Nambu-Goldstone boson, which becomes its longitudinal polarization degree
of freedom. This is called the Higgs mechanism.

To study higgs mechanism, Let’s go back to our Scalar QED Lagrangian with a complex

scalar field ¢ which transforms under a gauge transformation like:

¢ — ebe(l‘)¢ (31)
¢T N ¢Te—b9(x) (32)
The Lagrangian density for Scalar QED is given as
1
L= (Dligb)TDugb - V(Qb, ¢T) - ZFMVF;AV (33)

where the covariant defined as discussed before is given by

D,¢ = (0, + 1gA,)¢ (34)

12



and potential is given as

V(9)=u*| 6'6 | +A(| ¢'0 |)? (36)

where, \ = scalar self coupling, A > 0  and p? = scalar mass parameteru? < 0.

v
< 0|p|0 >= —, 37
9] 7 (37)
In Unitary gauge We have :
1 rel
D,¢p = ﬁ[aﬂh + gV, (v+ h)lew (38)
1 —c
D,6! = [0uh — 19V, (v + B (39)
1
VN - A# ‘|— gfvﬁuG (40)
Now the vector field strength is written in terms of the new vector V,, as :
1 1
ZFWFW = Z(ZLVZ, —0,V,)(o"VY = 0"VH) (41)
After symmetry breaking the lagrangian becomes :
1 2 2 | h* .
L= 5[8“h8”h + g (v+h)VHV,] — ZF" F,, — Mvh + 5) (42)
(43)

Now as discussed before we see that there is a new V), field and G field disappears.There
are quadratic terms for V,, and h fields so excitations corresponding to these fields are

massive. :

mi = 2\ (44)
mi, = g*v’ (45)

;80 after the spontaneous breaking of a local gauge symmetry, we get a massive vector

boson.

13



4 The Standard Model
The Standard Model is local gauge theory described by the following gauge group:
SUB)e®SU2)r®U(1)y

e SU(3)¢ describes the rotations in color space. We have 8 d.o.f’s that corresponds to

8 gluons.

e SU(2), describes the rotation in weak isospin space. We have 3 d.o.f’s that corre-

sponds to three weak gauge bosons i.e. W, W~ Z

e U(1)y describes the rotation in hyper-charge space and we have one gauge boson.

SU(3)c, SU(2)y, are the non-abelian gauge groups while U(1)y is the abelian gauge group.

4.1 Symmetries, gauge theory and particle content

@ QUARKS @ LEPTONS (@ BOSONS (@ HIGGS BOSON

The SU(2), @ U(1)y forms the electro-weak model. The third component of SU(2), and
U(1)y mixes to give Z boson and massless photon i.e. even after symmetry breaking there

is electromagnetic symmetry, and the gauge group U(1)gy remains unbroken.

SU(Q)L X U(l)y — U(l)EM

14



The SU(2), subgroup is known as weak isospin. Left-handed SM fermions are doublets

under SU(2):
Ve Vy vy ur, cr, lr
(o) G ) GG () ()

The right-handed fermions are all singlets under SU(2)..
€R, KR, TR, UR, dRa CR;, SR, tR? bR

4.2 The Electro-Weak Model

It is known as the unbroken SU(2), @ U(1)y.
This describes the weak and the electromagnetic interactions and the gauge bosons cor-
responding to these forces are massless in this model.

The Lagrangian for gauge field is given by:

1 a v ]' v
Lgauge - _ZWNVWG{L - ZBNVB# (46)
Wi, = 0,We — 0,W + ge”™WWye (47)
B;U/ = auBl/ - aVBM (48)

The Lagrangian coupled with the fermionic field is :

1 1 -
L= _ZTT(WMVWMV) - ZBWBW + 1)y D1 (49)
Dqu - [8,;, + nggTa + Lg,B;LYZLhZ}L (50)
D,r = [0, + 1g'B, YR (51)

The interactions of the electroweak gauge bosons with fermions are determined by the

covariant derivative. For example, the covariant derivatives acting on the lepton fields

are:
Ve / ara Ve
D, = [0y + 1g' BYiL + 1gW T (52)
er, €r
D,er = [0, + 1g'B,Yirler (53)

Where Y, and Y;r are the weak hypercharges of left-handed leptons and right-handed
leptons, and 2 x 2 unit matrices are understood to go with the d, and B, terms in
above equation. A multiplicative factor can always be absorbed into the definition of the
coupling g’, so without loss of generality, it is traditional to set Y,z = @Q; = —1. The weak

hypercharges of all other fermions are then fixed. Using the explicit form of the SU(2).

15



generators in terms of Pauli matrices, the covariant derivative of left-handed leptons is:

v, v, B, 0 g w3 wh— w2 v,
D “1=9 ¢ 'Y, K Z Iz 1 7 e
“(eL) ”(eL)“[g ZL(O BM)+2(W;+LW3 e e

(54)
Therefore, the covariant derivatives of the lepton fields can be summarized as:
D,ve = 0yve + 1(g'YiL + %Wj’)ye + L%(Wi — LWi)eL (55)
Der = 0uer, + L(g'YiL — gWi)eL + L%(W; + LWE)VE (56)
D,er = 0,er — 1g'Byey, (57)

The covariant derivative of a field must carry the same electric charge as the field itself,
for the charge to be conserved. Evidently, then,Wi — LWi must carry electric charge +1
and Wl} + LWi must carry electric charge -1, so these must be identified with W* bosons

of the weak interactions. Consider the interaction Lagrangian following from

L:L<V_e €_L>7#Du(ye) (58)

€r
g g _
= —EVﬂ”@L(Wﬁ — W2 — §eL7"V€(Wj + W+ ... (59)
1 1 2
Wi = —2(W“ —W); (60)
1
W, = —=(W, +.W;) (61)

The vector bosons B, and Wj’ are both electrically neutral. As a result of spontaneous
symmetry breaking, we will find that they mix. In other words, the fields with well-defined
masses ("mass eigenstates” ) are not B, and Wl‘j’, but are orthogonal linear combinations
of these two gauge eigenstate fields. One of the mass eigenstates is the photon field A4,
and the other is the massive Z boson vector field, Z,,. One can write the relation between
the gauge eigenstate and mass eigenstate fields as a rotation in field space by an angle

Ow, known as the weak mixing angle or Weinberg angle:

W2\ [ cosbw sinfy Z, (62)
B, \ —sinfy  cosby A,

with the inverse relation:

Zy \ | cosby —sinfy W[f (63)
A, \ sinfy  cosby B,

16



We now require that the resulting theory has the correct photon coupling to fermions,
by requiring that the field A, appears in the covariant derivatives in the way dictated by
QED. The covariant derivative of the right-handed electron field can be written:

D,er = 0,er — tg'cosbw A er + 1g'sinbw Z,ep. (64)
Comparing to D,eg = 0,er — teA,er from QED, we conclude that:

g'cosby, = e (65)
D,er = d,er, + 1(g'YiLcosOw — %sin@W)A#eL + ... (66)

Again comparing to the prediction of QED that D,e;, = d,er — teA, e, it must be that:
%sz’nGW — ¢'Ycosly = e (67)

is the electromagnetic coupling. In the same way:
D,ve = Oyve + 1(g'YiLcosOy + gsinQW)AuVe + ... (68)

where the . . . represent W and 7Z terms. However, we know that the neutrino has no
electric charge, and therefore its covariant derivative cannot involve the photon. So, the

coefficient of A, must vanish:

gsz’nﬁw + ¢'Ycosby = 0. (69)

1
YEL _57 (70)

99’
SN 71
N T

/
tanby, = A (72)
so that
/

sinfy = J cosby = J (73)

These are requirements that will have to be satisfied by the spontaneous symmetry break-

ing mechanism. The present numerical values from experiment are approximately:

g = 0.652; (74)
g = 0.35T; (75)
e =0.313; (76)
sin®fy = 0.231. (77)

17



4.3 Electro-weak symmetry breaking in SM

By higgs mechanism[5] all the fundamental particles get mass but photons and gluons
remain massless as U(1)gy and SU(3)c remain as the symmetry of vacuum. At a basic
level, one views higgs mechanism as a phase transition. One passes from the electroweak
symmetric phase to the Higgs phase. In the case of Higgs phenomenon, the vacuum
expectation value (vev) of the Higgs field plays the role of the order parameter. Because
of this phase transition, weak force carrier particles and the Higgs acquire mass. Quarks
and leptons gain mass through the postulated Yukawa term after EWSB.

The scalar part of the Lagrangian is given as

L= (D'¢)(Duo) = 1* | &' | =Xl 60 )7, (78)
Where ¢ is a complex scalar SU(2), doublet, i.e ¢ = gi:;

It couples to the gauge boson in a gauge invariant way, and the covariant derivative
involving the gauge-fields is given by :

D=8, 2 g
= M_LiT.W:“_LiBUY' (79)

where Y is the hypercharge and 7, are the pauli matrices (generators of SU(2),) and W),
is the gauge field corresponding to SU(2);, and B, is the gauge field corresponding to

U(1)y. Higgs field gets non-zero vev at the minimum of the potential,

<v>= - (80)

1 0
¢:ﬂ<v+h) (81)

Re(h)

After EWSB the potential becomes a Mexican hat potential where the minima of the field

is given by a circle in the complex plane and acquire a non-zero vev. If we choose a point

18



in the minima and look around the potential is no more symmetric. Now we we look for
fluctuation around the minima i.e. we expand the potential around the minima and try
to see what happens. The field ¢ here is written in Unitary gauge, where we remove the
goldstone bosons i.e the charged part ¢* gives the pair of charged goldstones G* and the
complex part of the neutral component becomes the neutral goldstone. Now solving the

first part of the scalar part of the lagrangian we get,

(v + h)?

1 1
(D"®)'D,® = 5aﬂhauh + (W IW =+ + §(gW§’ — ¢'B,)(gW" + ¢'B")] (82)

The higgs doublet’s contribution to the gauge boson masses-squared in matrix form in
the basis of (W, Wy, W3, B) as :

2 0 0 0
g

) 0 2 0 0
M2=-2 ) , (83)
4 0 0 g —gg
0 O _ggl g/2

This is a block diagonal matrix which is already diagonalized in the above 2 x 2 block
and the lower 2 x 2 block is non-diagonal which tells us that there is mixing between the

Wj and B, field. This is diagonalized by the weak mixing angle :

. g
Smﬁw = 7@ (84)

B {cos&w sinb,, 7

m

Ay

W
BH

sinb, —cosb,

This diagonalization gives the Z boson and (massless) photon eigenstates. In terms of

W+, W=, Z we can write the first term as :

1 h)? 1
(D"®)'D,® = 50" hduh + u[gzIA/'—“WM+ + 5(92 + 9% 2" Z,] (86)
The masses of W+, and Z boson are given as :
2 | 12),2
M? = (ngi)USM (87)
2,2
M2 =" ZSM (88)
M2



The electro-weak parameter p is precisely measured experimentally and is
p = 1.0004 £ 0.00024 (90)

The p parameter is of utmost importance as when we will extend the higgs sector with a
different higgs representation, the model has to respect this parameter and can be highly
constraint due to p parameter. Now looking at the potential part of the scalar sector of
the lagrangian

V(@)= p® | @10 | +X(] 2@ |)? (91)
After EWSB the potential becomes

A
V(¢'d) = M?h? + Ivh® + ZhQ (92)

The first term is the mass term for higgs field h while the third and the fourth term
represents the three point and four point self-interaction of the higgs field. The mass of
the fluctuation of the higgs field is :

M? = 2)\° (93)

This is the standard model higgs discovered at LHC around 125GeV.
The higgs potential and vacuum both respects the electromagnetic symmetry and after

EWSB, the gauge group becomes :
SU2)rQU(Ly = U()pum (94)

The mass of fermions in the standard model is generated by postulated Yukawa term.The
guiding principle for any term in lagrangian is that it should be real, gauge invariant and
Lorentz invariant. The yukawa term follows all these principles and the minimal require-

ment for this term to be gauge invariant is a SU(2) higgs doublet.

In the Standard Model, we have three families of fermions which are shown as:

€Rr €r Ve
1 = lj _ U, —
R= | MR L= | ML i = | Yu
TR TL Vr
dr dr, ur, UR
d%% = SR dJL = SL, U]L = Cr, Uﬁ = CRr
br br, tr, tr

so the most general yukawa term is written as:

_ + o
Leyr=— (0 1) ( ZO ) YLl + h.c (95)
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Lawy = — (it dy! ¢\ g
asp=—(ur' di') 5 yhd% + h.c (96)

— g+

where the i, j indices run over the three families.

Lu,c,t = - ( z[Li dLZ ) ( ¢ ) yfnug% + h.c (97)

In general, the Yukawa couplings ygi,yii,yii are complex 3 x 3 matrices in gauge ba-

sis.After EWSB in unitary gauge the yukawa term is written as:

h —. . . .
where
mﬂw = El/iﬁ (99)

Now redefining the fields, we go in the mass basis where these matrices are diagonalized

as

lii = LY,lLy; lpi = Li,lg dy; = Didy; ;

A oY . A ] N 30
dp; = Dpidrj 5 up; = Upurg; up, = Upug;

After diagonalization the matrices become :

me 0 0
Limldr=| 0 m, 0 (100)
0 0 m,
my 0 0
DimsDr=1 0 m, 0 (101)
0 0 my
m, 0 O
UmUr=1] 0 m. 0 (102)
0 0 my
ad the yukawa term becomes
Lquarks - _(1 + E)(dLmuuR + CimcCR + t;mttR + JLmddR + S},mSSR + b;mbbR) (103)
h,, _ _
Lleptons - _(1 + ;)(eLmeeR + mrrmyUr + TLm’TTR) (104)

The first term in both the above expressions is the mass term for quarks and leptons while

the second term represents the interaction of higgs with fermions.
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5 Custodial Symmetry in the framework of SM

The custodial symmetry[6] is an approximate (accidental) global symmetry in the Higgs

sector. The scalar part of Lagrangian is written as :

£, = Tr[(D*) (D, )] — 12Tr((®10)] + A(Tr[@1®])*

where @ is constructed as shown below :

+ +
(o) ()

¢0*
Q' = ( . ) ,where (¢~ = ¢™)

CI)_L ¢0* ¢+
V2 o ¢

Litiggs = Tr((D*®)' D, ®) — > Tr(®T®) — \(Tr(d10))?

We define a bi-doublet field

Now

Under SU2)r : o — LD
=Tr((D"L®)'(D,L®)) — p*Tr(L®) (L®) — N(Tr((LD)")L®)))?
=Tr((D"®)' LTLD,®) — p®Tr(®'LTL®) — \(Tr(®'LTLD))?
=Tr((D"®)'D,®) — (*Tr(®'®) — N(Tr(dTd))?
is invariant under SU(2);, . More precisely we can see as:
L a _a L
Dy® = 9,@ — S gWio"®0 — ig'Bﬂag
So,
Tr(0"®10,0) = Tr(0"®'L1LJ,®) = Tr(0"®'0,9)
Tr(0"®"Wio*®) = Tr(0"®' LI LW " L'L®) = Tr(0"® Wi ®)
Tr(9,®'B*®03) = Tr(0,' L' LB* L' Lda3) = Tr(0,0' B ®o3)

Now due to the trace, we have another symmetry

Under SU22)g : d — ORI

Tr(0"®10,0) = Tr(RO"®'0,0R") = Tr(0"®'0,d)
Tr(0* Wi ®) = Tr(RO*O'Wic"®RY) = Tr(0"®"W;o"®)
Tr(0,®'B"®03) = Tr(RO,®'B*®Rlo3) = Tr(0,®'B*®R'03R)
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Since RfosR # 03. So the last term is not invariant but if we impose ¢’ = 0 the SU(2)z
symmetry is restored as the term which spoils will not be there.

Thus in limit ¢’ = 0, the higgs sector of Standard Model has global symmetry
SU(?)L X SU(Q)R

SU(2);, — a global version of gauge symmetry.
SU(2)r — approximate(accidental )global symmetry.

Under SU(2) x SU(2)g the field ® transforms as :
d — LORT

Now when Higgs field acquires a vacuum expectation value

<¢>:;§(SS) (120)
This breaks both SU(2), and SU(2)g
L<®d>#<d>  <O&>RI#A<d> (121)
but leaves unbroken the subgroup SU(2) k.

SU2)pyr: L®LT  de. when L=R (122)
L<®>LI=<®> (123)

Thus the Higgs vacuum expectation value breaks the gloabal symmetry as
SU2), x SUR2)r — SU(2)L+r (124)
This is called custodial symmetry.
e Number of broken generators= 3+43-3=3.

e So, by Goldstone theorem, this gives rise to three massless Goldstone bosons, which
are then eaten by Higgs mechanism to provide mass to W+ and Z bosons.
The p parameter is given by :
My
© Mzcos?0y g2+ g2’

p (125)

Thus in limit ¢ — 0 W*, Z form a triplet of an unbroken global symmetry. This explains
why My, = M. Custodial symmetry also helps us understand properties of the theory
beyond tree level. Due to the unbroken SU(2) 1, g in the ¢’ — 0 limit, radiative corrections
to the p parameter due to gauge and Higgs bosons must be proportional to ¢, and this

helps in maintaining p = 1.
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6 Near Criticality of the EWSB

6.1 Triviality

In the renormalization group approach, the scalar self-coupling A is turned into a running
coupling \(u) varying with the momentum scale p characteristic of the process considered.
The study of one-loop radiative corrections allows us to compute to lowest order (in A )
the evolution of A(u) with the scale p, i.e. its beta function

(Detailed calculation given in Appendix-I ):

“fi: = 237r2)\2 (126)
We see that the coupling () is monotonically increasing. If we want the theory to make
sense all the way up to the scale A, we must impose that A(u) < oo for scales p < A.
If A is known, this imposes some bound on the value of A . For example, if we send A
to infinity, this imposes A\(v) = 0. This is why a theory described by an action which
would valid at all energy scales is known as trivial, i.e. is a free field theory in the low
energy regime. In practice, this only means that at some scale A smaller than the scale
A Landaw Where the coupling would hit the Landau pole. Thus, solving for\ the differential

equation, we get
M) = A= St (127)

where A = \(v), one obtains, using A™* (A Landan) = 0,

2

2
ALandau ~ ey, (128)
Since A\ can be expressed in terms of my, itself, this is used to put an upper bound, a
triviality bound, on the scale of new physics.

47202

A < ve®) = Ap(my). (129)

The right-hand side is a monotonically decreasing function of my. Alternatively, one may

say that, for a given value of A, the Higgs mass is bounded by
(130)

a decreasing function of A.
From the above equation, we can calculate bound on higgs mass at particular scale. The

bound on variation of higgs mass with Scale is plotted in figure 1
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Figure 1: Bound on higgs mass from Triviality

We see that mass of higgs decreases with increasing scale. This means that if we say our
theory is valid till Planck scale i.e 10 GeV then it sets an upper limit on the mass of
Higgs as shown in figure 1. So theoretically triviality sets an upper bound on Higgs mass

when we demand that our theory is valid up-to Planck scale.

6.2 Perturbativity

There are two scenarios in which perturbation theory can break down. First, the Higgs
self-coupling can be nonperturbative for large values of M},. Secondly, the Higgs running
coupling can be nonperturbative when scale pu is very large. Increasing the scale p in Eq.
(131), A(u) eventually becomes infinite, indicating the one-loop Landau pole. Perturba-
tion theory ceases to be reliable long before reaching the location of this pole.

Our theory is perturbative up to some scale up to when A\ is of O(A\)~ 1. So We can set

A(p) to be maximum of 1 to calculate the scale up to which our theory is perturbative.

A(v)
Aln) = 1— 25 (v)Ink

T on2

(131)

We illustrate the scale up to which theory is perturbative for different values of A(u) in
Table 1.For the maximum value of A\() = 1 we get our theory is perturbative up to a
scale 1.38x10%2 GeV.
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S.No. | Value of A(ut) | Perturbative Scale A
1 0.1 0.000264
2 0.2 5.132x1010
3 0.3 2.971x10"°
4 0.4 7.148x 107
5 0.5 1.918x109
6 0.6 1.719x10%°
7 0.7 8.239x10%°
8 0.8 2.667x10%!
9 0.9 6.653x 102!
10 1 1.382x1022

Table 1: Scale up to which theory is Perturbative, for different values of A(u)

6.3 Vacuum Stability

An ever-increasing A(u) coupling leads to the constraints just discussed. An ever decreas-
ing A(u) coupling leads to difficulties of another kind: as soon as the quartic coupling
A(p) turns negative, the potential becomes unbounded from below at low values of the
field ¢ and the theory suffers from an instability. For example, if the Standard Model

Higgs is light, the dominant term comes from the top Yukawa interaction:

dA 3
M@ = —@yf (132)

If we neglect gauge interactions, then the top Yukawa coupling v;(x) does not run and

A(p) is solved as:

AMp) =X — ;ﬂyflnf:. (133)
Defining the scale Ay at which the instability appears by the condition A(Ay) = 0, we
get
8m2 A
Ay = ve®) (134)

Then the scale of new physics A is constrained by
7T2m}%/’U2

A < Ay =ve @m0 (135)
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2,,2
Where we have used m; = Yo—. Alternatively, for a given value of A, we have

3mi A
2 ¢
mj, > 7r2v2ln;' (136)

Again, this formula just shows a trend (for example that the vacuum stability bound
increases with A, as well as with the top mass). For large enough A, it is not possible to
neglect the running of \; due to gauge interactions. This strengthens the bound on my,.

From the Eq. 136, we can calculate bound on higgs mass at particular scale. The bound

on variation of higgs mass with Scale is plotted in figure 2
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Figure 2: Bound on higgs mass from Vacuum Stability

In figure 2 we have ignored the contribution of gauge interactions on running of self Higgs

quartic coupling, this provides a fair idea of how bound on Higgs mass changes with scale.

We see that mass of higgs increases with increasing scale. This means that if we say
our theory is valid till Planck scale i.e 10'® GeV then it sets a lower limit on the mass
of Higgs as shown in figure 2. So theoretically Vacuum Stability sets an lower bound on

Higgs mass when we demand that our theory is valid up to Planck scale.

6.4 Running of Couplings

In Standard model, we have three gauge couplings and nine yukawa couplings correspond-
ing to each quark and lepton. In the scalar sector we have two parameters, self higgs quar-

tic coupling and mass parameter. At tree level, all these couplings are constant. When
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we look for the quantum corrections in our theory, we get ultraviolet divergences and to
remove these divergences we renormalize our theory (our results should be physical).In
doing so the divergences are absorbed in the parameters which are not physical and also
our theory become scale dependent. The parameters of the renormalized theory are no
longer constant but scale dependent e.g A\(u) and that is why we call them as running

couplings|7].

The running of couplings is given by the beta function 5, The g function is the rate
of change of renormalized coupling at the a particular scale corresponding to a fixed bare
coupling. A positive sign of § function indicates a renormalized coupling that increases at
large momenta and decreases at small momenta and vice versa.

(The derivation of beta function in detail is given in Appendix-II)

SARAH is a Mathematica package that gives us the beta function for all the coupling
constants of the Standard model and other extensions of the standard model at two loop
level. We learnt SARAH, how to load, initialize and perform the calculations etc. We
developed a code to solve the coupled differential equations and plot the running of cou-
plings.

(Beta function[8] for all couplings of Standard model are given in Appendix - III)

L

Planck Scale

0.6

0.4

SM — Couplings

0.0 —— E—

0.2
5 10 15 20 25 30 35 40

A Scale

Figure 3: Running of gauge couplings(blue, purple ,olive), the top yukawa(green) and higgs self cou-
pling(light blue) in standard model
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In figure 3 we plot the running of top yukawa coupling y; (green) and the SM gauge
couplings ¢, g2, g3 and the self higgs quartic coupling A, at one-loop order.The vertical
dark line shows the Planck scale. At low energies the running of )\ is entirely dominated
by the running of 1, at scale around 10*2GeV, the gauge and top yukawa contributions
have opposite signs and cancel each other and running is governed by A, itself, while at
very high energy the running of )\, is dominated by g;.

The A, turns negative at a scale of 108GeV, destabilizing the vacuum. (this value is quite
sensitive to the initial values of couplings) The figure 3 also shows the apparent unification
of all SM couplings very close to Planck scale. The exact behaviour of the A, at one-loop
order would in principle lead to an exact expression for the one loop effective potential in
the Standard Model which shows a hint that we live in a metastable vacuum very close

to critical line of vacuum decay.

7 Higgs Triplet Model

7.1 Introduction

Even though the Standard Model (SM) of the strong and electroweak interactions has
proven enormously successful, it need not be the case that the Higgs sector consists solely
of a higgs doublet field, that is a field with total weak isospin T = % having two members
with 73 = +3 and T3 = -5 and U(1) hypercharge Y = 1. The inclusion of additional
doublets, singlets (fields with T =Y = 0 ), SU(2),, triplet representations (fields with T
= 1, three-component field with 73 = +1, 0,-1 members) or several of them is a frequently
considered possibility very well consistent with the gauge theory. The purpose of this
section is to review the phenomenology of a Higgs sector which contains both doublet
and SU(2), triplet fields. These yield many exotic features and unusual experimental
signatures. In exploring the physics of electroweak symmetry breaking at future colliders,
it will be important to consider the alternative possibilities characteristic of this and other
non-minimal Higgs sectors. Our discussion here will focus primarily on models in which
only the Higgs sector of the SM is extended via the addition of triplet representation with

hypercharge Y = 0. We review various theoretical bounds on the parameter space and

try to identify the allowed regions of parameter space.

7.2 Basic Framework

The scalar sector of the SM is extended using SU(2), Triplet .The HTM consists of two
fields SM Doublet and a Real Y=0 Triplet. Both the doublet and triplet field take part in
electro-weak symmetry breaking i.e both gets vev at the minima of the potential. After

EWSB one of the linear combinations of charged scalar fields of doublet and the triplet is
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eaten by W boson which then becomes massive, other orthogonal combinations of these
fields become massive charged scalar fields. Similarly, the pseudo-scalar of the doublet
become the longitudinal part of the massive Z gauge boson, and the real neutral compo-

nents mix to give two neutral physical fields.

_ ¢+ 1 TO \/§T+
¢ = 0 ’ §= 2
¢ VorT.  -T,
The kinetic part of the Lagrangian is given by,

Ly = (D'®)'(D,®) + Tr[(D"€)"(D,8)] (137)

where the covariant derivative involving the gauge-fields is given by,

D,® = (9, — igT,W® — ig'B,Y)®, (138)
Dyt = (B — igT,W)e (139)

The tree-level potential invariant under SU(2),xU(1)y transformation is given by,
V(H,&) = mp®'® + miTr(7€) + M |®TO + M\ (Tr|€1¢])* + M@ OTr(£1€) + A @TE @
(140)

7.3 EWSB in HTM

The neutral component of doublet and and triplet gets vev as

> — ¢+ é. _1 (% + h2 \/§T+
vpthi+um ’ 2 \/ET_ —v; — ho

V2

Recipe: To obtain Goldstones and Physical mass eigenstates

e Fxpand the potential around the minima.

Using Minimization condition remove some of the parameters.

Collect all the bilinear terms for the fields present in the model.

Obtain the mixing matrices.

Diagonalize the mixing matrices to get into mass basis.
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Using minimization conditions :

1
Mh =75 (AhtUt — 200), — )‘htvf) (141)
— %Ahtv}% — ’U}Z)\htvt - 2)\th (142)
Ut

The kinetic part for the triplet field is solved so as to obtain the contribution of triplet
field to the mass of gauge bosons.The kinetic part for triplet field is given by,

Ly, =Tr[(D"¢)"(Dug)] (143)

Triplet’s contribution to the gauge boson masses-squared in matrix form in the basis of
(Wl, WQ, Wg, B) as :

g 0 00
0 ¢ 00

M = v} 0 0 00 (144)
0 0 00

This is also a block diagonal matrix and both the lower and upper 2 x 2 blocks are already
diagonalized and the lower block is zero in this case so the Y = 0 triplet contributes to
the W, mass and does not contribute to the Z or photon masses.The contribution from
Mg will not change the value of the mixing angle 6, between the Z and the photon. and
the value of 6, is set entirely by the gauge couplings g and g’ The masses of W*, Z

2

M2 = gz(v% + 402) (145)
(9> +9%)

M? = Tv,i (146)
M3

P= c0820,, M? (147)
4 2

p=1+—L (148)
Uh,

The vev v, of the doublet field and v; of the Y= 0 triplet field are related to SM vev by
vsm = /v + vi. Now,the experimental value of p is 1.004 £ 0.00024 at 1o. This puts a
stringent constraint on v, and we get vy should be less than 4 GeV.

Solving the potential part of the HTM and following the above-mentioned steps we get

the mixing mass matrices. The mixing Matrix for Charged Higgs and the neutral higgs
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are respectively given below :

Antvy Aot
M, = ( ey Awe? (149)
2 4’Ut
21)]21)% Uhvt)\ht — Anon
My = Apvp Anevp 22 (150)
UhUtAht - 9 “dv; + QUt >\t

The Mixing between the doublet and triplet in the charged and CP-even scalar are re-

il I R C I (R (151)
T:t S8 Ca H:t
o) _ [ s (i (152)
hg Sy Cy HQ

After diagonalization of matrices M; and M, we get the mass eigenstates as :

Mass of Charged Higgs’s H* and Neutral Higgs’s H;,H, are :

spectively given by :

Ay (v + 40?)

M?%,. = 1
It 20, (153)
2 A—,/(-A)?—-4B 154
H1l — 4vt ( )
—A2—4B+ A
M3, = (=4) (155)
4'Ut

where A = Apv? + 8A\pvivy + 8\v3,

B = 8Ap \pvivy + 16 Apvi Ay vf — 4A% 0302 — 160N vf + 64\,0i N0

G*, Gy = n are the goldstone bosons and H*, H,, H, are the physical mass eigen-
states. The SM gauge symmetry prohibits direct couping of Sm fermions with the triplet.
The HTM predicts the existence of a charged Higgs pair.

7.4 Theoretical bounds in HTM

For the stability of the vacuum, the scalar potential must be bounded from below i.e.
it should not blow up to negative infinity along any direction of the field at large field

values. At tree-level scalar potential V' (H, =) is stable if
)\h Z 07 >\t 2 07 )\ht Z - >\h)\t7 (156)

Perturbativity and Vacuum Stability put theoretical constraints on the allowed parameter

space. We compute the RG evolution of all quartic couplings up to Planck scale using
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RGEs at one loop level and try to identify the allowed values of parameters. We developed
a code to solve the coupled differential equations and plot the running of couplings.

(Beta function for all couplings of Higgs Triplet model are given in Appendix - IV)

Couplings

04tk

0.0

A Beals

Figure 4: Running of quartic couplings in HTM, ( A\, = 0.1264,A; = 0.8, A\px = 0.3 ). Details are
included in [9].
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Figure 5: Running of quartic couplings in HTM ( A, = 0.1264, A; = 0.4, \p,; = 0.3 ). Details are included
in [9].
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Figure 6: Running of quartic couplings in HTM ( A, = 0.1264, A; = 0.3, \p,; = 0.3 ). Details are included
in [9].
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Figure 7: Running of quartic couplings in HTM ( Ay, = 0.1264, \s = 0.3, Apz = 0.2 ). Details are included
in [9].

As shown in figure 4,5, 6 that on increasing the value of A\; the theory is perturbative
up-to very low scale. So we can identify the allowed value of A; by demanding that our

theory is perturbative up-to Planck scale.
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S.No. | Value of \; | Perturbative ScaleA
1 0.3 6.9x10%3
2 0.4 1.7x10%¢
3 0.5 1.5x10'2
4 0.6 6.8x10°
5 0.7 2.1x108
6 0.8 1.9x107

Table 2: Scale up-to which theory is Perturbative, for different values of \;

Table 2 shows that the allowed values of ); is between 0.3 and 0.4 so that our theory is
perturbative up-to Planck scale. We also A\; = 0.3 and \,; = 0.3 stability is enhanced as
shown in figure 6 and the vacuum is stable while if we take We also A\, = 0.3 and A\, =
0.2 it again tells us that our vacuum is metastable as )\, becomes negative at around 10°

GeV which hints the presence of another global minima.

8 Dark Matter in Inert Triplet Model (ITM)

8.1 Introduction

Astronomical and cosmological observations gives a direct proof of the existence of dark
matter (DM). SM don’t say anything about the presence of DM so we have to go beyond
the standard model (SM). In principle the DM candidate can be a scalar, a fermion or
a vector. If the dark matter is a scalar particle , it first of all cannot develop a vacuum
expectation value (vev) and will not take part in EWSB. Otherwise, the DM candidate
will have mixing through SM Higgs portal interaction and eventually decay into the SM
particles. Furthermore, the DM scalar should also not have any Yukawa couplings with
the SM fermions. Therefore, to exclude the decay or any direct coupling with SM species
we invoke a Z2 discrete symmetry, under which the DM scalar is assigned odd while the

SM fields are even. Such DM scalar is naturally termed as an inert field.

8.2 Basic Framework

In addition to SM particles, we introduce an SU(2), triplet scalar with Y=0. The triplet
field don’t take part in EWSB i.e v, = 0.

P G P G var,
e ) Ve —T

35



The Lagrangian for Y=0 ITM is given as :
Ly, = (D"®)N(D,®) + Tr[(D€)'(D,£)] - V(2,¢€) (157)
where the covariant derivative involving the gauge-fields is given by,
D,® = (0, —igT, Wy — ig'B,Y)®, (158)
Dy& = (0 — 1gTaW)¢ (159)

Now we impose an additional Z; symmetry in which triplet is assigned odd and other

fields are even. After imposing Z2 symmetry we get the potential of ITM as follow :

V = mp®'® + miTr(E'¢) + M| T + N (T7(€¢])? + Ay @TOTr(€7€) (160)

8.3 EWSB in ITM

In Inert Triplet model triplet field don’t take part in EWSB v, = 0 and only doublet gets

() el
mmt ) 2\ Ve -

Using minimization conditions :

vev as

mp = — vy (161)

Triplet field do not contribute to mass of any of the SM particle

The masses of W*,Z are given as

M2 = gz V2 (162)

M2 = (gzg)ui (163)
M2

_ 164

P c0820,, M? (164)

Solving the potential part of the I'TM we get the mass of the standard model higgs and

triplet fields as shown below :

M? = 2)\wv} (165)
1

M3, = iv,%)\ht + my (166)
1

M3, = 5”’%“ + my (167)
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where m; and \j; are the parameters as shown in the expression of the potential and here

we have :

e ¢, 1 are the goldstone bosons.
e h. Ty, Ty are the physical mass eigenstates
e Triplet and doublet don’t mix at all

e At tree level the mass of neutral and charged component of triplet field are same

Now, since the mass of the neutral and charged component of triplet field are same at the
tree level we have to look for the quantum correction. Quantum corrections will lead to
mass splitting [10] between these and we will be able to identify the Dark Matter compo-
nent(the lightest one). As we know that T do not couple to Z and v and only couples to
W= but T* couples to all of them so we will have some extra bosonic loop contribution

as shown in figure 8 and 9

Z.:..':- W W
NV NV NV
| ._.i T+ T+ S-\-\J I.il T+ ]'_[:I Q}S | ,_.li ]'_

. ,. S . T
I/ G/ I/

Figure 8: Self energy induced by three-point gauge interactions
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Figure 9: Self energy induced by four-point gauge interactions
Now since these are the bosonic loops, they will always have a positive contribution and

there is mass splitting between mass of Ty and T+ as:

Mrps = My, + 166MeV (168)
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So Tj is the lightest one and potential candidate for Dark Matter.

We developed the Mathematica code to solve the Standard Model(SM), Higgs Triplet
Model(HTM) and Inert Triplet Model (ITM) which are given in Appendix-V.

9 Summary and Conclusion

In Section 2,3,4 we studied the Standard Model as a successful gauge theory describing the
fundamental interactions. Now the experimental measurement of the higgs mass allows
us to compute the self higgs quartic coupling at electro-weak scale. We extrapolate Ay, to
high energies and studied the SM in its full perturbative validity range up to the Landau
pole. At low energies, the running of )\, is governed by top yukawa coupling which turns
the )\, negative at scale of around 108 GeV destabilizing the potential.

We analyzed that the SM coupling constants, remain perturbative in the entire energy

domain between the Fermi and the Planck scales.

The critical condition for stability is also one of the important observation and moti-
vates to extend the SM in scalar sector.We observed that adding a scalar enhances the
stability. Theoretically, the parameter space of the extended SM with a Real Y=0 get
bounds from Perturbativity, Vacuum Stability etc. We studied the perturbative validity
range of the Higgs triplet model by scanning the parameter space. The allowed values
of the parameters lead to two different scenarios,the first one where the EW Vacuum is

stable and the other where it is still metastable.

We have also shown that the Inert Triplet model provides a Dark Matter candidate.
The neutral component of the triplet can be the dark matter because when radiative
correction are taken into account for two-point function there is mass splitting between
charged and neutral components of triplet field and the neutral component arises as the

lightest one.
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A Appendix I : Running of A\ (Four point function)

Renormalization of ¢* theory|[1]

Lagrangian for ¢* theory is defined as:
L = 30,600" o — 3migd3 — 3o
S = [ d*x[50,000"do — 5mid; — 320

We will use Dimensional Regularization so we go into 4 — € dimension and perform the

calculations.
o1 1 A
S = /d4 3:[5(9”%8“% - img@% - Z?¢é] (169)

where ¢g, my and \g are known as bare parameters, We define the renormalized parameters

®r, mpg and Ar as follows :

~ 1 ~1
G0 = Z;r = Z;(Ar, mr)dr (170)
mo = meR = Zm()\Ra mR)mR (171)
)\0 = Z)\,u)\R = Z,\()\R,mR))\R (172)

where the divergences(will come for some of the loop integrals)can be absorbed in Z,,, Zy, Z¢-
Doing a little bit of algebra we can write our Lagrangian into two parts : one part having

renormalized fields and the other we call as counter terms(kind of new interaction terms).

L = 30,0r0 ¢r — 3m%e% — LuARdh + 5(Zs — 1)0,0r0M o5 — 3(Zs 22 — 1)mbo%
—HAR(Z3 2, — 1) 0%,

Figure 10: Four point function (left : s-channel one loop diagram right: counter term diagram)

Actually there are three diagrams for one-loop correction of four-point function, these
are s, t and u-channel respectively. These can be transformed to each other just by
interchanging the Mandelstam variables. The loop diagram as shown in figure 10 is

logarithmically divergent(UV Divergent) and is given as :
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:(—L*R)Zf(d‘” L L X8X4X3xX3x%x?2

4! 2m)4 12—m2+ce (I—p)2—m2+e

We use dimensional regularization to get rid of UV divergence so we do the integral in

4-¢ dimension.

(Ar)? ) dPl . .
2 (27)P 12—m2 (I—p)2—m2

Now, using the Feynman parametrization:

1 _ rl dx
ab fo [za+(1—x)b]?

which after some algebra reduces our denominator as:

1 _ /1 dx
(2 =m?)((l=pP=m?) Jo (z(I®? —m?)+ (1 —2)((l —p)* —m?))?

(173)

so our integral becomes

_(Qw)? 4-D [ _dPI da
- ]; H f(27r)D fo —(1—z)p)2—m2+p?z(1-X))?"

Since our integrals are now convergent after the regularization, we can switch the order
of integration and shift the integration parameter as [ — [ = [ — p(1 — z), which leaves

the measure dl unchanged. This gives us

_ (Ar)® 4-D (1 dPl
=50 dxf(27T)D[l~27m2+p21(17x)]2

The momentum integral is calculated by , first performing the Wick rotation

_(w)? 4-D dP7
_% fO f (27r)D[—l%.—m2}—E|—p2m(1—m)]2

Then carrying out the angular integrals

(Af!) M4 DI%?%)

fl 0o diEig_l
0 JO [l%+m2—p2x(1—m)}2

First we write
[P 'dlp = LID72di% = L(1%) 3~ dD3,

and we are only left to calculate the integral over . This can be done using the following

result derived using the Euler beta function:

oo gl

0 (z4a)?

a—pL()I(B—a)

T —adr =a 06)

Using Euler Beta function, the integral becomes;

. 2 _ 7[_2 INEZANN ,Q D
= (>\41!%) Lt D(ZTSD (2)11((2 2) fo dz[m? — p*(1 — z)]2 2

L 2 — T2 _—
=GP Jy el | 0@ - )

1672 m2—p2z(1—1)

4TF[J.
_1(AR)? 7ln dr—5— P E
_ﬁ'u f P (1—=)
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Taking the limit € — 0 we get the correction to the four-point function from the s-channel

loop as :

P() =17z +0()

=B ((2 e+ OO)(1+ § Ji doln(z=itt=)

3272 m2—p2z(1—zx)

21 1 oo ’
Lo (= - b + §ln(47r K ) — 5/0 dxln[l — %x(l —x)]) (174)

T 1672\ 2 m m2,

Now for our results to be physical the sum of the diagrams in figure 10 should be finite.

~ 31 v 1 > 1 /1 p?
(ZnZy—1) — 7167r2(g —3 + §ln(47r—%) - 5/0 dxln[l — —m%x(l —x)|) = finite

(175)

In order to have cancel the divergence we can absorb the divergence in Z, where Z; =1

3A2 1
Zy=1 0= 1
A + 1672 € (176)
Now calculating the beta function for self higgs quartic couping :
9 —er7—1
B(ARr) = Ma*(%# ) (177)
1
where
3\ 1
Zy=1 - 1
A 1672 € (178)
0 3A2 1
AR) = p—[Apu (1 — - 179
50w = g1 = 1) (179)
BOR) = A= 1+ 22 e (180)
R) — € /’L 167_‘_2/’1’
Now taking the limit ¢ — 0 we get
3A2
= 181

Note : The result differs a little from what we stated above in section 6.1 because the
normalization factor self higgs quartic term is different form what we have taken here in
¢* theory.
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B Appendix II : Callan-Symanzik Equation

The Callan-Symanzik Equation [3]

In the renormalization conditions, the renormalization scale M is arbitrary. We could
just as well have defined the same theory at a different scale M. By "the same theory”,

we mean a theory whose bare Green’s functions,

< QT o (1) b0 () rrverbo ()| >, (182)

are given by the same functions of the bare coupling constant Ay and the cutoff A. These
functions make no reference to M . The dependence on M enters only when we remove the
cutoff dependence by rescaling the fields and eliminating Ay in favor of the renormalized
coupling A. The renormalized Green’s functions are numerically equal to the bare Green’s

functions, up to a rescaling by powers of the field strength renormalization Z:

< QT¢(z1)p(xa)........ O(2,)|Q >= Z7 < QTdo(x1)do(22)....... Go(xn)|2>.  (183)

The renormalized Green’s functions could be defined equally well at another scale M’,

using a new renormalized coupling \" and a new rescaling factor Z’.

Let us write more explicitly the effect of an infinitesimal shift of M . Let G (1, x,, ....... , L)

be the connected n-point function, computed in renormalized perturbation theory:
G(")(:lrl, Ty eennns ) =< QT P(x1) .. 0(2)|Q > connected (184)

Now suppose that we shift M by dM. There is a corresponding shift in the coupling

constant and the field strength such that the bare Green’s functions remain fixed:

M — M + M, (185)
A= A+, (186)
¢ — (1+0m)o. (187)

Then the shift in any renormalized Green’s function is simply that induced by the field

rescaling,
G™ — (14 non)G™. (188)

If we think of G as a function of M and \, we can write this transformation as

eI e
o "M+ o

Rather than writing this relation in terms of d\ and 47, it is conventional to define the

dG™ = O\ = ndnG™. (189)

dimensionless parameters

M
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Making these substitutions and multiplying through by A 517> We obtain

[M8?W+6a)\ + 7]G™ (24, ... Tn; M A) =0 (191)
The parameters § and v are the same for every n , and must be independent of the z; .
Since the Green’s function G is renormalized, 5 and v cannot depend on the cutoff, and
hence, by dimensional analysis, these functions cannot depend on M . Therefore they are
functions only of the dimensionless variable \. We conclude that any Green’s function of

massless ¢* theory must satisfy

0 0
9 ) M) —
[Ma + B(A )aA +y(N)]G™ (24, ... Ty M, A) =0 (192)
B(A) is known as Callan-Symanzik beta-function and () is known as Anomalous dimen-

sion.

C Appendix III : SM RGEs at One-Loop

® g (t) 1607r291< )3 10g(10) =0
® g5(t) + g5,292(1)* log(10) = 0
o g5(t) + 15=595(t)*log(10) = 0

*y

o [ 2 g, ()2 (t) — 9g2(1)2y(t) — 8g3(H)%y(t) + 242 log(10) = 0

(t) -
o N ()~ 152 [=90a(1)2M () — 201 (112A(0) + 21 (1) + S0a(6)" + Spn (120t +240 (1) +
12A(1)y(1)? — 6y(t)"]log(10) = 0

t

D Appendix IV : HTM RGEs at One-Loop

® )‘/T(t) — 167r2[ 1292( )2>\T(t) + 392(t>4 + )\HT(t)2 + 11>\T(t)2] log(lo) =0

o A(t)— 1[5 A(t)g2(t)" = 5 A1) g1 (£)*+4A[E) Ay () +4A() Mrr (£) +6.A(t)y (t)*] log (10) =

1672
0

[ ] )\i_IT(t) — ﬁ [—%gg (t)zkHT(t) — %91 (t)Q)\HT (t) +3gg (t)4 + 12)\H (t))\HT(t) +4)\HT(t>2 +
)

o Ny(t) = 752 [=992(1)* A (t) — 201 (1)* A (t) + 55591(1)* + §92(8)* + 5501 (1) g2(t)* +
240 g (£)% + 129(8)2 A (1) + 2z (£)? — 6y (t)4] log(10) = 0

E Appendix V : Mathematica Codes
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Kinetic Part of the Standard Model

i B, O Wys W
Dmug = *(gl*( ).§+gz*( )-@);
= 0 B, Wy -Wy3

5 - (v?h); &= (¢. ¢0); (* DeFinition of Doubletx)

i (v+h)y go W -i ((h+V) Bg; - (v+h) g W)

242 ' 242

Dmug* = {{

r = Simplify[Dmus* . Dmug] ;

yl = Solve[cew == g—g ;
\/912+922
y2 = Solve[sew == % ;

\/912+922
(Sa o)
-Se, Co, )’

e )l

Cew Sew u -
('Se Cew)-(Au)] /-y17-y2:

W

3
x1 = Solve[(v:l;l )

74
Au)] /-yl7.y2;
z

w
X2 = Solve[( B“3) =
u

Simplify[r /. x1 /. x2]
(UG oo @ otzegt w wazz) 1))

1
U4 = g (h+v)? (Z“ngu’fg% (WH_ W,,+Z“Z,1));

var = {2, Z,, Ay, A%, Wy, WE', WE W, h);
U5 = FromCoefficientRules|[
Select[CoefficientRules[U4, var], Totale#[[1]] =2 &], var ]

1 1 1
gvzw g3 W, +Z¢ gvzg§+gvzg§ Z,



Potential of Standard Model

Vv

G= myH*H+ lh*(H+H)2; H* = =—h;G1=SimpIify[G];
V2

x1 = Solve[D[G1, vu] == 0, my];

U2 =mp* (8, -8) + Ah * (8, -8)°;

§=($;); 3, = (- ¢0);

Vh+h1+]‘l)’71 Vh+hl—].lf71
po=—"—: o= —";

V2 V2

U3 = Expand [U2] /. X1;

Interaction Terms
1
nap= U4 = ¢2 ¢2 A + ¢ ¢, h2 Ay + Z hixn+2 6. ¢, hy i An +
3 2,2 1. 2 122 2 Lo
hlvhxh»,hlvh)«h-thzh+¢_¢+n17th+5h1n11h+hlvhn11h+zmlh;
Val’i={¢+, ¢—1T+,T—1 h11 771};

U5 = FromCoefficientRules|
Select[CoefficientRules[U4, vari], Totale#[[1]] == 2 &], vari ]

out[16]= h% Vﬁ Ah

Mh 2
SO'VG[— == Vj Ah:l
2
out[12]= h% V% Ah

out[13}= {{m, > 2vi )\h}}



Theoretical Bounds : Standard Model

4 x 22 x 22 x 2462

Plot[ N[ ] , {X, 3, 19},

3x7x7Log[N[%]]

PlotStyle -» Directive[RGBColor[0., 0., 0.23], AbsoluteThickness[2.], Dashed],
PlotRange -» {{3, 19}, {0, 1000}}, Axes -» True, AxesOrigin - {3, 1},

FrameLabel -» {logl0 [GeV] A, My [GeV]}, Frame » True]

Plot :Upper bound fromTriviality

1000

. Triviality 7
!‘
Ly |
600|-Y |
—~ EoY, |
<} \
s I N
|- S |
4007 \s\\
200; ~~~~- --------------- 7
07 : | ‘
5 - 15
A logl0(GeV)
3% 175
Plot[ N[ g[N[—m , {x, 3, 19},
72 % 2462 ?

PlotStyle - Directive[RGBColor[0.86, 0., 0.24], AbsoluteThickness[2.],
Dashing[{Small, Small}]], PlotRange -» {{3, 19}, {0, 1000}}, Axes - True,

AxesOrigin - {3, 1}, FrameLabel -» {logl0[GeV] A, M,[GeV]}, Frame - True]



2 | polehitting.nb

Plot :Lower bound from Vacuum Stability

1000

800 | Vacuum Stability b

My (GeV)
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200 -
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Running of Couplings

41
s1 = NDSolve "[t] - ———— % g;[t] "3 % Log[10] = O,
[{91 16« mwxmx1 % 9
t 19 t]"3 %L 10 0
" el *LO =0,
g2 [t] Torrmenat g2[t] g[10]
t ! t]"3xL 10 0 t !
T[] + —— x g3 [t] *»Log[10] =0, y"[t] - — *
93 16 % 7w % 7w 9s 9 Y 16 % 7w % 7w

9 3 ) 9 ) 17 5
(EY[t] -80s[t] *Y[t]-z*gz[t] *Y[t]-ggl[t] *Y[t]]*LOQ[lol =

1 2791[t14+9gltt]292[t12+9gztt]4 99;:[t]12A[t]
* - -

> AT[T] -
16 % x 7 200 20 8 5

90, [t]12A[t] +24 A[t]% + 12 A[t] y[t]2—6y[t]4] *Log[10] == 0, g;[2] == 0.46256,

U2[2] == 0.64779, g3[2] == 1.16666, y[2] == 0.93690, A[2] == 0_12604},

{01[t], 9-[t], g3[t], y[t], A[t]}, {t, 2, 40}]:
s = Plot[Evaluate[{{g;[t] /. s1}, {g2[t] /- s1}, {ga[t] /. sl}, {y[t] /. sl},
{A[t] /- sl1}}]1, {t, 2, 40}, Frame -» True, FrameLabel » {ScaleaA , SM-Couplings},
PlotRange -» {{2, 40}, {-0.2, 1}}, Axes -» True, PlotLegends -» Placed[
LineLegend[{"'0:", ""g>", 03", "Y', A"}, LegendFunction -» Frame], {0.25, 0.36}]]
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Plot of running Couplings
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Higgs Triplet Model : Minimization conditions, Mixing
Matrices , Mass matrices and Interactions

In[35]:= (» Triplet Extension of Standard Model (HTM) : SM Doublet + Y=
0 Real Triplet x)
(» Info : Scroll down to end to see useful results x)
(» Minimization Conditionssx)

ClearAll [x, ¢, €, M, hc, H, T]; (xClear all the Definitions x)

U2 =mp* (8" .8) +Mg *Tr[(E*.&)] + An* (8* _§)2+)Lt * (Tr[(g*_g)])z.,.
Ant * (8" .8) * Tr[(£7-&)] +Ane * (8°-£.8); (xPotential of HTMx)

& = (2*); 8" = (¢_ ¢o0): (* Definition of Doubletx)
0

§=%[ To ﬁT*]:

V2 T, -To
1 A/
£t = — ( To 2 T*]; (» Definition of Triplet &)
2 vV2 1. -To
¢o = hy ; To = hy; ¢o=hy; To = hy;

U3 = Expand[U2] ;

d-T.Anehy To¢y Anehy 1 1
= + +— ¢ ¢, Ancha - — Apchfhy + ¢, mp +
NEEEE 2

hmy+T_T Eh2 2 ¢2 2 h? h4 T.¢. T
TMh+T_ +mt+2 SMe+ - d An+2¢_ b, N1 A+ 7 AR+ T_@_ T, @, Ane +

u4

1 1 1
T_T+h§Aht+E¢_¢+h§Aht+Ehfh%AhHT?TEAﬂT_thxﬂZh‘z‘xt;

tl = Solve[T, == 0] ;
t2 = Solve[T. == 0] ;
t3 = Solve[¢, == 0] ;
t4 = Solve[¢. == 0] ;

vl = Solve[hl = i] ;

V2
v2 = Solve[h, = v¢] ;
Expand[U4] /. t1 /. t2 /. €3 /. t4;

1 1 1 1
V4=—EAhth%h2+h%mh+Eh%mt+hilh+Ehihglht+zhg)kt;

yl = Solve[D[V4, hy] =0, my] /-vVvl/_.Vv2
y2 = Solve[D[V4, hy] =0, m¢] /- Vv1/. V2
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Using Minimization conditions

1
oo {{{{m = (v -2vR a0 -vE ) 11}

1
5 Ant VA - VRVt Ane -2 VE A

oot {{{{m - HH

nigo= ClearAll[x, ¢, §, M, hc, H, T]1; (*Clear all the Definitions x)

U2 =mp* (8 .8) +Mg *Tr[(E*.6)] + An* (8° -§)2+Rt * (Tr[(g*_.f)])2+
Ant * (8" .8) * Tr[(£7-&)] +Ane * (8°-£.8); (xPotential of HTMx)

8 = (2*); 8" = (¢. ¢o); (x Definition of Doubletx)
0

§_£[ To \/7T+].
2 V2 1. -T, )

1 N
£t = — ( To 2 T ]; (» Definition of Triplet «)
2 (2T, -Tg
Vh+h1+j.nl Vh+h1—]'1f71
¢O=—; TO=Vt+h2; ¢O=—;
V2 V2
To = Ve + hyj; ny =0; (» Fluctuation around minimax)

U3 = Expand [Expand[U2] /.yl /. y2]

(» Potential after Expansion x)

1 1 1 1 1
Ud= —¢ T, Anehi+ —T_ ¢, Anehi+ — d_ ¢, Aneho - — Aneh ho + — ¢ T, Ane Vh +
2 2 2 4 2

1 1 T_T, Ant V% Ant h% Vﬁ 1
—T_. ¢, At Vi - — Ane hp ha vy + + +¢_ . Ant Ve + — Ang VA Ve +
2 2 4 vy 8 Vt 8

1 1
¢?¢flh+¢-¢+hilh+Zh‘l‘/\h+2¢-¢+hlthh+h?VhAh+h§VﬁAh—ZVﬁAh+
1 1 1
T—¢—T+¢+Aht+ET—T+h%Aht+E¢—¢+h%-lht+Zh%h%}\ht+T—T+h1VhAht+
1 1 1
Ehlh§Vh)\ht+¢_¢+ h2vt)~ht+Eh%hZVtAht*‘hththtAht_Zvﬁvilht*'

1 1
T%T%At+T_T+ h%At+ Ztht+2T_T+ h2VtAt+tht1t+h§V%At- ZViAt;



HTM2.nb | 3

Interaction Terms in HTM

T R S N A A LRI

T T, Ay VR A h3 V3
+

4 vy 8Vt

1 1 1
— T_ ¢, Ant Vh = — Ant hp hp v + + ¢ b, Ant Ve + — Ane VBV +
2 2 8
1 1
¢§¢3Ah+¢,¢+hhh+Zh‘l‘Ah+2¢,q>+h1thh+h§thh+h§vﬁthZvﬁ/\h+
1 1 1
T ¢ T, ¢, At +ET_T+thm +5¢_¢+h§/\m +Zh§h§Aht +T_T,hy Vi At +

1 2 1 2 1 2,2 2 12
E hl h2 Vh Ant + G- @, h2 Vi Apt + 5 hl h2 Vi Ant +h1 h2 Vh Vi Ant — — Vj Vi Aht +T% TJr At +
4

T T.h2) + % h3 4 +2T_T.hyve A +h3ve A +h3vE 2 - % vi A‘H}}}H}H

nis= varid = {¢+, ¢, T+, T—’ h11 hZ};
U5 = FromCoefficientRules[Select[CoefficientRules[U4, vari], Totale#[[1]] =2 &],

vari ] (*Collecting the bilinear terms
*)

All the quadratic terms

1 1 T T. A VP
oui14= — ¢_ T, Agt Vh+ — T_ ¢, Ant Vh+ —————— + ¢_ &, Ant Vi +
2 2 4 Vt
1 Ant V2
h%v%)kh-%-hl hz _*Aht Vh +Vth )&h[ +h% ! n +Vt2 )Lt
2 8 vy
In[134):= (* Mixing of Charged Higgs =x)

z1 = Solve[h; =0, h;];
z2 = Solve[h, == 0, h,];
e;; = D[D[US, ¢.]1, ¢_];
e;» = D[D[US, ¢.1, T_];
€y =D[D[US, T.1, ¢.1;
€ =D[D[U5, T.1, T_1;

M, = Simplify[(zii EZ)] // MatrixForm

Mixing Matrix for Charged Higgs

Out[140]//MatrixForm=

Ant Vh

V ERLLEELY
Ant Vi 2

Ant Vh Ant VR
2 4 vy




4 HTM2.nb

Ant Vh}, {Aht Vh AhtVﬁ}}]

In[147]:= Eigenvalues[{{Aht Vi, > 5> " av
t

Mass Spectrum

Ant (VR +4vE)

out[147]= {0, v, }

(» Mixing of Neutral Components =x)

In[141]:=
911 = D[D[US, hi1, hi];
912 = D[D[US, hi1, hol;
021 = D[D[U5, hy], hy]1;
022 = D[D[U5, hy], hy];
M, = (911 Jdi2

) // MatrixForm
021 022

Mixing Matrix for Neutral Higgs

Out[145])//MatrixForm=

1
2 Vf An =5 Ant Vh +Vh Vt Ant
1 Ant VR
*EAht Vh + Vh Vi Aht Z(ﬁJthzkt)

Mass Spectrum

Eigenvalues[%420]
1

{8v

(Aht VE+8VEve A+ 8 V3 N 7\/((7Am Vi -8VvEve A -8V3 2
t

4 (-4 A3 VEVE +8 Ant VA Vi A+ 16 Age VA VE e - 16 VA VE R +64vﬁv{‘)\hkt))),

(Aht VE+8VEve A+ 8 V3 N +\/((7Am Vi -8VEve a-8V3 2
8 V¢

4 (-4 Aje VA VE +8 Ant VR Ve An+ 16 Ane VA VE e - 16 v VE R +64vﬁv{‘)\hkt)))}



Running Couplings in Higgs Triplet Model

41

sl = NDSoIve[{gl'[t] -———— %0, [€] "3 xLog[10] == O,
16 xwxmxl
t 19 [t]17~3 % Log[10]
" +—— % N3 =* Lo =0,
92" [t] 16 xtx %6 92 9
t ! t]"3 %L 10 0 [t] !
" +—— % * Lo =0,y" - %
9 [t 16 x wx 7w gs[t] 9[o] Y 16 x st » 7w

9 9 17
(5 y[t]®-8g;3[t]1?*y[t] - 4—*92[t]2*y[t] - Eglttlz*y[t]] »Log[10] = 0,

47 [T] -

1 [2791[t]4 990:[t]12g-[t]1? 90,[t]* 90:[t]? Aq[t]
* + + - -

16 xmmx 7 200 20 8 5

3
9o [t]1? A4[t] + 24 4 [E]? + 12 A4 [ L] Y[E]Z -6+ y[E]* + ;AHT[t]Z *Log[10] =0,

90 [t12aur[t]  33gx[t12 Aur[t]
- +
10 2

1
AT " [t] - ———— [392[t]4'

16 x st » 7w

12 4[] A4 [E] + 4 At [E]2 + 6 Aur [T] AT[E] + 6 AT [T] y[t]Z] »Log[10] == 0,

2
ATT[E] - ——— % (302[t]* + Aur [€]° - 12 g2 [£]% Ar[t] + 11 Ar[t]?) = Log[10] = O,
16 % % v
1 21
A" [t] - — & (—gz[t]zA[t] +42q[t] A[L] +
16 % w7 2

9
AT[t] A[t] +6 y[t]? A[t] —Egltt]ZA[t]) *Log[10] == 0,
g1[2] == 0.46256, g,[2] == 0.64779, g3[2] == 1.1666, y[2] == 0.93690,
2A4[2] == 0.12604, X7[2] == 0.2, A47[2] == 0.2, A[2] == 0.2},

{01[t], 92[T], g3[T], Y[T], A[t], Ar[T], AT [E], A[T],}, (T, 2, 40}];

s = Plot[Evaluate[{{ay[t] /- s1}, {Ar[t] /. S1l}, {Aur[t] /- S1}, (x{A[t]/-S1}*)}],
{t, 2, 40}, Frame - True, FrameLabel -» {Scale A, Couplings},
PlotRange -» {{2, 40}, {-0.2, 1}}, Axes -» True, PlotLegends »
Placed[LineLegend[{"Ay", "Ar", "1™, A"}, LegendFunction -» Frame], {0.2, 0.80}1]1
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Inert Triplet Model : Minimization conditions, Mass
Spectrum

In[17]:= (» Triplet Extension of Standard Model (HTM) : SM Doublet + Y=
0 Real Triplet x)
(» Info : Scroll down to end to see useful results x)
(» Minimization Conditionssx)

ClearAll [x, ¢, €, M, hc, H, T]; (xClear all the Definitions x)

U2 =mp* (8" .8) +Me *Tr[(E'.6)] + An* (8° _8)% +
Xe * (TrL(E*-E)1) 2+ Ane * (B* .8) * Tr[(£*.£)]1; («Potential of HTMx)
& = (d? ); 8" = (0 ¢o0); (*» Definition of Doubletx)
0

§%[ To «/?RJ_

V2 T, -To
1 A/
£ = — ( To 2 T ]; (» Definition of Triplet «)
2 \V2 1. -T,
¢o = hy ; ¢0 =hy ; (» Fluctuation around minimax)

U3 = Expand[U2] ;
1 1 1
U4=h{mh+T_T+mt+EmtT§+h‘1‘Ah+T_T+ h%)tht+Eh%TSlht+T%T%lt+T_T+TSAt+ZTgAt;

tl = Solve[T, == 0] ;
t2 = Solve[T_ == 0] ;
t3 = Solve[¢, == 0] ;
t4 = Solve[¢. == 0] ;

\Y/
vl = Solve[hl = - ;

V2
t5 = Solve [Ty == 0] ;
Expand[U4] /. t1 /. €2 /. t3 /. t4 /. t5;
V4=h§mh+h‘1‘lh;
yl =Solve[D[V4, hy] =0, my] /. V1

ouzzi { {{mh > -vf an}}}
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Using minimization condition :

{{{m - -vian}}}}

nei= ClearAll[X, ¢, §, M, hc, H, T]1; (*Clear all the Definitions x)

U2 =mp* (8" .8) +Mg *Tr[(E°.6)] + X (8" .8)°%+
Ae * (Tr(E7-€)1)% +Ane * (8* .8) *» Tr[(£*.€)]1; (xPotential of HTM«)

8 = (d? ); 8" = (0 ¢o); (» Definition of Doubletx)
0

§=%[ To ﬁT*];

V2 T, -To
1 A/
£ = = [ To 2 T*]; (+ Definition of Triplet )
2\V2T1. -T,
Vh+h1 Vh+hl _ o
¢o = ; ¢o = ; (» Fluctuation around minimax)
vz vz
U3 = Expand [Expand [U2] /. y1]

(» Potential after Expansion x)

1 1 1 1 1
U4=T_T+mt+EmtTg+Zh‘l‘)th+h§vh)th+h§vﬁzh—Zvﬁxh+ET_T+h§Aht+Zh§T%Aht+

1 2 1 2 1 2 \,2 2 T2 2 1 4
T-T+h1VhAht+Ethth)Lht"'ET-T+VhAht+ZTovhlht+T_T+At+T—T+T0)~t+ZTolt;

Interaction Terms
1 1 1 1 1
o - 2 T 4 3 225, _ 4 - 2 T h2 T2
out[66] {{{{T,T+m+2mT0+4hlAh+hth)uh+hlvh)\h 4Vh)th+2T,T+h1)kht+4h1TOAht+T,T+h1

1 1 1 1
- 2 - 2 T 12,2 2 12 2 T
Vi Apt > hy T2 Vi Ang > T_ T, v2 e +4T0vh)kht FT2T2 00 +TOT, T2 +4To)q}}}}

vari = {T,, T_, hy, Tg};

U5 = FromCoefficientRules[Select[CoefficientRules[U4, vari], Totale#[[1]] =2 &],
vari ] (xCollecting the bilinear terms

*)
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All the quadratic terms: Mass terms
m 1 1
h%VElh+T% (§+2Vﬁlht)+T_T+ (mt+5vﬁzht)

m 1 1
h2 V2 oy + T2 (?+Zvﬁxht] STT [m +5vﬁxm]
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