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Abstract Tuning of linear frequency and nonlinear frequency response of micro-
electromechanical systems (MEMS) are important in order to obtain high oper-
ating bandwidth. Linear frequency tuning can be achieved through various mech-
anisms such as heating, softening due to DC voltage, etc. Nonlinear frequency
response is influenced by non-linear stiffness, quality factor, and forcing. In this
paper, we present the influence of nonlinear coupling in tuning the nonlinear fre-
quency response of two transverse modes of a fixed-fixed microbeam under the
influence of direct and parametric forces near and below the coupling regions. To
do the analysis, we use nonlinear equation governing the motion along in-plane and
out-of-plane directions. For a given DC and AC forcing, we obtain static and dy-
namic equations using the Galerkin’s method based on first mode approximation
under the two different resonant conditions. First, we consider one-to-one inter-
nal resonance condition in which the linear frequencies of two transverse modes
show coupling. Second, we consider the case in which the linear frequencies of
two transverse modes are uncoupled. To obtain the non-linear frequency response
under both the conditions, we solve the dynamic equation with the method of
multiple scale (MMS). After validating the results obtained using MMS with the
numerical simulation of modal equation, we discuss the influence of linear and
nonlinear coupling on the frequency response of the in-plane and out-of-plane mo-
tion of fixed-fixed beam. We also analyzed the influence of quality factor on the
frequency response of the beams near the coupling region. We found that the non-
linear response shows single curve near the coupling region with wider width for
low value of quality factor, and it shows two different curves when the quality fac-
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tor is high. Consequently, we can effectively tune the quality factor and forcing to
obtain different types of coupled response of two modes of a fixed-fixed microbeam.

1 Introduction

Microelectromechanical systems (MEMS) have been the subject of intense research
in the design of sensitive sensors and actuators. The performance of MEMS based
sensors and actuators are mainly dependent on their resonance frequencies. Hence,
it is important to study the linear and nonlinear frequency tuning of such devices.
While the linear frequency tuning can be achieved through various mechanisms
such as hardening due to residual stresses, softening due to heating and DC volt-
age, and their combined effect, etc., the nonlinear frequency response can be tuned
due to nonlinear stiffness, quality factor and forcing [1-5]. In this paper, we dis-
cuss about the tuning of nonlinear frequency response of a fixed-fixed microbeam
under the direct and parametric excitation by controlling the linear and nonlinear
stiffness through the coupling of two transverse modes and their quality factors at
different excitation force.

Many researchers have analyzed the linear and nonlinear frequency response
of in-plane or out-of-plane motion of a fixed-fixed or cantilever beam using one
degree of freedom model. Younis and Nayfey [6], and Nayfeh et al. [7] studied
the linear and nonlinear response of out-of-plane motion of a fixed-fixed beam
subjected to direct forcing. Dumitru et al. [8] analyzed the nonlinear behavior
of out-of-plane motion of a cantilever beam subjected to the fringing and direct
forces. Linzon et al. [10] studied the parametric response of a cantilever beam in
out-of-plane direction under the influence of fringing forces from two symmetri-
cally placed side electrodes. Gutschmidt and Gottlieb [11,12] studied the in-plane
motion of an array of fixed-fixed beams under the parametric excitation. Lifshitz
et al. [13] analyzed the parametric response of an array of fixed-fixed beams along
in-plane direction and compare the results with experiments conducted by Buks
and Roukes [14]. Kambali and Pandey [15] studied nonlinear response of out-of-
plane motion of a fixed-fixed beam under the combined effect of direct and fringing
forces. While the direct force leads to the nonlinear Duffing response, the fring-
ing force induces parametric response. The combined effect of direct and fringing
force results in the nonlinear Duffing response with enhanced amplitude as well as
frequency width. To analyze the influence of the coupling of two or more modes,
Nayfeh et al. [16] analyzed the nonlinear response of longitudinal and transverse
motion of a taut string subjected to end excitation. Daqaq et al. [17] studied
the linear and nonlinear coupled behavior of torsional micromirror when its tor-
sional and transverse modes show 2:1 internal resonance condition. Isacsson et al.
[18] presented numerical and analytical study of the linear and nonlinear coupled
behavior of longitudinal and transverse motion of an array of carbon nanotube
with fixed-free condition under parametric excitation. Samanta et al. [19] studied
nonlinear coupling between various transverse modes of a MoS2 nanomechanical
beam under 1:1, 1:2 and 1:3 internal resonance conditions. Recently, Ramini et
al. [9] presented experimental studies of primary and parametric resonances of
a MEMS arch resonator. Wie et al. [20] investigated the weak and strong cou-
pling in a periodically driven Duffing resonator elastically coupled to a van der
Pol oscillator under 1:1 internal resonance condition. Matheny et al. [21] studied



intra- and intermodal nonlinear coupling of a doubly clamped piezoelectric beam.
Westra et al. [22] presented theoretical and experimental studies of nonlinear inter-
modal coupling between the flexural vibration modes of a single clamped-clamped
beam. Conley et al. [23] analyzed the nonlinear dynamics of fixed-fixed nanowire
and found the transition from a planer motion to whirling motion on increasing
the excitation amplitude. Mahboob et al. [24] analyzed the nonlinear coupling of
nanomechanical resonators by the coupled Vander Pol-Duffing equations. In this
paper, we model and analyze the nonlinear coupling of two transverse modes of a
fixed-fixed beam under the condition of 1:1 internal resonance.

To do nonlinear coupled analysis of in-plane and out-of-plane modes near and
away from the coupling region, we consider the dimensions and properties of a
fixed-fixed beam separated by two side electrodes and a bottom electrode as de-
scribed by Kambali et al. [2]. The electrostatic force along the out-of-plane di-
rection is based on direct forcing between the bottom electrode and the beam,
and the parametric forcing between the beam and side electrodes. The force along
in-plane direction is pure parametric forcing between the beam and the symmet-
rically placed side electrodes. Under the electrostatic forcing, we apply Galerkin’s
method to governing equations along two directions and obtain the reduced order
form of corresponding static and dynamics equations. To obtain the condition of
coupling, we take appropriate value of DC voltage such that the linear frequencies
of in-plane mode, w1, and out-of-plane mode, w1, show coupling. To obtain the non-
linear coupled response, we solve the modal dynamic equation using the method of
multiple scales under the condition of w1 & ws. After validating the multiple scale
solution with numerical results obtained by solving modal dynamic equations, we
analyze the influence of quality factor on nonlinear frequency response near the
coupling region.

2 Governing equations

To present the partial differential equations governing the in-plane and out-of-
plane motions of a fixed-fixed microbeam, we consider a beam of length L, width
B and thickness H, which is separated from the two side electrodes E1 and FEa
by gaps of go and g1, respectively, and the bottom electrode E4 by a gap of d as
shown in Fig. 1 (a) and (b). Taking the deflection of the beam along in-plane and
out-of-plane as y(z, t) and z(z, t), respectively, as shown in Fig. 1(a), the governing
equation of motion along in-plane and out-of-plane directions considering damping,
residual tension and mid-plane stretching [1] can be written as:

_rm . . FEA L _'9 _'9 _ | _
EL:y  +pAy+Ciy— |No+ o+ (z +7 )dw U =Qy(y,2,t)  (2.1)
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where, the subscripts prime and dot represent differentiation with respect to x
and t, respectively, Ny is the initial tension induced in the beam by fabrication
processes and heating [2], F is the Young’s modulus of the beam, FT is the bending
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Fig. 1 (a) A fixed-fixed beam of width B, thickness H separated from the side electrodes, E
and Es2, by go , g1 and the ground electrode E4 by distance d are subjected to direct force, Q-
and fringing field force, Qy; (b) Top view of a fixed-fixed beam of length L. separated from
the side electrodes, E1 and E2, by go , g1, respectively.

rigidity, I, = HB3/12, I, = BH?®/12 are area moment of inertia about z and y-
axes, and p is the material density. The boundary conditions for the fixed-fixed
beam are taken as
§(0,8) = G(L,t) = 0,2(0,£) = 2(L,t) = 0,5 (0,t) = § (L,1) =0
Z(0,t) =z (L,t) = 0. (2.3)
The forcing @, and . are the effective electrostatic forces per unit length along

y and z directions for the beam under the direct and fringing field effect as shown
in Fig. 1 (a). The expressions for the forcing are given by [2]

(Vio +o(t))* _ (Viz +v(t))?

1
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! 2 (90— 9)° (91 +79)°
1 2
Q:(7,2,1) = 5% [4.32 B® +0.0182 B(d — 2)° — £20.00068 (d — 2)* ]
—Zz
1 coH

(k30.156% + 0.0049B) [ (V1o + () + (Va2 +v(t))?]  (2.5)
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where, eg = 8.85 x 10712 F/m is the vacuum permittivity. Here, k1 contributes
for the net effect of fringing and direct fields in y-direction, k2 and k3 represent
the strength of the fringing field effects from the bottom electrode and two side
electrodes in the z-direction deflection. Further details regarding the extraction of
electrostatic force parameters can be found in [25]. V;; = V; — Vj is the voltage
difference between the beam and electrodes and v(t) = Vge cos(£2t).

2.1 Non-dimensionalization

To obtain the non-dimensional form of the governing equations, we define the ratio
of the beam and side electrode gaps as ro = (go/g0), Y1 = (g91/90) and use the
variables x = Z/L, y = §/g0, 2 = z/d, t =t/T , where, T = \/pAL*/EI.. Finally,
the non-dimensional nonlinear dynamic equations along the in-plane and out-of-
plane directions for fixed-fixed beam under direct and parametric excitation can



be written as:
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The corresponding non-dimensional form of the boundary conditions can be writ-
ten as

y(0,8) = y(1,£) = 0, 2(0,t) = 2(1,£) = 0, y (0,¢) =y (1,t) =0,
2(0,)=2(1,6)=0.  (2.8)

The various non-dimensionalised parameters as mentioned in above equations are
defined as

1 2 2 2
P(p(e (o) = [ 52 5o, N = To a1 = 8. an = 6; = (),
6k101 25.9201 0.109201 k24.08 x 10~ eoL*
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Since, the beam deflection is based on its static component due to DC voltage and
dynamic component due to AC voltage, the deflection along y and z directions
can be written as [1]

y(z,t) = us(z) + u(z, t), z(z,t) = ws(z) + w(x,t). (2.10)

where, us(z) and ws(z) are static deflections. By substituting Eqn. (2.10) in
Eqns. (2.6) and (2.7), and subsequently setting the time derivatives and dynamic
forcing terms equal to zero, we get the static equations as:

" " (Vio)? (Vi2)?
B [ En R e

Wws — Q3 [N + alF(uS7uS) + OQF(vawS)] w;/ = (ﬂg + 629(1 - w5)2 - ﬁ39

(Vig)?
(1 _ws)3)(1_17w8)2

(2.11)

— ag[(Vi0)® + (Vi2)?] — azg[(Vio)*ws + (Vi2)*ws]. (2.12)

Similarly, substituting Eqn. (2.10) in Eqns. (2.6) and (2.7), expanding the forcing
terms about u, = 0 and w, = 0 upto the first order and subtracting the contri-
bution of the nonlinear static terms given by Eqns. (2.11) and (2.12), we get the



nonlinear dynamic equations for beam as,

111 7
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2.2 Reduced order model

To obtain the static and dynamic equations to perform coupled analysis under
1:1 internal resonance condition near the coupling region which is much below the
pull-in voltage [3], we use Galerkin method based on first mode approximation of
the in-plane and out-of-plane displacements with negligible error [26]. Assuming
the static and dynamic displacements subjected to the first transverse mode ¢(z),
the displacement along in-plane and out-of-plane directions can be written as [2,
3]:

us(z) = q1(y, 2)9(x), ws(x) = q2(y, 2)p(x), (2.15)
u(z,t) = Pr(t)p(x), w(z,t) = Pa(t)g(x), (2.16)

where, ¢1 and ¢2 are static deflections, and P;(t) and P»(t) are non-dimensional
modal variables. ¢(z) is undamped exact mode shape [2] which is taken as ¢(x) =

cosh(¢z) — cos(Cz) — V(sinh((x) — sin((x)), where, for the first mode ( = 4.73,

and v = 0.9825 such that fol (¢1(x))*dz = 1. After premultiplying the denominator
terms on either side of the Eqns (2.11), (2.12), substituting the assumed solution
given by Eqn. (2.15) and applying Galerkin’s method, we obtain the nonlinear
static equations in both the directions which are given in Appendix A.

Similarly, by premultiplying the denominator terms on either side of the Eqns.
(2.13) and (2.14), substituting the assumed static and dynamic solutions given by
Eqns. (2.15) and (2.16), and applying Galerkin’s method, we obtain the nonlinear



modal dynamic equations in both the directions as:

Puie(t) + AN Pi(t) + t1 Py (t)? + t2Pi(t)* + [t3Pa(t)® 4 taPa(t) + t5(2Viov(t)

+o(t)?) + te(2Vi2v(t) + v(t)*)] Pi(t) + t11 Pie(t) + t7Pa(t)® + ts Pa(t)
+t9(2Vi0v(t) + v(£)?) + t10(2Vizv(t) + v(t)?) =0 (2.17)

Payi(t) + A3 Pa(t) 4 s1Pa(t)® + 52 Pa(t)® + [s3P2(t)® + sa Pa(t) + 55(2Vig0(t)

+v(t)2) + s6(2Viov(t) + 2Vigw(t) + 2v(t)2)]P1 (t) + 511 Pot(t) + s7P1 (t)2
+58P1(t) 4 59(2Vigv(t) + v(t)?) 4 s10(2Viov(t) + 2Vizv(t) + 20(t)?) =0 (2.18)
where, all coefficients of each term in above Eqns. (2.17) and (2.18) are given
in Appendix A. Neglecting the damping term, nonlinear terms and the dynamic

forcing terms from above Eqns. (2.17) and (2.18), we get linear modal dynamic
equations as:

Purie(t) + AN Pi(t) + ts Pa(t) = 0 (2.19)
Patt(t) + A3 Pa(t) + ssPi(t) = 0. (2.20)

To obtain the linear frequency from the above equation, we assume the solution
of Eqns.(2.19) and (2.20) as

Pi(t) = B!, Pa(t) =ye™".
Substituting the assumed solutions in the modal Eqns.(2.19) and (2.20), we get

(A —w?)B+tsy=0
A3 —w)y+s38=0
For non-trivial solution, the determinant of these system of equations should be

zero. After solving the resulting equation, we get two values of w corresponding to
two directions as

1
w2 = \/2 [(A% +A3) + \/(Af — A2)2 + 4tgss (2.21)

where, A1, A2, tg and sg are given in Appendix A.

3 Method of multiple scale

In this section, we apply the method of multiple scales (MMS) in solving Eqns.
(2.17) and (2.18) assuming the modal displacements as functions multiple time
scales, To = t, Th = et and Th = €%t as

Py (t) = 6$11(T0, T, T2) + 621:12(T0, T, T2) + 631313(T0, T, T2) + 0(64)
Pg(t) = 6.7321(T()7 Tl,TQ) + 62.7322('11()7 Tl,TQ) + 63.7323,(T(j;7 Tl,TQ) + 0(64), (3.1)



where, € is a dimensionless small positive number. Subsequently, the derivative
terms with respect to ¢ can be defined in terms of new time scales as,

d 9 dly 9 dTv | 9 dD

e _ alo a1 2 _ (D D ’D
i oTo dt Ton at Tam a — (PoteDiteDs)

5—; = (jt)Q = (Do + €D1 + € D2)* = (D§ + 2eDo D1 + €D}
+262DoD2) + H.O.T (3.2)

Rescaling the damping and forcing terms with different powers of € as
ti1 =etin , s11=es11 , v(t) =€ Vaecos(2t), (3.3)

substituting the assumed solution from Eqgns. (3.1) to (3.3) in Eqns (2.17) and
(2.18), and by comparing different powers of € upto third order, we get the following
three sets of equations as

O(e") = Dgx11 + A\z11 + tszar =0
Dix21 + A3xo1 + ssx11 =0 (3.4)

2 2 2 2
O(€”) = Dgz12 + ANiz12 + tgwee = —2DoDix11 — t11Dox11 — tewyy — taz11221
2
—t7xy1 — toni1 cos(wact) — t10M12 cos(wact)
2 2 2
Dgxaz + Asx22 4 5812 = —2DgD1x21 — 511 Dox21 — S2231 — S4T11721

—s7271 — S9m21 cos(Wact) — s10(N11 + M12) cO8(Wact) (3.5)

0(63) — Dgz13 + Aiz13 + tswos = —t11(Dozx12 + Diz11) — (2DoD1z12
+Diz11 + 2DoDaz11) — t1zh) — 2tax11712 — t3w1125; — ta(T11T22 + T12721)
—t5m11 cos(wWact)T11 — teMi2 cos(wWact)T11 — 2t7T21T22

Dixas 4+ A3 + ssw1s = —s11(Dow2z + Dizar) — (2D Dix2s + Diwas
+2DogDax21) — S15) — 289201 T20 — S3T21 LT — sa(z11w22 + T12721)

—s5m21 cos(Wact)T21 — S6(N11 + N12) COS(Wact)T21 — 257211212

(3.6)

where, n11 = 2V10Vac, m2 = 2V12Vae and 121 = 2V14Vae.

3.1 Solution of 15% order equation

Solutions x11 and x2; for the two homogeneous second order coupled equations
given by Eqn. (3.4) are can be written as

z11 = A1 (T1, T2)e™ ™ + Ao (T, To)e™? ™ + A1 (Th, To)e ™™ + Ay (Ty, To)e™ ™0

xo1 = k1A1(Th, Tz)emlT0 + ko Ao (Th, Tg)ei“’QT" + k1 A1 (T, Tg)e_i“’lTU
+k‘242(T1,T2)€7iw2Tn (3.7)



where, wi and w2 are the coupled natural frequencies of the system in two orthog-
onal directions obtained from linear analysis. Substituting the assumed form of
the solution from Eqn.(3.7) into Eqn.(3.4), we get

[(A% — W%) + tskl]AleiwlTo + [(/\? — w%) + tskz]AQeinTO =0
(A3 — wi)k1 + s8] A1 ™0 4 [(A3 — w3)ka + s8] A2e™?T0 = 0. (3.8)

Equating the coeflicients of different terms on both sides of Eqn.(3.8), we get
(A7 —w?) +tsk1 =0, (A} —w3) + tska = 0, (3.9)
(A3 —wi)k1 +55 =0, (A3 —w3)ka~+ss=0. (3.10)

On solving Eqns.(3.9) and (3.10) for k1 and k2, we get the solvability condition as

2 2
Wy — )\1 S8
kn=2—")=—), 3.11
( ts ) (w% - A%) (311

where, n = 1 and 2.

3.2 Solution of 2°¢ order equation

To obtain the solution of Eqn. (3.5), we substitute Eqn. (3.7) into it and eliminate
the secular terms. Taking the detuning parameters o1 and o2 as

R =w1+e01, w2 =uw1+eo2. (3.12)
and substituting x11 and x21 from Eqn. (3.7) into Eqn. (3.5), we get

Diz12 + Njz12 + tswos = —2i(w1 D1 A1 ™0 4 wo Dy Ase™2T0) — ity (Aywi e ™o
+ Agwae™? o) — ty(AZe® 1 To L AL Ay 4 A2 To 4 Ag Ay + 24, Age'(@r—w2)To
F2A1 Ape" Ty gy (ATk1® T 4 Ay Avky + AZk2e®™ 20 4 Ay Asks + A1 Ay
(k1 + k2)e! @1 792)To Ay Ay (kg + ko)e'@1H@)Toy o (k24221 T0 4 k24, A,
+k2A3e22T0 4 k2 Ay Ay + 2k1 ko Ay Age @1 @D To | ok kg Ay Aget (@1 Tw2)Toy

tg iwae T tio
+ome et — —

5 5 12¢T0 e (3.13)

Djzas + A3x2n + ssw12 = —2i(wik1D1 A1 + kows D1 Aze™? ") — is1y (k1 Ay
w170 4 ko Agwoe™2T0) — s (KT AT 70 4 kT A Ay + k3 A3e®™2T0 4 k3 Ax Ay
+2k1 ko Ay Age @1 7% To | o oo Ay Aget @1 T T0Y _ gy (ATk1 e ™0 4 AL A Ky

+ AZk2e®™?T0 4 Ao Asksy + A1 As (k1 + k2)e™ ™ TT0 1 Ay Ag(ky + ko )e (1 T2 T0)
—s7(A2e¥ To o AL Ay 4+ AZe* 2 To 4 Ag Ay + 241 Age’ @172 To 4 04, A,

ei(w1+w2)TO) + 559,'72161@%'1}) _ %(7’]11 + le)eiwa,cTo + cec. (314)
Assuming the solution of homogeneous form of Eqn.(3.5) as

iwq T Two T
12 = Pr1e™ 7% + Pi2e ™7 +cc,

Tog = P216w1T0 + PzgeszO + cc (3.15)
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and substituting it in Eqns. (3.13) and (3.14), and eliminating the secular terms,
we get

()\% — UJ%)PuewlT‘) + ()\% — w%)P12€iw2Tn + ts(PgleiwlTo + Pzzesz‘))
= Ri1™" 4+ Ri2e™?™0 (3.16)
(/\% — w%)P21eiw1T0 + ()\% — w%)PzgeiMQTO + 88(P11€iw1T0 + P12€iw2To)

= R21e™" ™0 4 Rooe™?™0. (3.17)
The above equations can also be written in the matrix form as

(M —wp)  ts Pin] _ [Rin
s8 A3 —w2)| [Pen] | R2n

where, n = 1 and 2, R1, and R, are the coefficients of ¢?“1 70 and @270 appearing
in Eqgns. (3.13) and (3.14) as

Ri1 = —2iw1 D1 A1 — 2iwa D1 A2e™2 ™ — ity Aywr — it11 Aowae 2™
_ (e A omz oyt
2
Riz = —2iwi D1 Are 2™ — 21wy Dy Ay — it11 Arwie” 72T — it11 Asws
_ (et homz2 oy —o2)Ty
2
Ra1 = —2iwik1 D1 A1 — 2ikows D1 A2e ™™ — is11k1 Ajwr — is11k2 Aswae’? ™
_(s9m21 + s10(M11 + M12) i T
2
Ros = —2iwik1 D1 Are”"?™ — 2iwoka D1 As — isiik1 Arwie” 7" — is11ko Aswo
_ (597721 + 5102(7711 + m12) )ei(aﬁ@)n' (3.18)

Solving Eqns. (3.16) and (3.17), and using Eqn. (3.11), we get the solvability
conditions in terms of Ri, and Ra2, as

Rin = ts Rop = — tfs knRaon = _k_nRQna (3'19)
7) 58

A —w
where, k, = (z—z)kn Forn =1 and k1 = (z—z)kl, the solvability condition Ri1 +
k1R21 = 0 reduces to

—2iw1 (14 k1k1) D1 A1 — 2iwa (1 + kok1) D1 Age’ ™™t
= iwiAi(tin + S11k1151) + iw2 A (t11 + 811k2k:71)ew2T1

n (t97711 + tiomez + k1som21 + 151510(7711 + ma2) ) oior T
5 .

(3.20)



11

Similarly, for n =2 and k2 = (i—i)kg, the solvability condition Riz + kaR2a = 0
can be written as
72iw1(1 + k1]€72)D1A167i02T1 — ing(l + szz)DlAz
= iwaAz(t11 + s11kaka) + iwi A1 (t11 + 811k1/52)6_i02T1

n (fgml + tiomz + kason21 + /52810(7711 + n12) ) i(o1=02)Ty
5 .

(3.21)

Solving Eqns. (3.20) and (3.21), simultaneously, we find the expressions for D1 Ay
and D1A2 as,

B1A| + BgAzeiale + iBseialTl

D1A] = Ba

_ BsAs + BgAije~92T1 | ;B eio1—a2)Th
= e
where, Bi1, Ba, ..., Bs are defined in Appendix B. Now, substituting D1 A; and

D1 Az from Eqn.(3.22) into the second order Eqns. (3.13) and (3.14), we obtain
the complete solution for second order equations as

D1As

(3.22)

z12 = A3(T1, Ta)e™ ™0 4 Ay(T1, To)e™? ™0 4 11 ATe*™ 0 4 10 A1 AL + c13A3

e22T0 | 01y Ag Ay + 15 A1 Age! 179D T0 | 16 Ay Age' 1) To 4 (e

x22 = k1As(Th, T2)ew1T° + ko Aa(T1, T2)eiw2T° + a1 ATe? M0 4 9 Ay Ay + co3 A3
o2iw2To 4 eosAs Ay + Cg5A1A2€i(wl_w2)TU + CQGAlAQei(w1+w2)Ta +cc (3.23)

On substituting Eqn.(3.23) in Eqns. (3.13) and (3.14), and comparing the coeffi-
cients of same terms on both side of the resulting equations, we obtain the following
equations in terms of coefficients c;;.

Coefficients of A%e%«17To.

—4e11wi + AT + tsear = —ta — taky — t7ki

—4e21wT + 21 A3 + ssc11 = —s7 — sak1 — s2ki (3.24)
Coefficients of A1 A;:

Acio 4 tgcan = —2tg — 2t4k1 — 2t7k;
Ascao 4 sgcia = —2s7 — 2s4k1 — 250k (3.25)

Coefficients of AZe?w2To;

—dc13ws + c13A] + tycos = —to — taks — trk3

—dcasws + ca3\3 + ssc1s = —s7 — saka — s2kd (3.26)
Coefficients of Az As:

)\%Cm + tgcos = =2ty — 2tako — 2t7k:§
A3co4 + sgc1a = —2s7 — 2s4ka — 250k (3.27)
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Coefficients of A; Age’(@1=w2)To.

—c15(w1 — w2)? + Aeis + tscas = —2t2 — ta(k1 + ko) — 2trkik2
—625(0.)1 — (UQ)Q + /\3025 + S8C15 = —287 — S4(k1 + kg) — 282k1/€2 (3.28)

Coefficients of Ay Age’(@1t@2)To,

—ci6(wi +w2)? + Aicie + tscas = —2t2 — ta(ki + k2) — 2t7kiko
—cag(wr +w2)? + Nca + sscie = —2s7 — sa(ky + k2) — 2s2kiks (3.29)

Solving above equations simultaneously, the coefficients c¢;; are obtained which are
given in Appendix B.

3.3 Solution of 3'¢ order equation

Substituting Eqns. (3.7) and (3.23) into Eqn.(3.6), using 2 = w1 + €01, w2 =
w1 + €02 and separating the secular terms similar to previous section, we obtain
the following equations:

Ri1 = —2iwi(D1As + D2 Ar) — D%Al —t11 D141 — [2iwa(D1As + D2 A2) + D%AQ
—I—t11D1Az]€iU2T1 — it11w1 Ag — it11w2A46i02T1 - g11A%A26_iU2T1 - g12A§A26i02T1

_913A2A1A16i02T1 - 914A§A162iU2T1 - glsAfzzh - g16A1A2A2 (3.30)

Riz = —2iws(D1As + D2 As) — D3 Ag — t11D1 Ag — [2iw1 (D1As + D2 A1) + Di Ay
—t11D1Al]e_iU2T1 —it11w2 Ay — it11wlA3€_ia2Tl — fllAgfhew?Tl — f12A§A1

e " — f1g Ay Ag Ape T T — 14 AT Age” T — 15 AS Ay — freAsAr Ay (3.31)

Ro1 = —2iwi1k1(D1As + D2Ar) — le%Al — s11k1D1 A1 — [2ikow2(D1As + D2 As)
—I—kzD%Az + k2811D1A2]€iU2T1 —is11k1wi1 Az — i811k2w2A46i02T1 — gzlAfAle_iOQTl

—(g22A3 A, + 923142/11141)eszl — g2a A3 A1%72 T — gos AT AL — go A1 AsAs (3.32)

Roo = —2ik2M2(D1A4 + DQAQ) — kQD%AQ — s11ka D1 As — [2ik1w1 (D1A3 + D2A1)
+k1 DT Ay + s11k1D1A1]e " T — ikasiiwa Ay — ikisiiwi Ase T — fo1 AS Ay
ei0'2T1 _ fng%Ale_iole _ f23A1A2A26_i02T1 _ f24A%A26_2i02T1

_f25A§A2 - f26A2A1A1 (3.33)

where, gni,...,gn6 and fni,...,fne for n = 1 and 2 are given in Appendix B. Sub-
stituting the above equations in solvability condition given by Eqn.(3.19), we get
the following two conditions

—2iw1 B11(D1As + D2 A1) — Bi1 DAy — BisD1 A1 — [2iwz Bi2(D1As + D2 As)
+B12D3 Az 4+ B14D1 As)e'? ™ = iwy Bi3 Az + iwa B1aAge'? Tt 4 gy Ay ATe 12T
+ A2 A5 T ¢ AL A2 A1’ uAS AP T 4 s ATAL + GsA1A2A> (3.34)
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—2iwsG12(D1As + D2As) — G12DT Ay — G13D1As — [2iw1G11 (D143 + D2 A1)
+G11 DI A1 + G1aD1 Ar]e” "2 = iwaGi3 Ay + w1 GraAze 72T 4 f1 Ay AZe' 2T
—I—I]‘TQA_lA%e_ZU2T1 + f3A1A2A_26_102T1 + f4A%A_26_2102T1 + fsA%fIQ + fTGAlA_lAQ,

(3.35)

where, Gn = gin + k192n, fn = fin + k2fon, and the coefficients Bi1, Bi2, Bis,
Bia, G11, Gi2, G13, G14, fin and g1, for n = 1,...,6 are mentioned in Appendix
B.

Now, by following the procedure as mentioned in [27,17], we find A3 and A4
so as to eliminate DfA; and D3 As from Eqns. (3.34) and (3.35). Such conditions
lead to the following equations,

D1[2iw1A3 + D1A1] =0 = [inlAg + D1A1] = /’L11(T2),

D1[2iw2A4 + D1A2] =0 = [in2A4 + DlAQ] = h12(T2); (3.36)

However, it is evident from Eqn.(3.22) that D1 A; and D1 Az are implicit functions
of slow time scale T5. Thus, we take h11(7T2) = hi2(T2) =0. Now, using Eqns.(3.22)
and (3.36), the expressions for A3 and A4 can be written as,

1B1 1Ba s T Bs o T
Aa = 211 117
3 2w1 By Lt 2w1 By 2¢ 2wlB4e
iBs iBg —ioaT B7  i(o1—ou)T
A — A 2y 0 120 3.37
4 2wso Bg 2+ 2wso Bg 1e 2w Bg ¢ ( )

Using Eqn. (3.37) in Eqns. (3.34) and (3.35), we can find the values for D2 A; and
D2 As by solving the following equations,
—2iw1 B11 D2 A1 — 2iws B2 D2 A2e" ™™ = Bi3D1 A1 + BiaD1A2e' ™™ +iw1 BisAs
+iws BiaAae' ™ 4 G A ATe T 4 o Ap AGe" T 4 g3 AL A Are’ T
+§4A§A162i02T1 + g_sA%z‘E + g_6A114_2A2 (338)

—27:(.«}1G11])2A16_iU2T1 — in2G12D2A2 = G13D1A2 =+ Gl4D1Al€_i02T1
+iwsG13As + iw1GraAze 2T 4 f1 A AT 4 fo Ay A2
+f3A1A2147267i02T1 + f_‘414%142€72i02T1 + f5A§AQ =+ nglglAg. (3.39)
The expressions for D2 A; and D2As can be obtained as
7 ioo T
Do Al = B14G12 — B12G13)D1A42e"?" " 4 (B13G
241 =5 (BiiGro — BraGin) [( 14G12 12G13)D1Aze + (B13G12

—Bi12G14) D1 A1 + iw1 (B13G12 — B1aG14) A3 + w2 (B1aG1a — B12G13) Age'™?™

+G12G — Blzpewﬂl] ,

)
2w2(B12G11 — B11G12)
_B11G14)D1A16_i02T1 + iw2(B14G11 — B11G13) A4 + iw1(B13G11

D2 As = [(314011 — B11G13)D1 A2 + (B13G11

—B11G14)Aze” " 4 G11Ge T — BnF] (3.40)
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where, ' and G are given in the Appendix B. To get the final solution, we apply
the method of reconstitution [27,17] and write modulation in the following form

dTIL;l =eD1 A + 62D2A1 4+ ...
% =eD1As + 62D2A2 —+ ... (3.41)

Substituting the values of D1A; and DiAs from Eqn. (3.22), D2A; and D2As
from Eqn. (3.40), and Az and A4 from Eqn.(3.37) into Eqn.(3.41), and setting
€ = 1 such that To = T1 = T> = t, we get the reconstituted modulation equations
as

; . (B13G12 — G14Bi12) } {31 B2 ioot . . DB3 o t}
Ay = (141 — A1+ =A% +i—¢"""
! [ 4dwi(B11G12 — G11B12) | | Ba TR By

n z{ (B14G12 — G13B12) :|€io-2t {%
4dwi(B11G12 — G11B12) Bs

n Z{ (G12G — 312F6i02t) :|
2w1(B11G12 — G11B12) |

Bsg —ioat . B7 i(o1—0o2)t
A2+BSA16 —|—zBSe

(3.42)

Ay — i- (B13G11 — G14B11) | e—iazt[
| 4w2(B12G11 — G12B11) |

By
By

Al + %AQ@igzt + i%ieialt}

(B14G11 — G13B11)
4wz (B12G11 — G12B11)
[ (Guée_iaﬂ — BHF) ]
| 2w2(B12G11 — G12B11) |’

. % & —ioat & i(o1—0o2)t
+{1+z ]{BSA2+BSA16 +zBe

8

(3.43)

To express the modulation equations in polar form, we rewrite A; and As as,
Ap = %anew", n=1,2. (3.44)
Here, a,, and 83, are real functions of time ¢, hence, A; and As can be written as
Al = %alelﬂl = A = %(a’leiﬁl +ia1 frer)
Ag = %agewz = Ay = %(dgewz + iagf2e'P?). (3.45)
Substituting Eqn.(3.45) into Eqns.(3.42) and (3.43), we get
%(dwml + ia1516i51) = (1 +ih11) [h22a16i61 + hagage'P2Hozt) 4 ih44ewlt]

+ihsse' 7" [h66a2€iﬂ2 + hrrare'Prmo2t) 4 ihssei(aﬁ@)t] + thgo {Qlﬁ@

ei(251—52—02t) +g—2agei(52+02t) +g_3a%agei(ﬁ2+”2t) +g‘4a1a§ei(2ﬁz_51+202t)
+gsate’™ +§6a1a§€i’81} — thio10 [f1a1a§€i(262t7ﬂ1+252) + faate™ + faax

a3e®' + fialage!PPrmPamo2t) o £ 3pi(Batont) | feafazei(ﬂﬁa"’t)} (3.46)
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1 . L , o L
i(dQGZBQ +iaz2fae’®) = (1 +il11) [l2aze™ + l3gare’® =72 4 ilyue’( T 2]
+ilsse” 72" [lﬁﬁalewl + lrragetPatoet) ilssewlt] + ilgg | giaiage' PP~ F2m202t)

_,’_g—2ageiﬁ2 +g_3a%agei32 +g—4ala§ei(252—51+02t) +g—5a§'ei(51—02t) _’_9—60403

ei(ﬁlfdzt):| —ili010 [flalagei(02t*51+252) +f2a§’ei(/31*02t) +f3a1a§€i(/31*02t)
t+fradagetPPrmP2m202t) | f 301 | fia2q0etP2 (3.47)

where, h11, ho2, ..., h1010 and l11, l22,...,l1010 are given in Appendix B. Finally, we
convert the above non-autonomous equations into autonomous forms by defining
two new variables and their corresponding time derivative terms as

01 = (o1t — B1), 02 = (01 —02)t — P2,
01 = (01— p1), 0O2=(01—o02)—f2 (3.48)
Substiting Eqn.(3.48) into Eqns.(3.46) and (3.47), and separating the real and
imaginary parts, we get the following form of modulation equations
a1 = hsai + hsaso COS(91 — 92) — hg Sin(91) + h1[—h3a2 Sin(91 — 92) — hg COS(91)}
+ h5[—h6a2 sin(91 — 02) — hg COS(@l)] + hg[g‘la%ag sin(01 — 92) — g‘ga%
Sin(@l — 92) — g’ga%cm Sin(@l — 92) — §4a§a1 sin 2(01 — 92)} — h10[—f1a%a1
sin 2(91 — 92) + f4a%a2 sin(91 — (92) — ﬁa% sin(91 — 02)
- fﬁa%az sin (01 — 92)] (3.49)

@101 = a101 — haazsin(01 — 02) — hy cos(01) — hi[hear + haas cos(f1 — 02)

— hasin(61)] — hs[heas cos(01 — 02) + hra1 — hgsin(61)] — ho[giatas
cos(61 — 02) + gaas cos(01 — 02) + gzaiasz cos(01 — 02) + gaazar
cos2(01 — 02) + Gsai + gearas) + hiolfrazar cos2(6r — 02) + faal

+ fzara3 + faaiaz cos(01 — 02) + fsas cos(f1 — 02)

+ foatas cos (01 — 62)] (3.50)

a2 = laaz + l3aq cos(61 — 02) — lasin(f2) + l1[lza1 sin(f1 — 02) — 14 cos(62)]
+ Us[lsar sin(01 — 02) — Ig cos(02)] + lo[giaiaz sin 2(01 — 02) — gaazar
sin(0; — 02) + gsaiaz sin(0; — 0) + geazas sin (61 — 02)] — lio[—frazar
sin (01 — 02) + foa’ sin(61 — 02) + faaia3 sin(f; — 02)
+ faaiazsin2(0; — 0)] (3.51)

dalz = az(01 — 02) + 1301 sin(f1 — 02) — Iy cos(02) — l1[lzaz + lza; cos(6; — O2)
— lysin(02)] — ls[lea1 cos(61 — 62) + lraz — lssin(62)] — lg[g"lafag cos2(01 — 62)
+ §oa3 + gzasai + gaa3ar cos(01 — 02) + gzai cos(01 — O2)
+ g};a%al COS(91 - 92)] + llo[flagal cos (91 - 92) + fza? COS(91 - 92)
+ fzara3 cos(61 — 02) + faatas cos2(01 — 0s) + fsas + feazad) (3.52)
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where, hi1, ha,..., hio and l1, l2,...l10 are given in Appendix B.

To obtain the equilibrium solution, we set time derivatives terms to zero in
Eqns. (3.49)—(3.52) and solve the resulting equations. Finally, the response of the
beam upto second term can be written using Eqns. (3.1), (3.7), (3.23) and (3.44),
and € = 1 as,

A A
Pi(t) =211 + w12 = <1 + z#)al cos(wit + B1) + (1 + z%)ag cos(wat + B2)

1 1 1
+ A1z cos[(wr1 + o1)t] + 5011& cos2(wit + £1) + 5&2@% + 5@3@% cos 2(wat + P2)

1 1
+§C14a§ + 5C15a1a2 CO8 2[(w1 — w2)t + B1 — B2]

1
+5c16a1a2 cos 2[(w1 + wa2)t + 1+ B2]  (3.53)

A A
Pg(t) = T21 + 22 = k1 (1 + Z%)Cﬂ COS(UJ1t + ,31) + ko (1 + ’L%) a2 COS(UJQt

1 1 1
+B2) + Ara cos[(w1 + o1)t] + 562105 cos 2(wit + B1) + 50220«% + 56236!%

1 1
cos 2(wat + B2) + 5024&% + 5€2501a2 COS 2[(w1 —w2)t + B1 — B2]
1
+5026a1a2 cos 2[(0.)1 + (UQ)t + 61+ BQ] (3.54)

where, the terms A11, A12, A13 and A14 are defined as,

B1 B6 B2 BS
A1 = Aqo =
1 {w1B4 + wng}’ 12 {w1B4 + wng}’

B3 By Bs B
Az = Ag = | |k k . 3.55
13 {w1B4+wng}’ 14 H lwlB4+ 2w2Bs] (3.55)

4 Results and discussion

In this section, we first study the linear frequency variation of in-plane and out-
of-plane modes of a microbeam to locate the coupling region. Subsequently, we
validate the modulation equations developed by the method of multiple scales
with numerical solution obtained by solving the modal dynamic equations. Finally,
we use the method of multiple scale to study coupled nonlinear response near
and away from the coupling region. Additionally, we also analyze the influence of
quality factor on the non-linear frequency response near the coupled region. To
do the study, we consider the dimensions, material properties and electrostatic
force coefficients in a fixed-fixed microbeam as mentioned in [2] and are given in
Table 1.

4.1 Linear frequency analysis

To analyze the variation of linear frequency of two transverse modes of a fixed-fixed
microbeam, we numerically solve the nonlinear static equations (given in Appendix
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Table 1 Dimensions, material properties and the electrostatic force coefficients in a fixed-fixed

microbeam [2]

Quantity Symbol Fixed-fixed beam
Length L 500 pm
Width B 4 pm
Height H 200 nm
Side gap 90, g1 4.5 pm, 7 pm
Bottom gap d 500 pm
Youngs modulus E 2.58 x 1010 N/m?
Initial tension No 38.336 uN
Density p 3227.4 kg/m?
Electric constant €0 8.854 x 10712 F/m
Fringing coefficients ki, k2, k3 0.945, 2.6, 1.3
02 $10° I-in plane mode, O-out of plane mode
. 90,
(@) ; (b) 80 (©
5 0.16 & 70
5 5 5 @ 60
é 0.12 g 4 g 50
= Q ical S o
% 0.08 % 3 G 40 « Analytical Q—;J‘SS
E = 0 30 « Analytical %:1
> 5 2 20 0 g
Y 0.04 v *Experimental[zlgi:l.ss
1 10 °
0% = T 0 o = = e 136 137 138 139 140 141 142 143 144
DC voltage DC voltage Frequency [KHz]

Fig. 2 (a) Variation of static deflection g1 verses DC voltage for in-plane mode. (b) Variation
of static deflection g2 verses DC voltage for out-of-plane mode.(c) Variation of in-plane and
out-of-plane frequencies with DC voltage for equal interbeam gaps ((go = go = 4.5um) and
unequal interbeam gaps (go = 4.5um, g1 = 7 wm) and their comparison with experimental
results [2]. It also shows 1:1 internal resonance at Vg, = 81 V.

A) and linear modal dynamic equations given by Eqns. (2.19) and (2.20) as de-
scribed in [2]. Subsequently, we obtain linear frequencies corresponding to both
the modes from Eqn. (2.21). Figures 2 (a) and (b) show the variation of static de-
flection verses DC voltage for in-plane and out-plane modes with a pull-in voltage
of about V. = 199 V. Figure 2(c) shows the variation of in-plane and out-of-plane
linear frequencies verses DC voltage and their comparison with experiments from
[2]. As the DC voltage is varied from 0 to 90 V, the in-plane frequency decreases
due to electrostatic softening effect and the out-of-plane frequency increases due to
stretching of the beam in the in-plane direction. Consequently, the two frequencies
come near to each other and, they, eventually, show 1:1 internal resonance at DC
voltage of 81 V. We define this point as coupling point or region. It also shows
the variation in-plane and out-of-plane frequencies with DC voltage for equal in-
terbeam gaps (go = go = 4.5um) with no coupling. In the following section, we
apply the method of multiple scales to find nonlinear frequency response near the
coupling region. We also compare the nonlinear response of different modes when
the operating linear frequencies are below the coupling range.
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* Num(Forward sweep) © Num(Backward sweep) = MMS(Forward sweep) —— MMS(Backward sweep)

-4 _
x 10 X 103
Vhc= 0.07 V (a) (b) |
o= 0.05 V
LP

Q, =5x10 |

clr
s 'S L s LP lf\ 000 0Ol O A v L " L v L o
0l—s 0992 0.99% 1 1004 1.008
0.999999 Q/o, ! Q/w,

Fig. 3 (a) Uncoupled frequency verses LTQI showing parametric response for in-plane mode.

(b) Uncoupled nonlinear frequency verses % showing duffing response for out-of-plane mode.
Here, LP denotes limit point.

4.2 Nonlinear response of uncoupled in-plane and out-of-plane modes

At very low DC voltage, the linear frequencies of in-plane and out-of-plane modes
do not show any coupling region. To find the nonlinear response of uncoupled
modes much below the coupling region, we neglect the coupling terms from Eqns. (2.17)
and (2.18) and solve the governing equations of each modes, separately. To solve
the non-linear dynamic equation, we consider only the dynamic component as
the static deflection is negligible at low DC voltage. Subsequently, the method of
multiple scales can be used to obtain the modulation equations for each modes,
separately. While, the nonlinear response of in-plane mode turns out to be purely
parametric, the nonlinear response of out-of-plane mode shows Duffing like re-
sponse under the influence of direct and parametric forces [15]. Figure 3 shows
uncoupled nonlinear frequency verses u% showing parametric response for in-plane
mode in Fig. 3(a) when Vie = 0.07 V, Vg = 0.05 V and Q1 = 5 x 10°. Figure 3(b)
shows uncoupled nonlinear response verses w% for the out-of-plane mode when

Vae =5V, Vge =2V and Q1 =5 X 10°. The values of AC and DC voltages
are selected to show bi-stability region in the nonlinear response. Now, we present
coupled nonlinear frequency response of two modes near the coupling region using
the methods of multiple scales presented in the theoretical section.

4.3 Validation of MMS solution near coupling region

To validate the solutions obtained by solving the modulation Eqns. (3.49), (3.50),
(3.51), and (3.52) from the method of multiple scales (MMS) near the coupling
region, we solve the original modal dynamic Eqns. (2.17) and (2.18) using the
Runge-Kutte method. To compare the results, we convert a; and a2 appearing in
the modulation equations to equivalent expression of P;(t) and P»(t) as given by
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* Num(Forward sweep) © Num(Backward sweep) =—— MMS(Forward sweep) — MMS(Backward sweep)

-3
0.09 o x10
o.08f Ve :10;’\/ @ | Vo= 81V (b)
0.07 Vec=2 4 15 Veo= 0,05V
0.06 Q1 =bx 106 - Q1 =5x 104

x I Q=210 Q,=2x10°

0.05 % 2

o 5,=-0.0858 11 o,=-0.0858
0.04 | IS
0.03
0.02 05
0.01

-04 -03 -02 -0.1 O 01 02 03 04 (_)0.4 —03 -02 -01 O 01 02 03 04
(o} G

Fig. 4 (a) Comparison of numerical results with solutions based on MMS for in-plane mode
at coupling point (b) Comparison of numerical results with solutions based on MMS for out-
of-plane mode at coupling point . Here, we take Vi, = 81 V, Ve = 0.05 V, Q1 = 5 x 104,
Q2 =2 x 10%, o9 = —0.0858, respectively.

0.02 x10*
- Q, =5x10° @ ° 4
Vge=81V 1= s 6 V=81V Q, =5x 106 (b)
0.01 Vac=0.05V Q,=2x10 [Fﬁ max . Vac=0.05V Q,=2x10 sz, .
2
2o ;
-0.01
O =0.1 022‘0.0858 -6 O; =0.1 022‘0-0858
-0.02 -8
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
t t

Fig. 5 Long-time histories at coupling point for Vg, = 81 V, Ve = 0.05 V, Q1 = 5 x 10%,
Q2 =2 x 10%, when o1 = 0.1 and o2 = —0.0858.

Eqns. (3.53) and (3.54). Thus, P;(¢) and P»(t) obtained from MMS are compared
with the solutions obtained from the original equations. Figures 4(a) and (b) show
comparisons between numerical results and the solutions based on MMS for in-
plane and out-of-plane modes near the coupling point for the parameter values
Vie =81V, Vae = 005V, Q1 = 5 x 10* , Q2 = 2 x 10° and o2 = —0.0858.
Figures 5(a) and (b) show the long-time histories of the response for in-plane and
out-of-plane modes when o; = 0.1 and o2 = —0.0.0858. The time histories show
that the steady state response of in-plane and out-of-plane modes consists of single
frequency.
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Fig. 6 (a) Comparison of numerical results with solutions based on MMS for in-plane mode
at coupling point (b) Comparison of numerical results with solutions based on MMS for out-
of-plane mode at coupling point . Here, we take Vj. = 81 V, Vi = 0.0009 V, Q1 = 5 x 105,
Q2 =2 x 108, o5 = —0.0858, respectively.
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Fig. 7 Long-time histories at coupling point for Vg, = 81 V, Vae = 0.0009 V, Q1 = 5 x 10°,

Q2 =2 x 108, when o1

—0.1 and o9 = —0.0858.

Similarly, the comparisons between the numerical results and the solutions

based on MMS for in-plane and out-of-plane modes at coupling point (V4. = 81 V

and V. = 0.0009 V) at different quality factors Q1 = 5 x 10° and Q2 = 2 x 10® are

on another.

shown in Figs. 6(a) and (b). In this case, both in-plane and out-of-plane frequency
response show two peaks. The long-time histories as shown in Figs. 7(a) and (b)
for 01 = —0.1 and o2 = —0.0858 also show that the steady state response of both
in-plane and out-of-plane modes consist of two frequencies corresponding to two
peaks appearing in the response. Thus, it shows clearly the influence of one mode
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Fig. 8 (a) Frequency response for different AC voltages below coupling point corresponding
to (a) in-plane mode (b) out-of-plane mode. Here, V. = 70 V, Q1 = 5 x 10%, Q2 = 2 x 105,
o2 = —1.069. LP denotes limit point.

4.4 Nonlinear response near and below the coupling region
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Fig. 9 Frequency response for different AC voltages at coupling point corresponding to (a)
in-plane mode (b) out-of-plane mode. Here, V4. = 81 V, Q1 = 5 x 104, Q2 = 2 x 105,
o2 = —0.0858. LP denotes limit point and H denotes hopf bifurcation point.

In this section, to show the influence of coupling on nonlinear response near
and below the coupling region, we analyze the variation of a1 and a2 corresponding
to in-plane and out-of-plane modes. For the linear frequency relation below the
coupling region at V4. = 70 V and near the coupling region at Vg, = 81 V, we take
Q1 =5x10% Q2 =2 x 106. Figures 8(a) and (b) show the frequency response for
different AC voltages below coupling point along in-plane and out-of-plane direc-
tions. With the increase in Vg from 0.04 to 0.06, the response amplitude increases
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Fig. 10 Frequency response for different AC voltages at coupling point corresponding to
(a) in-plane mode (b) out-of-plane mode. Here, V. = 81 V, Q1 = 5 x 10°, Q2 = 2 x 108,
o9 = —0.0858. LP denotes limit point.
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Fig. 11 Frequency response below coupling point corresponding to (a) in-plane mode (b)
out-of-plane mode. Here, Vg, = 79 V, Vae = 0.001 V, Q1 = 5 x 104, Q2 = 2 x 10%, 09 =
—0.25571538. LP denotes limit point.

in both the cases. However, only single peak is observed in both the cases due to
relatively low quality factor. The frequency response for in-plane motion is found
to be linear, whereas, out-of-plane motion shows nonlinear response. By operating
the beam near the coupling region at V. = 81 V, the nonlinear coupled response
of two modes shows combined effect of parametric and Duffing like response when
the quality factors remains same as Q1 = 5 x 10%, Q2 = 2 x 10® which are shown
in Figures 9 (a) and (b). The coupling between parametric and duffing response
at coupling point is due to simultaneous parametric and direct excitation of mi-
crobeam by two symmetrically placed side electrodes and a bottom electrode [15].
It is also observed that as AC voltage Vg is increased from 0.05 to 0.14 V, the
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Fig. 12 Frequency response above coupling point corresponding to (a) in-plane mode (b) out-
of-plane mode. Here, V. = 83 V, Vae = 0.06 V, Q1 = 5x 10%, Q2 = 2x 10%, 09 = 0.18365234.
LP denotes limit point.

response amplitude and the bandwidth gradually increase with increasing harden-
ing effect. To see the influence of quality factor on the non-linear coupled response
near the coupling region, we take another set of quality factors @1 = 5 x 10° and
Q2 = 2 x 10® as shown in Figs. 10 (a) and (b). It is observed that coupled response
shows two peaks, thus, clearly indicating the influence of one mode on another.
With further increase in AC voltage, Vi, from 0.0005 to 0.002 V, the response
amplitude of two modes increase gradually along both directions and frequency re-
sponse of one of the two modes becomes nonlinear showing hardening effect when
Vae is more than 0.0009 V. Figures 11(a) and (b) show the frequency response of
the in-plane and out-of-plane directions below the coupling point at DC voltage
Vie = 79 V when Ve = 0.001 V, Q1 = 5 x 10* and Q2 = 2 x 10°. Similarly,
the frequency response along the in-plane and out-of-plane directions above the
coupling point at a DC voltage of V4. = 83 V for V4. = 0.006 V and same values
of quality factors are shown in Figures 12(a) and (b). The results in both the cases
show that the coupled effect reduces drastically as we go up or below the coupled
region.

Finally, we state that the tuning of nonlinear frequency response of two modes
near and below the coupling region by the application DC voltage and quality
factors. The study presented in this paper can also be extended to understand the
coupling of different modes of beams in MEMS arrays.

5 Conclusion

In this paper, we have developed a theoretical model for in-plane and out-of-plane
motions of a fixed-fixed microbeam separated from two symmetrically placed side
electrodes and a bottom electrode. Using the electrostatic force model based on the
direct and fringing forces, we obtain the partial differential equations governing the
nonlinear motion of in-plane and out-of-plane motions. To do linear and nonlinear
analysis, we obtain the reduced order form of the equations using the Galerkin’s

G
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method. To analyze the variation of two modes at different DC voltage, we plot
linear frequencies versus DC voltage. We found that the two modes shows coupling
at around DC voltage of 81 V. Thus, we obtain 1:1 internal resonance condition
near the coupling region. To find the nonlinear response near and below the cou-
pling region, we apply the method of multiple scales (MMS). After validating the
solution from MMS with numerical solution near the coupling region, we analyze
the influence of ac voltage and quality factor on the nonlinear response at and
near the coupling point. We found that the nonlinear response below the coupling
point shows uncoupled response of each modes, the response near the coupling
region shows different types of coupled response at different quality factors.
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Appendix A

Nonlinear static equations
758.48 1 a1 + (1022.84 11 — 1022.84 1) ¢1° + (347.07 o + 347.07 71 %1 +
758.4802g2> + 61.66 N + 1934.02 — 1388.29 7101 ) g1 ° + (2654.13 71 — 470.92
r120n — 2654.13 — 1022.8402¢2> + 83.15 71 N + 1022.84 r1aaqe” + 470.92 71001
~83.15N)q1* + (347.07r1%a2g2” 4 927.00 + 28.21 N — 3708.01 71 + 927.0071°
+151.3471% a1 — 112.8571 N — 1388.29r1a2¢2” + 347.07 aag2” + 28.2171°N) g1 °
+(38.28 71N — 1.33 B V10> + 1330.88 71 — 470.9271 % ag2” + 470.92 71022’
~1330.8871° — 38.28 71> N + 1.33 8sVi2?) 1> + (12.30 71> N — 2.00 BsV12°
—2.00 BsVio2r1 + 500.56 17 + 151.34 712022 g1 + 0.83 BsVi2?
—0.83 8sVio 1% = 0

347.07 g2° azan — 470.92 g2 sz + (151.34 azaz — 1.85V,* B3 4 4 927.0 +
347.07aza1q1” + 1.85 Vip®az g + 1.85 Viz®ao g +28.21 asN)g2® + (— 2.66
Visao, — 38.28 azN — 2.66 Vip az g — 1330.88 4 1.33 Vig2ary + 1.33 Via oy,
+3.99V,%B5 4 — 1.33V,%Ba g — 470.92 aza1q1®) g2 + ( — 2.0 Vi2®ay + 500.56
+151.34a3a1q1% — 3.0V,? B34 +2.0Vy2 B2y + 12.30 asN + 1.0 Viz2az
+1.0Vig®azy — 2.0 Vio®ay) gz — 0.831 V,* By — 0.831 VB2,
+0.831V,%B3 4 + 0.831 Vio°arg + 0.831 Vi g = 0
In-plane equation coefficients
mis = 5.56q:°r > —11.59 s r1? — 17.11 ¢;°r1 + 3.98 r1%q; — 2.65 ¢1°r1°3
+ 23.8671%¢;° — 3.98 1 r1® +34.77 ¢ *r1 — 16.67 g1 %1% — 23.86 q1°11
+ 5557112 +7r1° +2.65¢° —849 ;% —11.59 ¢, +17.11 ¢;°
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ki = — 511.42 ¢;3r1%ange® + 2119.1471 % ¢, 31 — 1534.26¢; °r13 a1 — 11.118:Via?

q12 +151.34r13a2q2” 4 276.20 ¢; ° N — 6826.314 ¢; %7121 + 13808.31 ¢;°
ri2aq — 41.57 1 3r® N — 2 8sVia? — 11.11 B Vio®r1qs 2 + 554.90 ¢, *r N

+ 41.57 ¢:°N + 374.15712 ¢, * N + 500.56 1> — 5802.07 ¢;* + 8563.10 ¢;°

— 253.92 ¢;2r1 %N + 1327.064733 ¢;° — 4252.39¢;° + 2781.01¢; *r1® + 57.42
r12q; N +511.42 g; 2o go® — 5802.07 1 *r1? — 8563.10 1 °r1 + 1996.33r1
q1 — 1327.06 q:3r13 + 11943.58 112 ¢; > — 1996.33 1 m1° + 17406.21 1 *r1

— 8343.02 1 %r1? — 11943.58 1 °r1 + 2781.01 71 ¢1 > + 3397.83 q1 > a2 g2 —
3123.66 q; °r1°aoge” + 6826.31 ¢; *ricnge® — 184.97 ¢, * N — 138.32 ¢, ° NV

+12.3171°N — 6826.31 q; % + 10193.49 ¢; "1 — 5104.69 1 %1 + 1534.26
q1°01 + 454.01q:%r1 % a1 — 13808.31¢;°riar — 10193.49¢; “ri0n + 3123.66
qitriPan + 7.98 B Via%qr + 84.64 1 2r1® N + 3123.669; *rian — 276.21 ¢;°
N —2119.14 ¢:3r 31 + 5.30 B Via2 g1 + 20478.94 ¢; °ricr — 5.30 B
VioZq:® —374.15 ¢ *riN — 57.42 g1 13N — 2 B Vio?ri® — 9370.99 1 *r1?
a1 — 2275.44 ¢ a2 ge® — 170156 q:Cange? + 84.64 71 q1 2N + 706.38 11>
q1 a2q22 — 7.9765‘/1027"12q1 — 706.38 q1 r13a2q22 — 4602.77 q4 3r1a2q22

+ 1041.22 q1%r1 2 a0 ge® + 4602.77 1% 1 2 aago® — 3397.83 ¢1 °ricia go”

— 184.97 q:*r1 %N — 2275.44 q¢; *r12 a2 qo® + 1041.22 71 q1 a2 g

2

ni = 1041.22 ¢;%ri%a1 +511.42 ¢ 21 — 706.38 ¢; 11201 + 151.33 71 % —
3123.66 712 g1 21 + 706.38 112 q; a1 + 6826.31 q; *rian — 2275.44 ¢; e
— 511.42 ¢/ 3r2a1 — 2275.44 ¢; *r12a1 — 1701.56 ¢; %y + 1041.22 71 g1 o
+ 74602.77r1% g1 31 — 3397.83¢1 °r1a1 + 3397.83¢: P — 4602.77q; *ricn

na2i = — 6826.31¢:°r1%a1 — 5104.69¢; "1 — 13808.31¢; *ricer — 9370.99r1%¢; 2o
+ 1534.26 ¢; a1 + 10193.49 q; %oy + 13808.31 g1 *r12a + 454.01 ¢; 112 n
— 1534.26 g1 *r1a1 + 3123.66 ¢; °ri® a1 — 6826.31 ¢; %1 — 2119.14 ¢4 %ry®
a1 + 3123.66 ¢; °riar + 20478.94 1 °rion — 10193.49 ¢;%rian
+2119.1471%¢; %an
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nsi = — 4602.77 1 *rice — 2275.44 q; *ri%as — 3123.66 g1 °r1as + 4602.77 rq >
qi3as — 3397.83¢:°r1as — 1701.569; % s + 706.38r1% g1 s + 511.42¢;3
as +151.34r % an + 6826.31¢; *rias + 1041.22¢; %r1 3 + 1041.2271 ¢4 2
oo — 511.42¢;%r1 % an — 706.38¢1 1% a0 — 2275.44¢5 *aa + 3397.83¢;1 "z

nai = — 4550.87q; *aaqs — 1022.84¢,°r13aaqe — 4550.87¢; *r12azgs + 13652.63
q1*riange +9205.54 13 r1%aage — 6795.66 q1°riaage — 9205.54 q1°r
Qa2qs + 1412.76 r1%q; aaqe — 1412.76 g1 112 a2 qe — 6247.33 112 q1 2aa e

+ 2082.44 71 g1 2aaqo + 2082.44 g1 2r13az s + 1022.84 g1 2 gs + 302.67

r3a2qs + 6795.66 q1°azqe — 3403.13 ¢ Sazqe

nsi = — 2.0 Ber1° — 7.98 Ber12qs — 11.11 Ber1qs > — 5.30 Bsqs°

nei = 3.70 Bsqi® — 1.66 85 + 6.0 Bsqs — 7.98 Bsqs>

nri = 1041.22¢;%r1as — 706.38¢; 1 an — 2275.44q; °ri2as + 151.33 g1 e
— 3397.83 ¢:%rias — 4602.77 g1 *rices + 3397.83 ¢1%aa + 511.42 g1 *an +
1041.22 ¢;3r13 s — 1701.56 q1 "oz — 3123.66 712 q1 2y + 4602.77 q1 712
oo — 511.42¢;*r1% a0 — 2275.44¢; °ax + 6826.31¢; °rice + 706.38¢; %1% an
ngi = — 6795.66¢; °ricnqe — 9205.54q; *ricage — 1412.76¢; *r1aaqs — 6247.33¢,°
r12a2q2 — 4550.87q Sritas qz2 + 2082.44¢q; 3r13a2qg + 1412.76r12q12012q2
+ 302.67 g1 r1°aqe + 1022.84 1 a2 ge — 1022.84 q1* 112 go + 6795.66 ¢4 °
a2qs — 4550.87 q1°aaqs + 2082.44 q1°ria2qe + 13652.63 q1 "riazge
— 3403.13 ¢1 "2 q2 + 9205.54 g1 *r12anqe

noi = — 3.98 Bsr1q1> 4+ 2.65 Bsq1* + 3.98 Ber1%q1% + 5.55 Bsr1q:° + Bsr1 g
— 1.8585q:° — 0.83 Bsr1% — 3.0 812 ¢
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+ 0.838:q1 + 3.0 Bsr1q1>

niti = — 849 ¢;%1 — 11.59 ¢;*r1%c1 + 3.98 7112 q1 1 + 5.55 ¢1 2ri°c1 + 5.55r1 g1 2c1
—3.98q; r13c1 —23.86 ¢1°r1c1 + 17.11 g1 %¢1 + 23.86 ¢13r1%c1 + 2.65 11
—16.67r1%q;%c1 —11.59 g1 *c1 — 17.11 ¢1°r1c1 — 2.65 ¢1 °ri’ci + 1121
+ 34.77 q141‘101
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Out-of-plane equation coefficients

me = — 2.65 qg3a3 + a3 + 5.56 ozgqg2 —3.98 g2 a3

ko = — 1996.33 g2 — 1327.06 g2° 4 2781.01 g2* — 1534.26 g2° azaz — 2.65 a2 4 q2°
Via® —41.57 g2 aszN + 3.98 Vi, B3 g2 + 5.56 a2 g q2° Via® 4 5.56 aa 4 q2°
Vio? — 3.98 aa gq2 Vio® + 84.64 a3 g2’ N + 3123.66 g2 azva + 151.34 a3
1q1” —5.56 Viy> B3 gq2” — 57.42 g2 asN — 3.98 a2 g g2 Via® — 2119.14
g2 azan + 454.01 a3 gz a4+ 500.56 — 1.0 Vig? B34 — 511.42 g2 aza1 g1 °

+ 1041.22 g’ q1° — 706.38 g2 iz g1 > + 1.0 g g Vig® — 2.65 a2 g q2°

Vio® 4+ 2.65Vig2B34q2° + 1.0 g Vio® — 2.0Vi,2By +12.30 asN

nio = — 706.38 a3qs a2 + 1041.22 a3 go’aa + 151.34 azas — 511.42 g2 ascrn
n2e = — 1534.26 g2 asan — 2119.14 s g2 2 aa + 3123.66 g2 asarn

+ 454.01 azqe a2
n3o = 151.34azon — 511.42 g2 azar — 706.38 g2 azar + 1041.22 azge oy
nao = — 1412.76 azq2 a1q1 — 1022.84 q23a3a1 q1 + 302.67 asza1 q1

+ 2082.44 q22a3a1q1
nso = — 2.08y — 1.0 834 4 3.98 B3 gq2 + 2.65 B3 gq2° — 5.56 B3 42>

neo = 5.56 2 q2° — 2.55 2 4q2° — 3.98 a2 4q2 + 1.0 2y
n7o = 151.34 g2 azo — 706.38 azgz a1 + 1041.22 g2 azar — 511.42 g2 * iz
ngo = — 1412.76 g2 a1 q1 + 302.67 asqe a1 g1 + 2082.44 g2 azan ¢y

— 1022.84 g2 a1 q;
noo =  2.65B34q2" — 7.41 B3 4q2° +7.98 B3 442> — 4.0 B3 4q2
4+ 0.83834 — 0.838, 4 1.0 By gz
n10o = — 1.85a5q2° + 1.0a2 g2 — 2.55 a2 4q2" — 3.0ayq2 + 0.83 ay + 5.56
aggq23 —3.98 aggq22 + 3.98 agq22
nito = — 3.98 ¢2 3 — 2.65 ¢23¢3 + 1.0 ca + 5.56 ¢2%c3
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Appendix B

B1 = (2kat11 — 2kisi1)wi, Bz = (2kat1n — 2kasi1) w2, Bz = son21 + s10(n11
+mi2) — ko (tomi1 + tiom2) Ba=4wi (k1 —k2) Bs = (2kasi1 — 2kit11) wo,
Bs = (2ki1s11 — 2kiti1) w1, Br = k1 (tomi1 + t10mi2) — Sem21 — s10 (M1 + mi2),
Bg = 4wa (k1 — k2).
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Coq — )\1257 — tosg — 4UJ1287 — 4w1254k1 + )\1284k1 — tak188 — 4w1282k12 + )\1282k12 — t7k1288
tgsgs — 16wt + 40.112)\12 + 4)\22(.012 — )\22>\12
g9 = 2 A12s2k1? 4+ A1%sak1 + \12s7 — toss — takiss — trk1%ss
tgsg — )\22>\12
c23 = —4dws®s7 + M°s7 — tass — dwa’saka + M1%sako — takass — dwo®soka® + A\1%soke® — trka’ss
tgsg — 16 wat + 4w22>\12 + 4)\22(,022 — )\22)\12
Con = 2 A1Zsako? 4+ M12s4ko + A12s7 — tass — takass — t7k22387 - cg5N7 o C26N

tsss — 2212 C25D C26D
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cosn = — 2wi sak1ka + 2wiwesaks + 2wiwesak — 2wa sokika + 2 A1 sak1ko —
2trkikass — 2wa’s7 + 2 M1 %87 — 2tass — 2w1 57 — w1 saka — w1 saki
+ dwiwasy — wasaks — wasak + Ai2saka + Ai%saki — takiss — takoss

+ 4wiwasaki ko

C25D = — 2w1w2)\12 — 2)\22w1WQ + 4w13w2 + tgsg — w24 - W14 - 6w12w22
+ WA+ dwiw2® + w2’ A% 4 Xwi® 4+ Atw2® — A2
CosN = — 2wi sokiks — 2wiwasake — 2wiwesaks — 2w’ sokika 4+ 2 A1 % sak1 ke

— 2trkikass — 2wa’s7 4+ 2 \i2s7 — 21088 — 2w1°s7 — w1 saks — w1’ sak1
— dwiwast — wa’saka — wasak1 + A saka + A1 sak1 — takiss — takoss
— 4LU1(.U282]€1]€2

CogD = 2w1w2)\12 + 2)\22w1w2 - UJ14 - UJ24 + tgss — 4Wlsw2 - 6w12w22

+ wiPh? —dwiws® + w2 M ? 4 AZwi? 4 AoZwa® — Aa?Ni?

g11 = 2tac1s + 2taci1 4 tski® 4 tacar + tacas + takicis + 2tskiks + takocin
+ 2t7kicos + 2trkacor + 3t

g2 = takociz + 3t1 4 2tacis 4 3tska” + 2tacia + takacia + 2trkacas + 2 trkacas
+ taco4 + tacas

913 = 2t7kacaz + tacao + tac2e + takaci2 + 2tacie + takicie + 2tac12 + 4t3kike
+ 2t3k1” + 611 + 2t7kic2e

g14 = 2tacis + taka® + tacas + 2tskika + takiciz + 2t7kicas + 3t

g15 = 2trkican + 2trkicor + takicia + 2tacia + tacos + takiciy + 3tzk:?
+ taco1 + 31 + 2t2c11

g16 = takicia + 2t7kicoa + takacis + takacie + 2t7rkacas + 4dtskika + 2t7kacos
+ 2t3ko® 4 tacos + tacas + 2tac1a + 2tac16 + tacas + 2t2c1s + 611

f11 = 2tocis + tako® + tacos + 2tskiks + takicis + 2trkicas + 3t

fi2 = 2t7kicas 4+ 2trkicor + takicia 4+ 2tacia + tacos + takicin + 3taki® + tacor
+ 3t1 + 2t2c11

fi3 = takicia + 2trkicaa + takacis + takacis + 2trkacas + 4dtskika + 2trkacos
+ 2t3ko® 4 tacos + tacas + 2t2c14 + 2t2c16 + tacas + 2t2c15 + 611

fia = 2tac1s + 2taci1 + t3ki” + tacor + tacos + takicis + 2tskika + takacin
+ 2trkicos + 2t7kaca1 + 3t

fis = takaciz + 3t1 + 2tacis + 3tska® + 2tacia + takocia + 2trkacos + 2trkacas
+ tacoq + tacas

fi6 = 2trkacaz + tacos + tacas + takacia + 2tacis + takicie + 2tacia + 4tskike
+ 2t3k1® + 611 + 2t7k1c26
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g21 = saca1 + s3ka + 2s3k1 4 sacas + 2 s7c15 + 351k1 ko + saciski + 2 sokicas
+ 2s2kacor + 2 s7c11 + sac11ke
g22 = 2 s2kacaq + 3 s3ka + 2 57C14 + S4C24 + 54C23 + s4c13k2 + 2 s2k2cs + 54
craks + 2 s7¢13 + 3 51k2°
g23 = sacioka + 2 s3ka + 2 s7c12 4+ 6 51k1 ko + 2 s7¢16 + Sacaz + 4 s3k1 + 252
k1ca6 + sacoe + 2 s2kacas + saciekn
g24 = 2 s2k1c3 + 3s1k2 k1 + sacizk1 + sacas + 25713 + s3k + 2 s3ko
g25 = 2s7c12 + 2 s2k1c22 + 3 s3k1 + saci2k1 + saci1k1 + 2 s2kica1 + saca2
+ sac21 + 287¢11 + 351k1°
g26 = saciaky + 6 s1ka’k1 + 2 saki1cas + saciska + sacika + 2 sakacas
+ 2 s2kacos + 2 57¢14 + 2 8715 + 4 s3k2 + 253k1 + 2 57¢C16 + S4C24
+ s4€26 + Sac25
fo1 = 2s2k1c23 + 3s1k2’k1 + sacizkn + sacas + 2 s7c13 + s3k1 + 2 s3ko
fa2 = 2s7¢c12 + 2 s2k1co2 + 3 s3k1 + saci2k1 + saci1k1 + 2 s2k1co1 + sac22
+ saca1 +2s7c11 + 3s1k1°
foz = saciaks + 6 s1ka’k1 + 2 sak1c24 + saciska + sacieka + 2 sokacas
+ 2s2kacos +257c14 + 2 87¢15 + 4 53k + 283k1 + 2 57¢C16 + 54C24
+ s4€26 + Sac25
foa = saco1 + s3ka + 253kt 4 sacas + 2 s7¢15 + 3s1k1°k2 + saci5k
+ 2s2ki1cos + 2 s2kaco1 + 2 s7c11 + sac11ke
fos = 2s2kacaa + 353k + 2 57c14 + S4C24 + Sac23 + sac13k2 + 2 s2k2co3
+ sqciaka + 2 s7c13 + 3 s1k2°
fa6 = sacioka + 2 s3ka + 2 s7c12 + 6 51k1%ka + 2 s7c16 + sacaz + 4 s3ky
+ 2 s2k1c26 + s4C26

+ 2 s2kacoa + saciski

B :1+k1/517 B12=1—|—.’€2.’€717 313:t11+511k1/51,
Bia = t11 + s11k2k1, Gi1=1+kiks, Giz2 =1+ kako,
Gi3 = t11 + s11kake, Gia = t11 + s11ki1ko

g1 =911 + ]51921, g2 = gi2 + 151922, g3 = g13 + 151923,
g4 = g14 + /51g24, g5 = gi5 + 16_1925, g6 = gi6 + k7—1926,
fi=fi1+kafor, fo= fiz+kafor, f3= fiz+kafos,

fi= fia +kafoa, f5= fi5+kafos, fo= fie+ kafos

G = g A ATe "2 L o A A3e'? ™ 4 3 A1 Ao A1¥ 7T 4 GuAS A e
+ G5 AT AL + o A1 Az As;

F=fiA1A3¢" T 4 o A1 AZe "2 4 f3 A1 AsAse 72T 4 fy AT Age™ 2172
+ fs A5 Ay + fo A1 A1 As;



B13G12 — B12G14 B B> B3
hi1 =1/4 . hoe=1/2==, h3zz3=1/2==, hay=—,
" / w1 (B11G12 — B12G11) » / By 3 / By "7 By

B14G12 — B12G13 Bs Bs By
hss = 1/4 . hes=1/222, hrr=1/222, hgg = —-,
% / w1 (B11G12 — B12G11) 06 / Bs 77 / Bs * 7 Bs

G12 Bia
hoo = 1/16 . hiowo = 1/16
9 / w1 (B11G12 — B12G11) 1o1o / w1 (B11G12 — B12G11)
h1 = hi1, ha = 2ho2, h3 = 2h33, ha = 2ha4, hs = 2hs5, he = hee, h7r = hr7,
hg = hsgs, ho = 2hgg, h10 = 2h1010
B14G11 — B11G13 Bs Be By
l1n=1/4 loo=1/2=22, I33=1/2=>, lgyy= ="
H / w2 (B12G11 — B11G12)’ 22 / Bs / Bs' 7 Bs
B13G11 — B11G14 B B2 B3
Iss = 1/4 Codes=1/22L =172 22 gy = 23
%5 / w2 (B12G11 — B11G12) 66 / By " / By = B

G11
w2 (B12G11 — B11G12)’ w2 (B12G11 — B11G12)
Iy = l11, l2 = 2122, I3 = 2l33, l4 = 2144, I5 = 255, l6 = les, I7 = l77,1ls = lss,

logg = 1/16

l1010 = 1/16

lo = 2lgg, 110 = 2l1010
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