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Preface

These notes stem from my own need to refresh my memory on the fundamentals of tensor
calculus, having seriously considered them last some 25 years ago in grad school. Since then,
while I have had ample opportunity to teach, use, and even program numerous ideas from
vector calculus, tensor analysis has faded from my consciousness. How much it had faded
became clear recently when I tried to program the viscosity tensor into my fluids code, and
couldn’t account for, much less derive, the myriad of “strange terms” (ultimately from the
dreaded “Christ-awful” symbols) that arise when programming a tensor quantity valid in
curvilinear coordinates.

My goal here is to reconstruct my understanding of tensor analysis enough to make the
connexion between covarient, contravariant, and physical vector components, to understand
the usual vector derivative constructs (V, V-, Vx) in terms of tensor differentiation, to put
dyads (e.g., VU) into proper context, to understand how to derive certain identities involving
tensors, and finally, the true test, how to program a realistic viscous tensor to endow a fluid
with the non-isotropic stresses associated with Newtonian viscosity in curvilinear coordinates.

Inasmuch as these notes may help others, the reader is free to use, distribute, and modify
them as needed so long as they remain in the public domain and are passed on to others free
of charge.

David Clarke
Saint Mary’s University
June, 2011

Primers by David Clarke:

1. A FORTRAN PRIMER
2. A UNIX PRIMER
3. A DBX (DEBUGGER) PRIMER

4. A PRIMER ON TENSOR CALCULUS

I also give a link to David R. Wilkins’ excellent primer GETTING STARTED WITH IXTEX, in
which I have added a few sections on adding figures, colour, and HTML links.
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http://www.ap.smu.ca/~dclarke/home/documents/byDAC/fprimer.pdf
http://www.ap.smu.ca/~dclarke/home/documents/byDAC/uprimer.pdf
http://www.ap.smu.ca/~dclarke/home/documents/byDAC/dprimer.pdf
http://www.ap.smu.ca/~dclarke/home/documents/byDAC/tprimer.pdf
http://www.ap.smu.ca/~dclarke/home/documents/latex/lprimer.pdf

A PRIMER ON TENSOR CALCULUS

1 Introduction

In physics, there is an overwhelming need to formulate the basic laws in a so-called invariant
form; that is, one that does not depend on the chosen coordinate system. As a start, the
freshman university physics student learns that in ordinary Cartesian coordinates, Newton’s
Second Law, ZZF; = ma, has the identical form regardless of which inertial frame of
reference (not accelerating with respect to the background stars) one chooses. Thus two
observers taking independent measures of the forces and accelerations would agree on each
measurement made, regardless of how rapidly one observer is moving relative to the other
so long as neither observer is accelerating.

However, the sophomore student soon learns that if one chooses to examine Newton’s
Second Law in a curvilinear coordinate system, such as right-cylindrical or spherical polar
coordinates, new terms arise that stem from the fact that the orientation of some coordinate
unit vectors change with position. Once these terms, which resemble the centrifugal and
Coriolis terms appearing in a rotating frame of reference, have been properly accounted for,
physical laws involving vector quantities can once again be made to “look” the same as they
do in Cartesian coordinates, restoring their “invariance”.

Alas, once the student reaches their junior year, the complexity of the problems has
forced the introduction of rank 2 constructs such as matrices to describe certain physical
quantities (e.g., moment of inertia, viscosity, spin) and in the senior year, Riemannian ge-
ometry and general relativity require mathematical entities of still higher rank. The tools
of vector analysis are simply incapable of allowing one to write down the governing laws in
an invariant form, and one has to adopt a different mathematics from the vector analysis
taught in the freshman and sophomore years.

Tensor calculus is that mathematics. Clues that tensor-like entities are ultimately
needed exist even in a first year physics course. Consider the task of expressing a velocity
as a vector quantity. In Cartesian coordinates, the task is rather trivial and no ambiguities
arise. Fach component of the vector is given by the rate of change of the object’s coordinates
as a function of time:

U = (&,9,2) = Té,+yé, + 2é,, (1)
where I use the standard notation of an “over-dot” for time differentiation, and where €, is
the unit vector in the z-direction, etc. Each component has the unambiguous units of ms=!,
the unit vectors point in the same direction no matter where the object may be, and the
velocity is completely well-defined.

Ambiguities start when one wishes to express the velocity in spherical-polar coordinates,
for example. If, following equation (1), we write the velocity components as the time-
derivatives of the coordinates, we might write

7= (,0,). (2)
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Figure 1: (left) A differential volume in Cartesian coordinates, and (right) a
differential volume in spherical polar coordinates, both with their edge-lengths
indicated.

An immediate “cause for pause” is that the three components do not share the same “units”,
and thus we cannot expand this ordered triple into a series involving the respective unit
vectors as was done in equation (1). A little reflection might lead us to examine a differential
“box” in each of the coordinate systems as shown in Fig. 1. The sides of the Cartesian box
have length dx, dy, and dz, while the spherical polar box has sides of length dr, r d?, and
r sind dyp. We might argue that the components of a physical velocity vector should be the
lengths of the differential box divided by dt, and thus:

7 = (f,rd,rsind@) = 7é, +rdéy+rsingdpé,, (3)

which addresses the concern about units. So which is the “correct” form?

In the pages that follow, we shall see that a tensor may be designated as contravariant,
covariant, or mized, and that the velocity expressed in equation (2) is in its contravariant
form. The velocity vector in equation (3) corresponds to neither the covariant nor contravari-
ant form, but is in its so-called physical form that we would measure with a speedometer.
Each form has a purpose, no form is any more fundamental than the other, and all are linked
via a very fundamental tensor called the metric. Understanding the role of the metric in
linking the various forms of tensors' and, more importantly, in differentiating tensors is the
basis of tensor calculus, and the subject of this primer.

'Examples of tensors the reader is already familiar with include scalars (rank 0 tensors) and vectors
(rank 1 tensors).



2 Definition of a tensor

As mentioned, the need for a mathematical construct such as tensors stems from the need
to know how the functional dependence of a physical quantity on the position coordinates
changes with a change in coordinates. Further, we wish to render the fundamental laws of
physics relating these quantities invariant under coordinate transformations. Thus, while
the functional form of the acceleration vector may change from one coordinate system to
another, the functional changes to F and m will be such that F will always be equal to mda,
and not some other function of m, @, and/or some other variables or constants depending
on the coordinate system chosen.

Consider two coordinate systems, x; and ;, in an n-dimensional space where i =
1,2,...,n% x; and #; could be two Cartesian coordinate systems, one moving at a con-
stant velocity relative to the other, or x; could be Cartesian coordinates and Z; spherical
polar coordinates whose origins are coincident and in relative rest. Regardless, one should
be able, in principle, to write down the coordinate transformations in the following form:

xr; = ji(x17x27"'7xn)7 (4)
one for each 7, and their inverse transformations:
xr; = l’i<i’1,f2,...,i’n). (5)

Note that which of equations (4) and (5) is referred to as the “transformation”, and which
as the “inverse” is completely arbitrary. Thus, in the first example where the Cartesian
coordinate system #; = (Z, 7, Z) is moving with velocity v along the +z axis of the Cartesian
coordinate system x; = (x,y, z), the transformation relations and their inverses are:

T = x—t, r = I+t
Jy =y y = 1, (6)
z = z, z = Z.

For the second example, the coordinate transformations and their inverses between Cartesian,
x; = (z,y, z), and spherical polar, &; = (r, 9, ¢) coordinates are:

o= /TPy + 2, r = rsindcosp,

[22 1 02
Y = tan”! vy ; y = rsindsing, (7)
z
p = tan_l(y>, 2z = rcosd.
x

Now, let f be some function of the coordinates that represents a physical quantity
of interest. Consider again two generic coordinate systems, x; and Z;, and assume their
transformation relations, equations (4) and (5), are known. If the components of the gradient

2Tn physics, n is normally 3 or 4 depending on whether the discussion is non-relativistic or relativistic,
though our discussion matters little on a specific value of n. Only when we are speaking of the curl and
cross-products in general will we deliberately restrict our discussion to 3-space.
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of fin z;, namely 0f/0z;, are known, then we can find the components of the gradient in
Z;, namely 0f/0%;, by the chain rule:

of  Of 0my . Of Oy Of Oy axj af

Note that the coordinate transformation information appears as partial derivatives of the
old coordinates, x;, with respect to the new coordinates, ;.

Next, let us ask how a differential of one of the new coordinates, dz;, is related to
differentials of the old coordinates, dx;. Again, an invocation of the chain rule yields:

oz; oz, 0:)3, axz
dl’l = dmlﬁ—xl + dx 281’2 t + Z 8:5] (9>

This time, the coordinate transformation information appears as partial derivatives of the
new coordinates, Z;, with respect to the old coordinates, x;, and the inverse of equation (8).
We now redefine what it means to be a vector (equally, a rank 1 tensor).

Definition 2.1. The components of a covariant vector transform like a gra-
dient and obey the transformation law:

3

" O

J=1

Definition 2.2. The components of a contravariant vector transform like a
coordinate differential and obey the transformation law:

_ "L 9E
A J
A = A (11)

j=1

It is customary, as illustrated in equations (10) and (11), to leave the indices of covariant
tensors as subscripts, and to raise the indices of contravariant tensors to superscripts: “co-
low, contra-high”. In this convention, dz; — da’. As a practical modification to this rule,
because of the difference between the definitions of covariant and contravariant components
(equations 10 and 11), a contravariant index in the denominator is equivalent to a covarient
index in the numerator, and vice versa. Thus, in the construct dz7 /97", j is contravariant
while ¢ is considered to be covariant.

Superscripts indicating raising a variable to some power will generally be clear by con-
text, but where there is any ambiguity, indices representing powers will be enclosed in square
brackets. Thus, A% will normally be, from now on, the “2-component of the contravariant
vector A7, whereas Al? will be “A-squared” when A? could be ambiguous.

Finally, we shall adopt here, as is done most everywhere else, the Finstein summation
convention in which a covariant index followed by the identical contravariant index (or wvice
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versa) is implicitly summed over the index, rendering the repeated index a dummy index.
On rare occasions where a sum is to be taken over two repeated covariant or two repeated
contravariant indices, a summation sign will be given explicitly. Conversely, if properly
repeated indices (e.g., one covariant, one contravariant) are not to be summed, a note to
that effect will be given. Further, any indices enclosed in parentheses [e.g., (i)] will not be
summed. Thus, A;B* is normally summed while A;B;, A'B*, and A(i)B(i) are not.

To the uninitiated who may think at first blush that this convention may be fraught with
exceptions, it turns out to be remarkably robust and rarely will it pose any ambiguities. In
tensor analysis, it is rare that two properly repeated indices should not, in fact, be summed.
It is equally rare that two repeated covariant (or contravariant) indices should be summed,
and rarer still that an index appears more than twice in any given term.

As a first illustration, applying the Einstein summation convention changes equations
(10) and (11) to:

A= 0% i,
o’ oxJ
respectively, where summation is implicit over the index j in both cases.

Aj, and A’ =

Remark 2.1. While dz’ is the prototypical rank 1 contravariant tensor (e.g., equation 9), z°
is not a tensor as its transformation follows neither equations (10) nor (11). Still, we will
follow the up-down convention for coordinates indices as it serves a purpose to distinguish
between covariant-like and contravariant-like coordinates. It will usually be the case anyway
that ' will appear as part of dz® or 0/9z".

Tensors of higher rank are defined in an entirely analogous way. A tensor of dimension
m (each index varies from 1 to m) and rank n (number of indices) is an entity that, under
an arbitrary coordinate transformation, transforms as:

- kiek, | OxTt Oxdr 9z O bl 19
i1...0p T 97 9 Ozl T Drla J1---Jp J ( )
where p + ¢ = n, and where the indices i;,...,4, and ji,...,j, are covariant indices and
ki,...,k; and ly,...,l, are contravariant indices. Indices that appear just once in a term
(e.g., 11,...,ip and ky, ..., k, in equation 12) are called free indices, while indices appearing
twice—one covariant and one contravariant— (e.g., ji,...,j, and ly,..., [, in equation 12),

are called dummy indices as they disappear after the implied sum is carried forth. In a
valid tensor relationship, each term, whether on the left or right side of the equation, must
have the same free indices each in the same position. If a certain free index is covariant
(contravariant) in one term, it must be covariant (contravariant) in all terms.

If g =0 (p =0), then all indices are covariant (contravariant) and the tensor is said to
be covariant (contravariant). Otherwise, if the tensor has both covariant and contravariant
indices, it is said to be mized. In general, the order of the indices is important, and we
deliberately write the tensor as le.,.jpll“'lq, and not T;;;Z However, there is no reason to
expect all contravariant indices to follow the covariant indices, nor for all covariant indices
to be listed contiguously. Thus and for example, one could have Tijklm if, indeed, the first,
third, and fourth indices were covariant, and the second and fifth indices were contravariant.
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Remark 2.2. Rank 2 tensors of dimension m can be represented by m x m square matrices.
A matrix that is an element of a vector space is a rank 2 tensor. Rank 3 tensors of dimension
m would be represented by an m x m x m cube of values, etc.

Remark 2.3. In traditional vector analysis, one is forever moving back and forth between
considering vectors as a whole (e.g., ¥), or in terms of its components relative to some
coordinate system (e.g., v,). This, then, leads one to worry whether a given relationship is
true for all coordinate systems (e.g., vector “identities” such as: V - ff_f = fV. A+ A Vi),
or whether it is true only in certain coordinate systems [e.g., V-(AB) = (V-B,A, V-By/T, V-
B.A) is true in Cartesian coordinates only]. The formalism of tensor analysis eliminates both
of these concerns by writing everything down in terms of a “typical tensor component” where
all “geometric factors”, which have yet to be discussed, have been safely accounted for in
the notation. As such, all equations are written in terms of tensor components, and rarely is
a tensor written down without its indices. As we shall see, this both simplifies the notation
and renders unambiguous the invariance of certain relationships under arbitrary coordinate

transformations.
In the remainder of this section, we make a few definitions and prove a few theorems
that will be useful throughout the rest of this primer.

Theorem 2.1. The sum (or difference) of two like-tensors is a tensor of the same type.

Proof. This is a simple application of equation (12). Consider two like-tensors (i.e., identical
indices), S and T, each transforming according to equation (12). Adding the LHS and the
RHS of these transformation equations (and defining R =S+ T), one gets:

- kiokq & kioke = kiokg
Ri, .., = Si.ip + Ti, ..,
orit  QJxde 9zM Ozt Lo
— . . tletlg
oz © Ozt Oxh T Qxla TN
J1 J 5kl 5k
N ox ox’» Ox ozl T heds
oz T Qxt Oxh T Qgla TP
oxit Qv 9z Qi - .
— 1..-bq 1..-tq
= S 3 B Bl (Si.j» + Tj.5, )
J1 J 5kl 5k
_ Ox Ox’r Ox ozt L, 0
oz T 9xte 9xh T Ogla TP

Definition 2.3. A rank 2 dyad, D, results from taking the dyadic product of two vectors
(rank 1 tensors), A and B, as follows:

Dy = AB;, D/ = AB, D)= AB, DV = AP, (13)

J

where the 5™ component of D, namely A;B;, is just the ordinary product of the i*" element
of A with the j* element of B.
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The dyadic product of two covariant (contravariant) vectors yields a covariant (con-
travariant) dyad (first and fourth of equations 13), while the dyadic product of a covariant
vector and a contravariant vector yields a mized dyad (second and third of equations 13).
Indeed, dyadic products of three or more vectors can be taken to create a dyad of rank 3 or
higher (e.g., D,’, = A;BIC}, etc).

Theorem 2.2. A rank 2 dyad is a rank 2 tensor.

Proof. We need only show that a rank 2 dyad transforms as equation (12). Consider a mixed
dyad, D,! = A.B', in a coordinate system 7'. Since we know how the vectors transform to
a different coordinate system, x‘, we can write:
~ - - or' ozt . ozt 07 , oxt 0Tt .
I I _ iy o el » Y] _ ] J
bl = AB = ((%k Z)((%JB) A

T 9Fk o YT T 93k oxd

Thus, from equation (12), D transforms as a mixed tensor of rank 2. A similar argument can
be made for a purely covariant (contravariant) dyad of rank 2 and, by extension, of arbitrary
rank. O

Remark 2.4. By dealing with only a typical component of a tensor (and thus a real or complex
number), all arithmetic is ordinary multiplication and addition, and everything commutes:
A;B7 = BIA;, for example. Conversely, in vector and matrix algebra when one is dealing
with the entire vector or matrix, multiplication does not follow the usual rules of scalar
multiplication and, in particular, is not commutative. In many ways, this renders tensor
algebra much simpler than vector and matrix algebra.

Definition 2.4. If A;; is a rank 2 covariant tensor and B*is a rank 2 contravariant tensor,
then they are each other’s inverse if:

Aij Bjk - 52k

In a similar vein, A/ B B =6, and Aiijk = ¢", are examples of inverses for mixed rank
2 tensors. One can even have “inverses” of rank 1 tensors: e;e/ = 5Z-j , though this property
is usually referred to as orthogonality.

Note that the concepts of invertibility and orthogonality take the place of “division” in
tensor algebra. Thus, one would never see a tensor element in the denominator of a fraction
and something like C’Z-’c = A;;/Bji is never written. Instead, one would write C’ikBjk = A
and, if it were critical that C' be isolated, one would write C;* = A;;(B;,)~' = A; D% if
D% were, in fact, the inverse of Bj;. A tensor element could appear in the numerator of a
fraction where the demonimator is a scalar (e.g., A;;/2) or a physical component of a vector
(as introduced in the next section), but never in the denominator.

I note in haste that while a derivative, 9z’ /077, may look like an exception to this rule,
it is a notational exception only. In taking a derivative, one is not really taking a fraction.
And while dz" is a tensor, Az’ is not and thus the actual fraction Az’/AZ’ is allowed in
tensor algebra since the denominator is not a tensor element.

Theorem 2.3. The derivatives 0x'/0Z* and 03*/0x7 are each other’s inverse. That is,
ot ok

ik 9wi 7
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Proof. This is a simple application of the chain rule. Thus,

ox' Ozk o' ;
o o o 00 (14)

where the last equality is true by virtue of the independence of the coordinates z°. O

Remark 2.5. If one considers d2'/01* and 0% /027 as, respectively, the (i, k)™ and (k, ;)™
elements of m x m matrices then, with the implied summation, the LHS of equation (14) is
simply following ordinary matrix multiplication, while the RHS is the (i, 7)™ element of the
identity matrix. It is in this way that dz'/07* and 07%/0x7 are each other’s inverse.

Definition 2.5. A tensor contraction occurs when one of a tensor’s free covarient indices
is set equal to one of its free contravariant indices. In this case, a sum is performed on the
now repeated indices, and the result is a tensor with two fewer free indices.

Thus, and for example, Tijj is a contraction on the second and third indices of the rank
3 tensor Tijk . Once the sum is performed over the repeated indices, the result is a rank 1
tensor (vector). Thus, if we use T" to designate the contracted tensor as well (something we
are not obliged to do, but certainly may), we would write:

Tz‘j] = T

Remark 2.6. Contractions are only ever done between one covariant index and one con-
travariant index, never between two covariant indices nor two contravariant indices.

Theorem 2.4. A contraction of a rank 2 tensor (its trace) is a scalar whose value is inde-
pendent of the coordinate system chosen. Such a scalar is referred to as a rank 0 tensor.

Proof. Let T = T," be the trace of the tensor, T. If Tkl is a tensor in coordinate system ¥,

then its trace transforms to coordinate system z° according to:
Tk — =77 = §TI = T = T O
k a[i'k al'] 7 JTi 7
It is important to note the role played by the fact that T, .l is a tensor, and how this
gave rise to the Kronicker delta (Theorem 2.3) which was needed in proving the invariance
of the trace (i.e., that the trace has the same value regardless of coordinate system).




3 The metric

In an arbitrary m-dimensional coordinate system, 2, the differential displacement vector is:

dr = (h(l)dl'l, h(g)dl’2, ceey h(m)dxm) = Z h(i)dl'ié(i), (15)
i=1
where é(;) are the physical (not covariant) unit vectors, and where hy) = hg)(at, ... a™)

are scale factors (not tensors) that depend, in general, on the coordinates and endow each
component with the appropriate units of length. The subscript on the unit vector is enclosed
in parentheses since it is a vector label (to distinguish it from the other unit vectors spanning
the vector space), and not an indicator of a component of a covariant tensor. Subscripts on h
are enclosed in parentheses since they, too, do not indicate components of a covariant tensor.
In both cases, the parentheses prevent them from triggering an application of the Einstein
summation convention should they be repeated. For the three most common orthogonal
coordinate systems, the coordinates, unit vectors, and scale factors are:

system H x ‘ (i) ‘ (h(1y, h2), hsy)
Cartesian (x,y,2) | €4,y €, (1,1,1)
cylindrical (Za o, ()0) éz> é97 éso (17 1a Q)

spherical polar (r,0,0) | é,€éy,é, (1,7, 7rsin?)

Table 1: Nomenclature for the most common coordinate systems.

In “vector-speak”, the length of the vector dr, given by equation (15), is obtained by
taking the “dot product” of dr with itself. Thus,

m m

(dr)* = >3 hayhgéa - égdatda?, (16)

i=1 j=1

where € - €(;) = cos 0;;) are the directional cosines which are 1 when ¢ = j. For orthogonal
coordinate systems, cosf;) = 0 for ¢ # j, thus eliminating the “cross terms”. For non-
orthoginal systems, the off-diagonal directional cosines are not, in general, zero and the
cross-terms remain.

Definition 3.1. The metric, g;;, is given by:
9i; = hwhéa - ey, (17)
which, by inspection, is symmetric under the interchange of its indices; g;; = g;i.

Remark 3.1. For an orthogonal coordinate system, the metric is given by: g;; = he)h;)di,
which reduces further to d;; for Cartesian coordinates.

Thus equation (16) becomes:
(d?")2 = gijdflfidl’j, (18)

where the summation on ¢ and j is now implicit, presupposing the following theorem:
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Theorem 3.1. The metric is a rank 2 covariant tensor.

Proof. Because (dr)? is a distance between two physical points, it must be invariant under
coordinate transformations. Thus, consider (dr)? in the coordinate systems &% and z%:

ox' Ox?

ox' _, Oz’

(dr)? = guditdi' = g;da'de’ = g P %d‘%l ~ 9k ozt T ditdz
~ Ozt O’ -
= (gkl - %% gij) dz"dz" = 0,
which must be true V dz*d#'. This can be true only if,
_ ozt Ox?
gkl = 0k O Gijs (19)
and, by equation (12), g;; transforms as a rank 2 covariant tensor. O

Definition 3.2. The conjugate metric, g, is the inverse to the metric tensor, and therefore
satisfies:

gkpgip - gipgkp = 5zk (20)

It is left as an exercise to show that the conjugate metric is a rank 2 contravariant
tensor. (Hint: use the invariance of the Kronicker delta.)

Definition 3.3. A conjugate tensor is the result of multiplying a tensor with the metric,
then contracting one of the indices of the metric with one of the indices of the tensor.

Thus, two examples of conjugates for the rank n tensor T,-l,,,,-pjl"'jq, P+ g = n, include:

k JiJa ki Ji--J .
i iy = g T TS < p; (21)
JieJs—1 Jsfi--Jq Ji-J
i1..0p P = 95,15, 1<s<q (22)

An operation like equation (21) is known as raising an index (covariant index i, is replaced
with contravariant index k) while equation (22) is known as lowering an index (contravariant
index j is replaced with covariant index ). For a tensor with p covariant and ¢ contravariant
indices, one could write down p conjugate tensors with a single index raised and ¢ conjugate
tensors with a single index lowered. Contracting a tensor with the metric several times will
raise or lower several indices, each representing a conjugate tensor to the original. Associated
with every rank n tensor are 2"~! conjugate tensors all with rank n.

The attempt to write equations (21) and (22) for a general rank n tensor has made them
rather opaque, so it is useful to examine the simpler and special case of raising and lowering
the index of a rank 1 tensor. Thus,

Rank 2 tensors can be similarly examined. As a first example, we define the covariant
coordinate differential, dzx;, to be:

do’ = g¢Ydw;; dr; = gijda:j.
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We can find convenient expressions for the metric components of any coordinate system,
2', if we know how 2’ and Cartesian coordinates depend on each other. Thus, if y* represent
the Cartesian coordinates (z,y, z), and if we know \* = x*(2?), then using Remark 3.1 we
can write:

k
(dr)? = Sudy*dy' = 6 (gﬁ :)5) (g;f dxﬂ) — (5“2’; gx ) da'da’.

Therefore, by equations (18) and (20), the metric and its inverse are given by:

ox* 0x!

02" 0!
9ij = Okl Qa5 A .
oxt OxJ

Ox* Oxt

and ¢Y = (24)

3.1 Physical components and basis vectors

Consider an m-dimensional space, R™, spanned by an arbitrary basis of unit vectors (not
necessarily orthogonal), €y, © = 1,2,...,m. A theorem of first-year linear algebra states

that for every Ace R™, there is a unique set of numbers, A, such that:
> Awé). (25)

Definition 3.4. The values A; in equation (25) are the physical components of A relative
to the basis set €.

A physical component of a vector field has the same units as the field. Thus, a physical
component of velocity has units ms™!, electric field Vm™!, force N, etc. As it turns out, a
physical component is neither covariant nor contravariant, and thus the subscripts of physical
components are surrounded with parentheses lest they trigger an unwanted application of
the summation convention which only applies to a covariant-contravariant index pair. As
will be shown in this subsection, all three types of vector components are distinct yet related.

It is a straight-forward, if not tedious, task to find the physical components of a given

vector, A with respect to a given basis set, ¢; 3. Suppose A, and ¢ o are “m-tuples” of the

1 coordinates (or any coordinate

components of vectors Aand é €() relative to “Cartesmn like
system, for that matter). To find the m-tuple, fl};, of the components of A relative to the

new basis, €;), one does the following calculation:

6170 6270 “e . 6m7c AC ASE

row reduce I

The i element of the m-tuple A, will be Ay, the ith component of A relative to €(), and the
coefficient for equation (25). Should é3;) form an orthogonal basis set, the problem of finding

3See, for example, §2.7 of Bradley’s A primer of Linear Algebra; ISBN 0-13-700328-5
41 use the qualifier “like” since Cartesian coordinates are, strictly speaking, 3-D.
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Ay is much simpler. Taking the dot product of equation (25) with é(;), then replacing the
surviving index j with ¢, one gets:

—

Ag = A-eq, (27)

where, as a matter of practicality, one may perform the dot product using the Cartesian-like
components of the vectors, ffc and ¢; .. It must be emphasised that what many readers may
think as the general expression, equation (27), works only when é(; form an orthogonal set.
Otherwise, equation (26) must be used.

Equation (15) expresses the prototypical vector, dr, in terms of the unit (physical) basis
vectors, €(;), and its contravariant components, dz’ [the naked differentials of the coordinates,
such as (dr, dv, dy) in spherical polar coordinates|. Thus, by analogy, we write for any vector
A:

A=) hpAe. (28)
i=1
On comparing equations (25) and (28), and given the uniqueness of the physical compo-
nents, we can immediately write down a relation between the physical and contravariant
components:
1
h)

where, as a reminder, there is no sum on i. By substituting A* = ¢gYA; in the first of
equations (29) and multiplying through the second equation by g¢;; (and thus triggering a
sum on ¢ on both sides of the equation), we get the relationship between the physical and
covariant components:

A(i) = h(i)Ai; AZ = A(i), (29)

ij 9ij
Aw = hog'A; A=) h(?)Aa)- (30)

For orthogonal coordinates, g = 6/hg)h;), gij = dijhah(j), and equations (30) reduce to:

1
Ap = —A; A = hgAg): (31)
ha)
By analogy, we can also write down the relationships between physical components of
higher rank tensors and their contravariant, mixed, and covariant forms. For rank 2 tensors,
these are:

Tipy = haoyh(T? = hwhpg™T,) = hwhpe'Th = hohyg™ e T, (32)
(sums on k and [ only) which, for orthogonal coordinates, reduce to:

Tujy = hohyT? = 7217 = =T = ——T. (33)
he hiy 7 hawhg)
Just as there are covariant, physical, and contravariant tensor components, there are
also covariant, physical (e.g., unit), and contravariant basis vectors.
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Definition 3.5. Let 7, be a displacement vector whose components are expressed in terms
of the coordinate system ‘. Then the covariant basis vector, e;, is defined to be:

dr,

dx'

e, =

Remark 3.2. Just like the unit basis vector é(;), the index on e; serves to distinguish one
basis vector from another, and does not represent a single tensor element as, for example,
the subscript in the covariant vector A; does.

It is easy to see that e; is a covariant vector, by considering its transformation to a new

coordinate system, 7:

drs ox' dr, oz’

e, — — = — - = ——€;
! dzi 0x7 dx’ oxd

confirming its covariant character.
From equation (15) and the fact that the 2' are linearly independent, it follows from

definition 3.5 that: .

ha)

e = hpew;  eu =

The contravariant basis vector, €/, is obtained by multiplying the first of equations (34) by
g% (triggering a sum over i on the LHS, and thus on the RHS as well), and replacing e; in
the second with g;;e’:

gle; = & = 3 gihpéw;  éu = ij_ g (35)

Remark 3.3. Only the physical basis vectors are actually unit vectors and thus unitless, and
therefore only they are designated by a “hat” (é). The covariant basis vector, e;, has units
h(;) while the contravariant basis vector, €’, has units 1/ h(;) and are designated in bold-italic

(e).
Theorem 3.2. Regardless of whether the coordinate system is orthogonal, e; - €/ = 5Z-j.

Proof.

ei-€ = haew - Y ¢7hmew = Y97 hahwén ey = gVaw = 07
k k ~
gir. (eq” 17)

Remark 3.4. Note that by equation (17), e; - e; = ¢;; and thus e’ - e/ = g".

Now, substituting the first of equations (29) and the second of equations (34) into
equation (25), we find:

) ) 1 Z.
A= 3 Awée = Y haA [l A'e;, (36)

i
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where the sum on ¢ is now implied. Similarly, by substituting the first of equations (30) and
the second of equations (35) into equation (25), we find:

D Awén = Z%gmz? b= ggn Aje = Ajel. (37)

&,
Thus, we can find the i*" covariant component of a vector by calculating:

14)'62' = Ajej-ei = Az (38)
&,

(2

using Theorem 3.2. Because we have used the covariant and contravariant basis vectors
instead of the physical unit vectors, equation (38) is true regardless of whether the basis is
orthogonal, and thus appears to give us a simpler prescription for finding vector components
in a general basis than the algorithm outlined in equation (26). Alas, nothing is for free;
computing the covariant and contravariant basis vectors from the physical unit vectors can
consist of similar operations as row-reducing a matrix.

Finally, let us re-establish contact with the introductory remarks, and remind the reader
that equation (2) is the velocity vector in its contravariant form whereas equation (3) is in
its physical form, reproduced here for reference:

Ucon = (7:7197 30)7
Topys = (7,70, 759 ).
Given equation (31), the covarient form of the velocity vector in spherical polar coordinates

is evidently:
Teoy = (7,729, 1%sin® Y ). (39)

3.2 The scalar and inner products

Definition 3.6. The covariant and contravariant scalar products of two rank 1 tensors, A
and B, are defined as ¢/ A;B; and g,;A'B’ respectively.
The covariant and contravariant scalar products actually have the same value, as seen
by: ’ . o
gZJAiBj = AJBj and gijAZB] = AlgijBJ = AZBZ',
using equation (23). Similarly, one could show that the common value is A; B’. Therefore,
the covariant and contravariant scalar product are referred to as simply the scalar product.

To find the scalar product in physical components, we start with equations (29) and
(30) to write:

, A i i . .
A'B = 350 w2 ZA By o0 (ZA & )'(ZBMJ’))
i Yo H,_/ J

€G) - €)
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Z A;B; (last equality for orthogonal coordinates only), (40)

using equations (17) and (25). Thus, the scalar product of two rank 1 tensors is just the
ordinary dot product between two physical vectors in vector algebra.

Remark 3.5. The scalar product of two rank 1 tensors is really the contraction of the dyadic
A; B’ and thus, from Theorem 2.4, the scalar product is invariant under coordinate trans-
formations.

Note that while both A;B’ and A;B; are rank 2 tensors (the first mixed, the second
covariant), only A; B’ is invariant. To see that >, A;B; is not invariant, write:

N ozt O dx' Oa?
D ABr = ) Ao By = akakAB # ZAB
k

Unlike the proof to Theorem 2.4, 9z /0x* and 07 /07" are not each other’s inverse and there
is no Kronicker delta 6 to be extracted, whence the inequality. Note that the middle two
terms are actually triple sums, including the implicit sums on each of 7 and j.

Definition 3.7. The covariant and contravariant scalar products of two rank 2 tensors, S
and T, are defined as g*¢7'Sy,T;; and ;9715 T* respectively.

Similar to the scalar product of two rank 1 tensors, these operations result in a scalar:
P STy = ST, = Sug™¢'Ty; = SuT™ = giguS"T™.

Thus, the covariant and contravariant scalar products of two rank 2 tensors give the same
value and are collectively referred to simply as the scalar product.
In terms of the physical components, use equation 32 to write:

i gzkg lT(kl Jik gjt
SYT; = Z h h( . Z S (7) T(kl h 5 h Jh (41)
7) ijkl (k) (4)

€y € € €
Z Suj T (last equality for orthogonal coordinates only),

Here, I use the “colon product” notation frequently used in vector algebra. If S and T are
matrices relative to an orthogonal basis, the colon product is simply the sum of the products
of the (i, )™ element of S with the (i, /)" element of T, all “cross-terms” being zero. Note
that if S (T) is the dyadic product of rank 1 tensors A and B (C and D), and thus S¥ = A'BJ
(T;; = C;Dj), then we can rewrite equation (41) as:

SUT, = A'B/C,D; = (A'C,)(B’D;) = (A-C)(B-D) = S:T,

and, in “vector-speak”, the colon product is sometimes referred to as the double dot product.
Now, scalar products are operations on two tensors of the same rank that yield a scalar.
Similar operations on tensors of unequal rank yield a tensor of non-zero rank, the simplest
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example being the contraction of a rank 2 tensor, T, with a rank 1 tensor, A (or vice versa).
In tensor notation, there are sizteen ways such a contraction can be represented: T A;,
%A, T A;, TyAl, AT, AT, AT, ATy plus eight more with the factors reversed
(e.g., T A; = A;TY). Fortunately, these can be arranged naturally in two groups:

T9A; = T'A = g*"TJA; = ¢* T A = (T A) (42)

AT = AT) = g"AT, = g AT, = (A-T). (43)

where, by example, we have defined the contravariant inner product between tensors of rank
1 and 2.

Definition 3.8. The inner product between two tensors of any rank is the contraction of
the inner indices, namely the last index of the first tensor and the first index of the last
tensor.

Thus, to know how to write A7 Tij as an inner product, one first notices that, as written,
it is the last index of the last tensor (T) that is involved in the contraction, not the first index.
By commuting the tensors to get TijAj (which doesn’t change its value), the last index of the
first tensor is now contracted with the first index of the last tensor and, with the tensors now
in their “proper” order, we write down 7% A’ = (T - A)i. Note that (A-T)i = AT £ AT
unless T is symmetric. Thus, the inner product does not generally commute: AT #T- A.

In vector/matrix notation, T - A is the right dot product of the matrix T with the vector
A, and is equivalent to the matrix multiplication of the m x m matrix T on the left with
the 1 x m column vector A on the right, yielding another 1 x m column vector, call it B. In
“bra-ket” notation, this is represented as T|A) = |B). Conversely, the left dot product, AT,
is the matrix multiplication of the m x 1 row vector on the left with the m x m matrix on
the right, yielding another m x 1 row vector. In “bra-ket” notation, this is represented as
(A|T = (B|.

The inner products defined in equations (42) and (43) are rank 1 contravariant tensors.
In terms of the physical components, we have from equations (29) and (32):

. L o 1 o . .
TVA; = T'A = (T-A) = - (T-A)y = guT™A (44)
(i)
Tury Ay 1 gjk 1 .
= D _Yik — = Tiiry Ag) = — D _TunAuEy) - éw
Z,; Thohay by e z,; Phigyhay b Z; o
J J J
= (T-Au = Y TanApés - éw (: ZTw)Au))a (45)
jk J
g L o . 1 o . .
AT = AT = (A-T) = —(A4-T)y = Al gy T (46)
(i)

Ay T 1 gin 1 .
= 2.9y = i 2 AT = = 2 AxTwnéy) - éw
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= (Ao = Y TunAo)és - ém (: ZT(ji)A(j))’ .
I ’

where the equalities in parentheses are true for orthogonal coordinates only. Note that the
only difference between equations (45) and (47) is the order of the indices on T.

3.3 Invariance of tensor expressions

The most important property of tensors is their ability to render an equation invariant
under coordinate transformations. As indicated after equation (12), each term in a valid
tensor expression must have the same free indices in the same positions. Thus, for example,
Uijk = V; is invalid since each term does not have the same number of indices, though this
equation could be rendered valid by contracting on two of the indices in U: Uijj =V,. Asa

further example, . , ,
{Ti Jkl = AijBkl -+ Cmm]Dikla (48)

is a valid tensor expression, whereas,
S = A’Bu+ C," Di, (49)

is not valid because k is contravariant in S but covariant in the two terms on the RHS.
Given the role of metrics in raising and lowering indices, we could “rescue” equation (49) by
renaming the index k£ in S to n, say, and then multiplying the LHS by g,. Thus,

9" = A7 Bu + C, Dig, (50)

is now a valid tensor expression. And so it goes.

An immediate consequence of the rules for assembling a valid tensor expression is that it
must have the same form in every coordinate system. Thus and for example, in transforming
equation (48) from coordinate system z° to coordinate system &, we would write:

0z" 9x7 OF% a:z«l’T g 0% On A o+ oz

Oxt 071" Oxk ol T KV 9 97T Oxk Ol

oz™ dx™ O’ .y 0% 07 97"

dzm OF™ 9z’ ™ Qxt drk
1

Bk’l’

Di’k’l’

i 0x? 0% 0F" /- .
I T.,J,,—A.,”B/,—C,m”DZ-/u):0.
dxi 977 Dk ! ( i PR e
Since no assumptions were made of the coordinate transformation factors (the derivatives)
in front, this equation must be true for all possible factors, and thus can be true only if the

quantity in parentheses is zero. Thus,

T.,jlkrl/ = Ai/j/Bm/ + Cmrm/j/Di'k’l’- (51)

7

The fact that equation (51) has the identical form as equation (48) is what is meant by a
tensor expression being invariant under coordinate transformations. Note that equation (49)
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would not transform in an invariant fashion, since the LHS would have different coordinate
transformation factors than the RHS. Note further that the invariance of a tensor expression
like equation (48) doesn’t mean that each term remains unchanged under the coordinate
transformation. Indeed, the components of most tensors will change under coordinate trans-
formations. What doesn’t change in a valid tensor expression is how the tensors are related
to each other, with the changes to each tensor “cancelling out” from each term.

Finally, courses in tensor analysis often include some mention of the quotient rule, which
has nothing to do with the quotient rule of single-variable calculus. Instead, it is an inverted
restatement, of sorts, of what it means to be an invariant tensor expression for particularly
simple expressions.

Theorem 3.3. (Quotient Rule) If A and B are tensors, and if the expression A = BT is
invariant under coordinate transformation, then T is a tensor.

Proof. Here we look at the special case:

The proof for tensors of general rank is more cumbersome and no more enlightening. Since
equation (52) is invariant under coordinate transformations, we can write:

I~ - ox’ ox’ , ox' 07t ~ .
I _ o i j
BlTk = Ak = —8i’kA2 = ai’kBjTZ = 8i’k 8LL’jBl i
. ox' 07
= BT\ - =77 ) =
: ( Ko Opk O ’) 0,

which must be true V B;. This is possible only if the contents of the parentheses is zero,
whence: '

axl affl j

0k Oxd ~ ¥

and 77, transforms as a rank 2 mixed tensor. O

3.4 The permutation tensors

Definition 3.9. The Levi-Civita symbol, €7*, also known as the three-dimensional permu-
tation parameter, is given by:

1 for i, j, k an even permutation of 1,2, 3;

ejp = €% = { —1 fori,j,k an odd permutation of 1,2, 3; (53)

0  if any of 4, j, k are the same.

As it turns out, €7* is not a tensor’, though its indices will still participate in Einstein
summation conventions where applicable and unless otherwise noted. As written in equation
(53), there are two “flavours” of the Levi-Civita symbol—one with covariant-like indices,

Technically, ¥ is a pseudotensor, a distinction we will not need to make in this primer.
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one with contravariant-like indices—which are used as convenient. Numerically, the two are
equal.

There are two very common uses for ¥%. First, it is used to represent vector cross-
products:

In a similar vein, we shall see in §5.5 how it, or at least the closely related permutation tensor
defined below, is used in the definition of the tensor curl.

Second, and most importantly, €;;, is used to represent determinants. If Ais a 3 x 3
matrix, then its determinant, A, is given by:

A = €ijkA1iA2jA3k, (55)

which can be verified by direct application of equation (53). Indeed, determinants of higher
dimensioned matrices may be represented by permutation parameters of higher rank and
dimension. Thus, the determinant of an m x m matrix, B, is given by:

B = €i1i2'“imBli1 Bgiz C Bmima
where both the rank and dimension of 42+ is m (though the rank of matrix B is still 2).

Theorem 3.4. Consider two 3-dimensional coordinate systems®, x' and 3°, and let T,z be
the Jacobian determinant, namely:

ozl 032 013
_ o a2 oe
ozl 032 013
ozl 0x2 0x3

_ ot
o

If A and A are the same rank 2, 3-dimensional tensor in each of the two coordinate systems,
and if A and A are their respective determinants, then

Tos = \JA/A. (56)

Proof. We start with the observation that:
5pqrA = 5ijkApiquArka (57)

is logically equivalent to equation (55). This can be verified by direct substitution of all
possible cases. Thus, if (p,¢,7) is an even permutation of (1,2,3), £, = 1 on the LHS
while the matrix A on the RHS effectively undergoes an even number of row swaps, leaving
the determinant unchanged. If (p, ¢, r) is an odd permutation of (1,2,3), ,, = —1 while A
undergoes an odd number of row swaps, negating the determinant. In both cases, equation
(57) is equivalent to equation (55). Finally, if any two of (p, ¢, ) are equal, £,, = 0 and the
determinant, now of a matrix with two identical rows, would also be zero.

6The extension to m dimensions is straight-forward.
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Rewriting equation (57) in the Z coordinate system, we get:

~ oy~ ~ ~
gp’q’T’A —= gzjkAp’i’Aq’j’AT”k’

i 0P Ox' ozt O’ Ox" Oxk A
N oz 0z " 0ze 9z 9z 9K
i 0" 0! Oz AAA dzP Oz Ox"
- 0’ 9zi’ 9k “PTITTR 93 9z 9z

e jx,fj
where the underbrace is a direct application of equation (57). Continuing. ..
- g ozP Oz¢ Ox"
— gk A . N
= Ep’q’r’A £ Apqu]AT’k; 97 937 9 7
EpgrA
OxP Ox? Ox"
Epqr A~ A~ AT
oz 039 03
Eplq'r! jm,i

= 519’4’?’(&790,50)214

jx,i‘ A

= Ep’q’r’(A_(jw,fi>2A) =0 = jx,i = \/ A/A u

Theorem 3.5. If g = det g,; is the determinant of the metric tensor, then the entities:

- 1 ..
ijk ijk. _
el = —eVh €ijk = /9 Eijk; (58)
V9
are rank 3 tensors. €% and €k are known, respectively, as the contravariant and covariant
permutation tensors.

Proof. Consider 7% in the 7 coordinate system. In transforming it to the z* coordinate
system, we would write:

07 077 0¥ Vi o0& 05 95, \/§ 9 g ’
Eijij T

using first equation (57), then equation (56) with A;; = g;;. Thus, " transforms like a rank
3 contravariant tensor. Further, its covariant conjugate is given by:

1.
]kgpigqjgrk - \/ggp(p“a
—_—— ——

_ ijk  __
qur - gpigqjgrke — \/g €
Epqry

and ,/gepqr is a rank 3 covariant tensor. O



4 Tensor derivatives

While the partial derivative of a scalar, 0f /dx", is the prototypical covariant rank 1 tensor
(equation 8), we get into trouble as soon as we try taking the derivative of a tensor of any
higher rank. Consider the transformation of dA*/dz7 from the z* coordinate system to ZF:

A (59)

957 910w \oni" ) T 97407 0w | 974 0wiow

AP 927 9 (a:zp Ai) 027 93P 0A'  0ad 0%FP
Now, if A"/d27 transformed as a tensor, we would have expected only the first term on the
RHS. The presence of the second term means that dA*/dz7 is not a tensor, and we therefore
need to generalise our definition of tensor differentiation if we want equations involving tensor
derivatives to maintain their tensor invariance.

Before proceeding, however, let us consider an alternate and, as it turns out, incorrect
approach. One might be tempted to write, as was I in preparing this primer:

00 071 910w On 9140w | onioze

971 04\ oz

DAP 0 (09?7’ AZ) 0z QA ;0 0xP 0P Ox? QA ; 0 0P
As written, the last term would be zero since 0&” /0% = 6, and 96”, /0z" = 0. This clearly
disagrees with the last term in equation (59), so what gives? Since 79 and z* are not linearly
independent of each other, their order of differentiation may not be swapped, and the second
term on the RHS is bogus.

Returning to equation (59), rather than taking the derivative of a single vector compo-
nent, take instead the derivative of the full vector A = A’e; (equation 36):

OA _ o(Ne) _ oA de 60)

oxd — Oxd  Oxd
The first term accounts for the rate of change of the vector component, A?, from point to
point, while the second term accounts for the rate of change of the basis vector, e;. Both
terms are of equal importance and thus, to make progress in differentiating a general vector,
we need to understand how to differentiate a basis vector.

4.1 “Christ-awful symbols”

If e; is one of m covariant basis vectors spanning an m-dimensional space, then de;/dz7 is
a vector within that same m-dimensional space and therefore can be expressed as a linear
combination of the m basis vectors:

Definition 4.1. The Christoffel symbols of the second kind, Ffj, are the components of the
vector de;/0x! relative to the basis ej. Thus,

21
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To get an expression for Fﬁj by itself, we take the dot product of equation (61) with €’
(cf., equation 38) to get:
(9ei

ori

el = Ffj e, e = Fﬁj. (62)
5,
Theorem 4.1. The Christoffel symbol of the second kind is symmetric in its lower indices.

Proof. Recalling definition 3.5, we write:

Iy, = 8ei-el:iaﬂ” b= aaﬁ“el: aej~el=F§-i. O

oxJ oxi Oxt ¢ oxt OxJ oxt

Definition 4.2. The Christoffel symbols of the first kind, I';;1, are given by:
Tije = gwlly;  Th = g™y (63)

Remark 4.1. Tt is easy to show that I';;; is symmetric in its first two indices.

A note on notation. For Christoffel symbols of the first kind, most authors use [ij, k]
instead of I';;;, and for the second kind many use {le} instead of Fﬁj. While the Christoffel
symbols are not tensors (as will be shown later) and thus up/down indices do not indicate
contravariance/covariance, I prefer the I' notation because, by definition, the two kinds of
Christoffel symbols are related through the metric just like conjugate tensors. While it is
only the non-symmetric index that can be raised or lowered on a Christoffel symbol, this
still makes this notation useful. Further, we shall find that it is practical to allow Christoffel
symbols to participate in the Einstein summation convention, and thus we do not enclose
their indices in parentheses.

For the cognoscenti, it is acknowledged that the I' notation is normally reserved for
a quantity called the affine connexion, a concept from differential geometry and manifold
theory. It plays an important role in General Relativity, where one can show that the
affine connexion, Fﬁj, is equal to the Christoffel symbol of the second kind, {le} (Weinberg,
Gravitation and Cosmology, ISBN 0-471-92567-5, pp. 100-101), whence my inclination to
borrow the I' notation for Christoffel symbols.

Using equations (62) and (63), we can write:

8ei aei

Lijr = glkréj = glkel'@ = ek'axj- (64)

Now from remark 3.4, we have g;; = e; - e;, and thus,

agij Oej aei
= e, — _|_ ej . —k
Oxk Oxk Ox

= Djri + Lk, (65)
using equation (64). Permuting the indices on equation (65) twice, we get:

agjk
oxt

Ogri
oxJ

= Ikij + Ljin (66)
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1.2 .3
(@', 2%,2%) | Toar T'sz1 T'iao Togo 339 i35 I35 313 303

(z,000) | O 0 0 0 —0 0 0 0 0
2 2 2
(r,9,¢) | —r —rsin®d r roo— % sin 29 7 siny % sin29 7 sin®y % sin 20

[ Ty T 15, T Iy I3y I3, %
1 1
(27 o, SO) 0 0 0 0 —0 0 - 0 -
1 1 1 ¢ 1 ¢
(r,9,¢) | —r —rsin®y - —~  —3sin20 — cot — cot ¥
r r r r

Table 2: Christoffel symbols for cylindrical and spherical polar coordinates, as
given by equation (68). All Christoffel symbols not listed are zero.

By combining equations (65) and (66), and exploiting the symmetry of the first two indices
on the Christoffel symbols, one can easily show that:

Lijr = §< g]k+ gk.— g]> = Féj = g_( gjk"" gk-_ g]). (67)

Ozt Oxd Oz 2 \0r* Oz  OzF

For a general 3-D coordinate system, there are 27 Christoffel symbols of each kind
(15 of which are independent), each with as many as nine terms, whence the title of this
subsection. However, for orthogonal coordinates where g;; o< d;; and g;; = h%i) = 1/¢", things
get much simpler. In this case, Christoffel symbols fall into three categories as follows (no
sum convention):

- 1 0gi; o
Viji = gul’; = iafcj fori,j7=1,2,3 (15 components)
I.. = g.IY = _19g: for i # 7 (6 components) (68)
i j 9t s 2 O J
Lijr = gkkl“fj =0 fori#£j #k (6 components)

In this primer, our examples are restricted to the most common orthogonal coordinate
systems in 3-space, namely Cartesian, cylindrical, and spherical polar where the Christoffel
symbols aren’t so bad to deal with. For Cartesian coordinates, all Christoffel symbols are
zero, while those for cylindrical and spherical polar coordinates are given in Table 2.

To determine how Christoffel symbols transform under coordinate transformations, we
first consider how the metric derivative transforms from coordinate system z* to z?. Thus,

Ogpg O ( dx’ 8$j) _ Ogy oz Ox' 029 0*xt Ox? ox' 0%x?

9ir i \ 99 950 9z 00t 95 o ot T W amromw o T Vg grom (09

Permute indices (p,q,r) — (q,r,p) — (r,p,q) and (i, 7, k) — (j, k,i) — (k,i,J) to get:
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0gqr _ Ogji Ox' Oa? Oa* 8%z Ozt Ozl OPa*

9ir O 070 07105 | VN omom oir | 9 9 om0z (70)
0Grp  Ogpi Oz OxF 92 0?zk 0g ozk 922

971 0a) 03107 0ar | T gpigr 0w | ¥ 0a 0ziomr (71)

Using equations (69)—(71), we construct I'y,, according to the first of equations (67) to get:

= 1( 0g 0x' Da? Da* o O*x' Oxd N Ozt PP
rar = 5\ i e 0z 07 | V9 00z 07 | I pia 0zrdi
g 027 O* 0z 0zt Oxl ort 0%*xl
- [ I yopemiro o 72
oxd 0x7 0T 9P + i 010%™ OxP + i o0x" 01107P (72)
 0giyj 02" 02" 027 P2’ Ox) O’ OPu)
Dk 97" 07» 971 V9 9prozr 0z VY 9gr 977974 )

where the indices in the terms proportional to metric derivatives have been left unaltered,
and where the dummy indices in the terms proportional to the metric have been renamed
¢ and j. Now, since the metric is symmetric, g;; = g;;, we can write the third term on the
RHS of equation (72) as:
ox' 9%l ox' 9%l oxl  9*x
R e T o R L T

where the dummy indices were once again renamed after the second equal sign. Performing
the same manipulations to the sixth and ninth terms on the RHS of equation (72), one finds

that the third and eighth terms cancel, the fifth and ninth terms cancel, and the second and
sixth terms are the same. Thus, equation (72) simplifies mercifully to:
1/ 90gjr . Ogri  Ogij\ Ox' Oxd Ox* ox) 0%z

> < 9r | Ol 8xk) 077 07 05 V9 95" Davow

0z’ Ox7 Ox* or? 9%t
%55 071 0z | 9 95" o aTt”
and the Christoffel symbol of the first kind does not transform like a tensor because of
the second term on the right hand side. Like the ordinary derivative of a first rank tensor
(equation 59), what prevents I';;;, from transforming like a tensor is a term proportional to
the second derivative of the coordinates. This important coincidence will be exploited when
we define the covariant derivative in the next subsection.

Finally, to determine how the Christoffel symbol of the second kind transforms, we need

only multiply equation (73) by:

qur =

- T (73)

ors _ 097" 0T°
7 Ok ol
to get: ‘ ' ’ '
fis , 02t 029 Ok 0z 07° ;029 07" 0% 0%t
= Yo Ama - 9 Gij o= A=
Pq J » q T k l r k l D 7q
o0xP 019 01" Oxk Ox 01" 0xF Oxl 0TPOT
1 5jk
————
Gik
—_———

P
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N f;q o ox' 0 075 0F° O*at

i 977 974 0l | Ol 07r0F” (74)

Once again, all that stops Fﬁj from transforming like a tensor is the second term proportional
to the second derivative.

4.2 Covariant derivative

Substituting equation (61) into equation (60), we get:

o4 _ %emLerkAi = (a—A.—FFi-kAk) e, (75)

ox oxJ gl oxl J
where the names of the dummy indices ¢ and k£ are swapped after the second equality.
Definition 4.3. The covarient derivative of a contravariant vector, A?, is given by:

i oA’ i Ak
VA" = 907 + I A%, (76)
where the adjective covariant refers to the fact that the index on the differentiation operator
(7) is in the covariant (lower) position.

Thus, equation (75) becomes:

Thus, the ™" contravariant component of the vector 8@/ Ox7 relative to the covariant basis
e; is the covariant derivative of the i contravariant component of the vector, A*, with
respect to the coordinate z7. In general, covariant derivatives are much more cumbersome
than partial derivatives as the covariant derivative of any one tensor component involves
all tensor components for non-zero Christoffel symbols. Only for Cartesian coordinates—
where all Christoffel symbols are zero—do covariant derivatives reduce to ordinary partial
derivatives.

Consider now the transformation of the covariant derivative of a contravariant vector
from the coordinate system ' to Z¥. Thus, using equations (59) and (74), we have:

- DAY -
VA = ST
ol 0P A*  Ox7 PPz | . 0xd ok oxr 0P 0%t \ 01" |
= = - - + = - A ‘l‘ ik~ = - + - = = A
077 0z 0x3 019 09 0t Woze oz Oxt  Oxt 0x10%" ) Ol
oxd 0xP 0 A - 0xd 0P Ok 0F" oxd 9*zP . 0P O*xt 07"
= — 4+ 1" . Al A’ . Al
971 0w 07 T oz 0w 97 o T mowon . T 0w omow ot D)

o
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Now for some fun. Remembering we can swap the order of differentiation between linearly
independent quantities, and exploiting our freedom to rename dummy indices at whim, we
rewrite the last term of equation (78) as:

oiP 0i" 9 Oz i oz’ o (0 [0 ox'] 92’ 9 9 "
oxt Ox! Oxr 0% oxt Oxt Ox4 - oxt| Oxt 0%4 014 0! Ozt
0
0 0% ort PR\, 00 O
D9z 979 Ol

%

019 Oxi ozt

where the term set to zero is zero because 0 /07¢ = ¥, whose derivative is zero. Thus, the

last two terms in equation (78) cancel, which then becomes:

0! 0zP (DA Ox? 0P ,

e - — + Z-kAk - = .v]‘Al,

019 Oxt \ O J 014 Ot

and the covariant derivative of a contravariant vector is a mixed rank 2 tensor.

Our results are for a contravariant vector because we chose to represent the vector

A = A’e; in equation (60). If, instead, we chose A = A;e’ , we would have found that:
oe’
oxI

instead of equation (61), and this would have lead to:

v, 00—

= —I.e" (79)

Definition 4.4. The covarient derivative of a covariant vector, A;, is given by:

0A;
oxJ

In the same way we proved V;A’ is a rank 2 mixed tensor, one can show that V;A;
is a rank 2 covariant tensor. Notice the minus sign in equation (80), which distinguishes
covariant derivatives of covariant vectors from covariant derivatives of contravariant vec-
tors. In principle, contravariant derivatives (V7) can also be defined for both covariant and
contravariant vectors, though these are rarely used in practise.

A note on notation. While most branches of mathematics have managed to converge to
a prevailing nomenclature for its primary constructs, tensor calculus is not one of them. To
wit,

— A, (80)

Vidi = Aie = Aipg = Ajli,
are all frequently-used notations for covariant derivatives of covariant vectors. Some authors

even use A;; (comma, not a semi-colon), which can be very confusing since other authors
use the comma notation for partial derivatives:

0A;
oxk’
In this primer, I shall use exclusively the nabla notation (V;A;) for covariant derivatives,
and either the full Leibniz notation for partial derivatives (0A;/0z"*) as I have been doing so

far, or the abbreviated Leibniz notation (0 A;) when convenient. In particular, I avoid like
the plague the semi-colon (A; ) and comma (A, ) conventions.

O A = Aip =
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Theorem 4.2. The covariant derivatives of the contravariant and covariant basis vectors
are zero.

Proof. Starting with equation (76),
Vie' = 0;e' +T%e" = 0,
from equation (79). Similarly, starting with equation (80),

Vjei = 8jei—Fl-“-ek = 0,

ij
from equation (61). O

Covariant derivatives of higher rank tensors are often required, and are listed below
without proof. Covariant derivatives of all three types of rank 2 tensors are:

ViT9 = T9 +T%, T +T7 T (T contravariant); (81)
Vil = 0.T% + T}, 1% — T, (T mixed); (82)
Vil = o1, —T9T7 + 19,7, (T mixed); (83)
ViTij = 0Ty — TiTo; — Ui Tia (T covariant). (84)
More generally, the covariant derivative of a mixed tensor of rank p + ¢ = n is given by:
kal—jil...ip el = ak]—;lzp el — (]:il Oc,ig...’ipjlqu o T F%’lp i1...ilklocjlqu
(85)

v dede o o Jiedele

kaliy..ip katiy..ip

In general, a covariant derivative of a rank n tensor with p covariant indices and ¢ contravari-
ant indices will itself be a rank n + 1 tensor with p 4+ 1 covariant indices and ¢ contravariant
indices.

Theorem 4.3. Summation rule: If A and B are two tensors of the same rank, dimension-
ality, and type, then V;(A + B) = V,;A + V;B, where the indices have been omitted for
generality.

Proof. The proof for a general tensor is awkward, and no more illuminating than for the
special case of two rank 1 contravariant tensors:

Vi(A + B = 0;(A + B) + T (A* + BY) = (9,47 + T/, A% + (0,87 + T _B¥)
= V, AN+ V,B. O

Theorem 4.4. Product rule: If A and B are two tensors of possibly different rank, dimen-
sionality, and type, then V;(AB) = AV,;B + BV,A.
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Proof. Consider a rank 2 contravariant tensor, A’* and a rank 1 covariant tensor, B;. The
product A7 B; is a mixed rank 3 tensor and its covariant derivative is given by an application
of equation (85):
Vi(A*B) = 0,(A*B) +T7 A" B, + Tk Al*B, —T39A*B,
= A*9,B, + B0, A% + B A% 4 Bt Al> — ATeB,
= AMO;B; —T%B,) + Bj(0; A% 4TI Ak 4 Tk Al
= A*V,B, + BV, A%,

The proof for tensors of general rank follows the same lines, though is much more cumbersome
to write down. O

Theorem 4.5. Ricci’s Theorem: The covariant derivative of the metric and its inverse
vanish.

Proof. From equation (84), we have:
Vigii = wGij — Uti9aj — Uki9ia = Ok9ij — Uiy — Diji
1 1
= 8kgij - i(akgij + aigjk - 8jgki> - 5(8/&9]‘@' + ajgik - aigkj) = 0,

owing to the symmetry of the metric tensor. As for its inverse, g%, we first note from equation
(83) that: ' _ ' ' ' '
Vid? = 0o —T5o +1h,0,% = 00—, +17. = 0,

kai

= Vk(giagaj) = Vk(;ij =0
) ) 0 )
= 6iaVig™ + 9 Vidia = GiaVig™,

using the product rule (Theorem 4.4). We can’t conclude directly from this that Vg* =
0 since we are not allowed to “divide through” by a tensor component, particularly one
implicated in a summation. We can, however, multiply through by the tensor’s inverse to

get:
= g Vig® = ¢70) = 0 = V" = 0. O

e~

50
This is not to say that the metric is a constant function of the coordinates. Indeed,
except for Cartesian coordinates, 0yg;; will, in general, not be zero. The covariant derivative
not only measures how functions change from point to point, it also takes into account

how the basis vectors themselves change (in magnitude, direction, or both) as a function of
position, and it is the sum of these two changes that is zero for the metric tensor.

«

Corollary 4.1. The metric “passes through” a covariant derivative operator. That is:

vaZj - ngaij == gajvaia'
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Proof. From the product rule for covariant derivatives (Theorem 4.4),
. . . 0 .
Vidas T = gjaViT™ + TVsg; = 9oy ViT™,
as desired. The same can be shown for the metric inverse, g%. O

Now if one can take a covariant derivative once, second order and higher covariant
derivatives must also be possible. Thus and for example, taking the covariant derivative of
equation (76), we get:

VkV]A’ = v]kAZ = Vk(ﬁjA’ + F;aAa) = ka]Z
- i 3 i i B8
= OpOjA" + O (T%, A%) = T (0 A" + Ty, A%) + T 5(0;A° + T, A%)
= O A’ + % 0pA” — T30, A" + T}, 0,A% + A%(OuT, — T T, + Tisl'7), (86)

not a pretty sight. Again, for Cartesian coordinates, all but the first term disappears. For
other coordinate systems, it can get ugly fast. Four of the seven terms are single sums,
two are double sums and there can be as many as 31 terms to calculate for every one of
27 components in 3-space! Aggravating the situation is the fact that the order of covariant
differentiation cannot, in general, be swapped. Thus, while 9;;,A* = 9;; A’ so long as 27 and
z¥ are independent, VA" # Vi, A’ because the last term on the RHS of equation (86) is
not, in general, symmetric in the interchange of j and k'.

"Note, however, that all other terms are symmetric (second and fourth together), including the fifth term
which can be shown to be symmetric in j and k£ with the aid of equation 62.



5 Connexion to vector calculus

For many applications, it is useful to apply the ideas of tensor analysis to three-dimensional
vector analysis. For starters, this gives us another way to see how the metric factors arise in
the definitions of the gradient of a scalar, and the divergence and curl of a vector. More im-
portantly, it allows us to write down covariant expressions for more complicated derivatives,
such as the gradient of a vector, and to prove certain tensor identities.

5.1 Gradient of a scalar

The prototypical covariant tensor of rank 1, 0;f whose transformation properties are given
by equation (8), was referred to as the “gradient”, though it is not the physical gradient
we would measure. The physical gradient, V f, is related to the covariant gradient, 0, f, by
equation (31), namely (V f)u) = (9:f)/h) for orthogonal coordinates. Thus,

1 1 1
Vf = o f, O f, if ). 87
f= (oot pooof o0 (1)

For non-orthogonal coordinates, one would use equation (30) which would yield a somewhat

more complicated expression for the gradient where each component becomes a sum.

5.2 Divergence of a vector

Consider the contraction of the covariant derivative of a contravariant vector,
ViA" = QA +TLA. (88)
Now, from the second of equations (67),
Uy = 59"(0gjn+ 09k — 0h9iy) = 5(9"0igin + 9091 — "' Ongyy)

= %(gkiﬁigjk + gkiajgk,- — gikﬁigkj) (swap dummy indices in 3*¢ term)

= %(gki&'gjk + gkiﬁjgki — gki&-gjk) (symmetry of metric in 3'¢ term)

= %gkiajgkz’-

Thus, equation (88) becomes:

At
_gjkaigjka (89)

where the dummy indices have been renamed in the last term, which is a triple sum. We
will simplify this triple sum considerably by what may seem to be a rather circuitous route.

Theorem 5.1. (Jacobi’s Formula) Let Q;; be a rank 2 covariant tensor of dimension m
(and thus can be represented by an m x m matriz), and let ) = det(Q;;) be its determinant.

30
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Let Q7" be the cofactor of Q;;°, and thus as a matriz, Q7" is the transpose of the cofactors of
Qijg. Then, B
0@ = Q"0LQi; Jacobi’s formula, (90)

where the double sum yields the trace of the product of the matrices Q' and 0y Qi;.

Proof. @) can be thought of as a function of the matrix elements, @);;, and thus we have by
the chain rule:
9Q

any

a double sum. Now, Laplace’s formula for computing the determinant is:

akQ = 8kQ2j7 (91)

ZQikai for any ¢ = 1,...,m (no sum on i)

9Qi; 9Qi; Qs

Now, 0Qix/0Qi; = 5,3 since the matrix elements are independent of each other. Further,
09" /9Q;; = 0 since the cofactor Q* includes all matrix elements other than those in column
i and row k and must therefore be independent of (;; which is an element in the i column.
Thus, equation (92) simplifies to:

m ki
5 9@ a@ ZQ,kQ’“ = Z(aQZ’“Q’“me&Q ) (92)
gl k=1

aQw Z K ]le — jz’

Substituting this result into equation (91) gives us our desired result. O

Now, if Q);; = g,j, the metric, equation (90) becomes:
Og = gjiakgija (93)

where G7* is the cofactor of g;;. By a variation of Cramer’s rule, the inverse of g;;, let us
write it as g/* (equation 20), is given by:

9" = EQ” = ¢ = gg"

since g* is symmetric. Substituting this into equation (93) gives us:

y . 1
kg = 9970kg;; = g]kaigjk = 55@%

8In matrix algebra, the cofactor of the 75 matrix element is what one gets when the i*" column and ;"
row are struck out, and the resulting m—1 x m—1 matrix is multiplied by —1¢J.
997" is known as the adjugate of Q;.
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taking the liberty once again to rename the indices. We substitute this result into equation
(89) to get:

. 1 1
VA 8Al+AZ 89 = QA+ A—0\g = —
Vi
The final equality is known as the Voss- Weyl formula, and finally brings us to the purpose

of this subsection. For orthogonal coordinates only, g;; is diagonal and /g = hq)h@)hs).
Thus, with the aid of equation (29), equation (94) becomes:

di(v/gA"). (94)

. 1 .
A = = 5 (e hg by Al
v e h@ o (hayh@hAY)

h(2 hes) ) B
hayhey s h(z Z ( ©

recovering the vector calculus definition of the vector divergence in orthogonal coordinates.

(95)

5.3 Divergence of a tensor

Definition 5.1. The divergence of a contravariant tensor, T, is the contraction of the co-
variant derivative with the first index of the tensor, and is itself a contravariant tensor of
rank one less than T. Specifically, for a rank 2 tensor, we have:

(V-TY = V.17, (96)
with similar expressions applying for tensors of higher rank.’

Thus, the physical component of the tensor divergence is, by equation (29),
(VT = b (V-T) = hepVil™. (97)

Now, by equation (81), we have:
VT = 9T +TL,TH + T, T* = 7 i (\/gT™) + T, T*, (98)

using the Voss-Weyl formula (equation 94) on the first two terms of the middle expression.
For the last term, we start by examining the j = 1 component:

DT = TLHTH + TRT + T + r T2 4+ ToT% + Ty T% + Ty T
~~

+ D3T3 4+ T3,T% Fi2 1

0The definition in equation (96) agrees with Weinberg ( Gravitation and Cosmology, ISBN 0-471-92567-5,
page 107, equation 4.7.9) and disagrees with Stone & Norman, 1992, ApJS, vol. 80, page 788, where they
define (V-T)* = V,T%. Thus, Weinberg contracts on the first index of T (in keeping with the ordinary rules
of matrix multiplication) while SN contract on the second, and these are the same only if T is symmetric.
Further, SN seem to have a sign error on the leading term of the second line of their equation (130), and
similarly the second/third leading term of the second line of their equation (131)/(132).
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given the symmetry of the first two indices on the Christoffel symbols. Now from equation
(32), we have T(;,) = h(i)h(k)T““. Further, if we assume orthogonal coordinates (as we do for
the remainder of this section), we can use equation (68) and remark 3.1 to write:

, . h ,
r;k:mak y ok =1,2,3; r;kz—%ajh(k),j¢k; T =0, i#j+#k
J J
Whence,
P Oh Tay | Ghay Tuy | Oshay Tay | Shay Tey
' hay hiy  hay hwhey  hay bk hay heyha)
h2) T2y  Oshay Tia h(s) T33)
8h + _2¥an
h2 e h?z) hay hehay B2y R
1 T(ll) T(33
= — o1 h P GO
Iy (hm e h<2 O g

Taoy + T, Taz + T,
I EE) (21) Doy + (13) (31) 83h(1 )
hz) hz)

which, for any j, may be written:

- 1
rLT* = N ((T(m + Tij)) Oihy) — T(,-,-)ajh(i)). (99)
J A

This is identically zero if T is antisymmetric, as expected since I jk is symmetric in ¢ and k.
Note that the dummy indices i on each side of equation (99) are unrelated.
Next, in analogy to equation (95), we write:

1 ’ 1 hayhe h)
V7 ) J——— ai(iﬂ , (100)
hayhehe) Z haohg

again using equation (32). Substituting equations (99) and (100) into equation (98), and
then substituting that result into equation (97), we get our final expression for the physical
component of the divergence of a rank 2 contravariant tensor:

h) (h<1>h<2>h(3> )
V-Ty = — 2 E 0| 22—,
VIO = hah 2 hohg

5.4 The Laplacian of a scalar

In vector notation, the Laplacian of a scalar, f, is given by:

Vif = V.V,
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and thus the Laplacian is the divergence of the vector Vf. Now, §5.2 defines the tensor
divergence as an operator acting on a contravariant vector, V¢ whereas §5.1 defines the
gradiant as a covariant vector, 0;f. Thus, to turn the tensor gradient into a contavariant
vector, we need to multiply it by ¢, whence:

Vi = Vi(g"0if) = —= 3i(\/99"0;f). (102)
V9
Once again, for orthogonal coordinates, ¢ = ha;h&%éij and /g = hqyh@)hi). Thus,
equation (102) becomes:

3
sz — h(1 Z&Z(

i=1

BLEPY f) (103)
G

5.5 Curl of a vector

Consider the following difference of covariant derivatives of a covariant vector:

because of the symmetry of the lower indices on the Christoffel symbol. Thus, 0;A4; — 0;A;
forms a tensor. By contrast, note that in

the Christoffel symbols do not cancel, and thus 9; A" — 9; A7 does not form a tensor.

Now, while the construct 9;A; — 0;A; is highly reminiscent of a curl, it cannot be what
we seek since the curl is a vector (rank 1 tensor) with just one index, while 0;4; — 0;A; is
a rank 2 tensor with two indices. To form the tensor curl, we use the permutation tensor
(equation 58) in a similar manner to how cross products are constructed from the Levi-Civita
symbol (equation 54).

Definition 5.2. Given a rank 1 covariant tensor, A;,

Ck = EZ]kaiAj = ﬁe”k&A]—, (104)

is the contravariant rank 1 tensor curl.

By inspection, one can easily verify that in the implied double sum, all partial derivatives
of A; appear in differences, each being the component of a tensor by the opening argument.
Since €7* is a component of a rank 3 contravariant tensor, then C* must be a tensor too.
Thus, tensor curls are rank 1 contravariant vectors created from rank 1 covariant vectors.

To get the physical curl, we use equation (29) to get C* = Cy/hy (valid for all
coordinate systems) and equation (31) to get A; = A(;)h(;) (valid for orthogonal coordinates
only), and substitute these into equation (104) to get:

h )
WN™ kg, (hiyy Ay)

Cwy = N
i
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= 1
= C = ( ((92(h(3)z4(3))—(93(h(2)A(2))>,

h)hs)
1
T (33(h(1>A(1>) - 01(h(3)A(3>))’ (105)
1 .
O (henAr)) — By (b A — VxA
h(1>h(2>< 1y A)) = O2(hay <1>)))

the vector calculus definition of the curl for orthogonal coordinates.

5.6 The Laplacian of a vector

The Laplacian of a vector, V%if, can be most easily written down in invariant form by using
the identity: - - -
VZA = V(V-A) -V x (V x A, (106)

and using the invariant expansions for each of the gradient of a scalar (equation 87), diver-
gence of a vector (equation 95), and the curl (equation 105).

5.7 Gradient of a vector

The covariant derivative of a covariant vector, known in vector calculus as the vector gradient,
is given by equation (80), reproduced below for convenience:

VZ-Aj = 8ZAJ—FZAk = Gij,

where G;; is a rank 2 covariant tensor. To express this in terms of physical components, we
restrict ourselves once again to orthogonal coordinates, where equation (31) = A; = h¢; A
and equation (33) = Gi; = h;)h(;)Gij). Substituting these into equation (80), we have:

1 o
= HAG) TEhayAw | = (VA) ). 1
Gij) hmh(j)( ") Z (k)) (VA) ) (107)

Now, for orthogonal coordinates, the Christoffel symbols simplify considerably. Substituting
the results of equation (68) into equation (107), we get for the (11) component:

. 1
(VA = w7 (01 (hyAwy) = TrihyAg) = THh A — Thihe Ag)
1
1
- % <h(1)8114(1) + A 81h(1
1 1
- Awyhq %81911 + Ag) h(2)2—32911 + A(3)h(3)2—53911)
1
= hT <h(1)01A(1) + A(l)(?lh(l) 81h -+ A(g h—(?gh(l ) + A(g h—(?gh(l )
(1)
ha)0iAg)y — Aqyoihay | 1 [(Aq A Ag)
- Oihay + 2ok + =P asn
Ity Ty Wy O T gy B0 T
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Ay
— —A.
o ( hqy ) hqy Vha

For the (12) component, we get:

- 1
(VA)(lz) = i (81(h(2)A(2 ) — FlQh(l Ay Flzh @A@) — F‘Z’zh(g)A@))
1 1 !
- e <h(2)51A(2) + ApyOihe) — A(l)h(l)ﬁﬁggll — A(2)h(2)%81922)
1

= e @dide + Aadie) — Awdsha) — Awdii)

1
= h, <81A(2 - —82}1,(1 )
) h2)

Evidently, all components of VA may be written as:

A 1 - .
&«( ())+ A-Vhyy, 1=7;

. hay ) hay
(VA)u) = . A (108)
DA ;h ) i # .
h(l < o hi) v

5.8 Summary

For ease of reference, the main results of this section are gathered with their equation num-
bers. If f, A, and T are arbitrary scalar, vector, and contravariant rank 2 tensor functions
of the orthogonal coordinates, we have found:

1 1 1
vI= <h(1) H h2) o hs) agf)’ o
1 hayheyhe)
|Vl S — 82(7( ) f) (103)
hayhe ) Z hy
- 1 hayhe)h) )
VA = ai( Ag ); (95)
hayha ) 2 h
. 1 1
VA = h@yhes) <82(h(3)A(3)) ~ %A ) hha (83 hayAwm) - al(h(?’)A(g))>’
1
Oy (hypy Acg)) — Oa (b A : 105
hoh ( 1 ( (2) (2)) ( 1) (1))) (105)
Ag
&(h() + hl A Vh(z)a t=17
B (i) (0)
(VA)uj) = (108)
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hg) (hu)h@)h(zn )
V-T)y = — 0 N"p (200G
V- Do) hayhehe Z hahg

Zhu ho ( Giy + Taij)) Dihiy (n‘)ajh(n)-

For non-orthogonal coordinates, these expressions become rather more cumbersome.

(101)

5.9 A tensor-vector identity

A useful relation in vector calculus, particularly for extending the ideal fluid equations to
include viscous stresses, is the following:

Theorem 5.2. If T is a rank 2 tensor and A is a vector (rank 1 tensor), then, in terms of
their physical components:

V- (T-A) = T:VA4+(V-T)-A. (109)

Implicit in this identity are the definitions of the “dot” product between two vectors, the
“dot” product between a vector and a rank 2 tensor, and the “colon” product between two
rank 2 tensors (§3.2). With these in hand, the proof of the theorem is a simple matter of
bringing together the relevant bits from this primer.

Proof. Start with Theorem 4.4, the product rule for covariant differentiation. Thus, if B! =
T94;, then, | ’ ’ ’

V.B' = Vi(TYA;) = TV, A; + A;V,TY. (110)
Now, from equation (95), V; B’ = V-B , where B is the ordered triple of physical components.
From equation (42), we have B* = T%A; = (T - A)" (the right dot product), and thus:

V.B' = V- (T-A). (111)

Next, T% is a rank 2 contravariant tensor, V;A; is a rank 2 covariant tensor and, according
to equation (41),

T7(V;A;) = T:VA. (112)
Finally, according to equation (96), V,7% = (V - T)7 and, by equation (40), A;(V -T) =
A (V-T). Thus,

ANVTY = A-(V-T). (113)
Note the right hand sides of equations (111), (112), and (113) are all in terms of physical
components. Substituting these equations into equation (110) proves the theorem. O

For orthogonal coordinates, we can confirm this identity directly using the results from
§5.8. Start with the LHS of equation (109) by substituting equation (45) into equation (95):

-, 1 hlhghg hlh2h3
(T A) = T.A | = T,4;). (114
V(T A) hlhzhgza< =7 ) h1h2h320< < ) (114)
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With the understanding that all components are physical components, we drop the paren-
theses on the subscripts for convenience.
Now, using equation (41) we write:

T:VA = ZTH VA, ZT,,VAZNLZT,] VA);
i#]
22 E EA
:;@@() REin)- Z(— )

using equation (108). Then, from equation (101) we have:

hahah
(V-T)- A = Zh1h2h328< — T, ) Zhh<Tﬂ+Tw)8 —Tiiajhi).

Thus, the RHS of equation (109) becomes:

1 1 EZA
T:VA+(V-T)- 4 = aA Z ihi )
hihahs ATy
_ T, b
2 h2h3 ( Il J) * Iy, Oihy

hihohs
7}.
+ Zhthhg ( Il J) +

Ajh; hyihohs T A T,j
= T.. A; .
Z lh1h2h30< i ,j) —L0,A; + L0;h;

ZJ
hhamh)

— 1 hyhshs hihshs
- hlhzh?’%: {A]hJ&( hih; TZ]) . hih; Tij 82(14]}%)}

1 h1h2h3
- m;@,( h Ti;A; ) = LHS (equation 114).



6 Cartesian, cylindrical, and spherical polar coordi-
nates

Table 1 in the beginning of §3 gives the scale factors, h;, for each of Cartesian, (x,y, 2),
cylindrical, (z, g, ¢), and spherical polar, (r, 9, ), coordinates. Restricted to these coordi-
nate systems, hg is a separable function of its arguments, and we can write hz(x1,z2) =
hs1(z1)hs2(x2), dropping the parentheses from all subscripts now that everything is being
expressed in terms of the physical components. The scaling factors then become:

hi = 1, all;
B B 1, Cartesian and cylindrical,
ha(w1) = hai(r1) = { T =T, spherical polar;
1, Cartesian,
hsa(xe) = Ty = 0, cylindrical,
sin xy = sin ¥, spherical polar.

With this, the six tensor constructs in §5.8 can then be written in their full gory detail as:

VS - (alf, o, higagf) ;

Vi = o Oillahadi ) + h; Ou(hif) + 02
VA= » hslal(hghglA D+ h32 On(hs2Az) + 83A37
VxA = ( Ol )~ h—gagAQ, - Lo, - himal(hglAg), hiQ(al(hQAz) - agAl));
[ O Ay 01 As 01 As |
0 = |50 - A0ih) o (0aa + AOiha) S0y |
_higagAl 4 alhsl %333142 hj;;z Oah3o 03/13 + %@hm + h;4h232 32h32_
V. T = ( O (haha1Tir) + 0o (haoTo1) + 83T31 I ——01hy — L ——01ha,
hahs h2h32 hs ha hs
h—glal(h?,lTlZ) h2h32 0o (ha2T32) + 83T32 + T21+2T1281h2 - h?;; Oahiza,
h_gal(h2T13) + h—252T23 + h—333T33 + Tgl%glﬂgalhsl + %azh&)

39
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6.1 Cartesian coordinates
Vf = (0:f,0,f,0.f)
Vif = Oof +00f+02f
V-A = 9,4, +9,A, +0.A,

V x A' = (ayAz - asza azA:c - axAZ> axAy - ayAx)

0, Ay 0.A, 0,A,
VA = |9,A, 9,4, 8,A,
0.4, 0.A, 0.A.

VT = (0,Tww + 0yTys + 0.Tor, 0Ty + 0,1y + 0.T.y, 0, T,z + 0T + 0.1

6.2 Cylindrical coordinates

VS = (azf, o,f. %Qof)

1 1
VA = 02+ 0u(00uf) + 5050
- 1 1
VxA = (%(aQ(QAw) —3,4,), %QDAZ —9.A,, 0.A, — aQAZ)
8. A, 8.4, 8. A,
Ui L | %A 8,4, 9,4,
1 1 1
S0,A. =(0,A,— A,) =(0,A, + Ay)
0 0 0
1 1 1 1 T
V- T = (aszz + Eﬁg(gTQZ) + Eﬁ@T@m aszg + EaQ(QTQQ) + Ea@TﬂoQ B %7

1 T. T
aszso + aQTgso + _asoTw + M)
0 0
6.3 Spherical polar coordinates

v = (0 20t o)

! 19819(811119819]0) + L

2
r2sin®y ¢

1
v2f = ﬁﬁr(rzarf) +

r2sin
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- 1
A = Z0.(r?A invA —0,A
v T28T(r P+ 7’sir119aﬁ(sml9 o)+ rsinﬁa“p v
VxA = ! (8(s'n19A)—8A);814—18(14)1(8(14)—814
= \rsing \ ¥ v w0) e e T RO\l AT v
0, A, 0, Ay 0. A,
1 1 1
VA' _ ;(8&14,« — Aﬂ) ;(8191419 -+ Ar) ;81914@
1 A 1 A 1 A Ay
0,A, — =% — d —
rsind * r rsind 2" rtand  rsind 7 ot r rtand
_ 1 2 : 1 T1919+Tw
V-T = <T28r(r Tw) + rsinﬁaﬁ(smﬁTm) + rsinz?dDTw . ,
1 : 1 Tﬂr_'_Trﬂ T
—0o(rT, 0, 9T, —0,T. —
r (r 19)+rsin19 o (sin M)_I_rsinﬁ oo T rtand’
1 1 1 T, +T, T,o+ Ty
—0,(rT, —0yT, —0,T, d d a d
r (r “0)+r v W_I_rsim? plioe T * rtand )
B 1 1 2T, — Tyy — Ty Ty,
n <8TTTT + rﬁﬂTw + rsim?&“oTw + r + rtand’
1 1 2T9 + Ty Ty — Tpy
rTr - T . a T )
OTro+ 7"819 29+ rsmﬁdﬂ w0+ r rtand

1 1 2T + Ty Ty + T
T ~0.T T ® P P P
Oy w+7‘&9 W+7rsin1§‘a¢ pp T + )

rtan v



7 An application to viscosity

The equations of viscid hydrodynamics may be written as:

0
8_,: +V.(p?d) = 0 continuity
a—)
8_j +V-(5U) = =Vp+ V- T; momentum equation
N | , (
5t +(@-V)g = =(=Vp+V-T); Euler equation (115)
1% /
0
% +V-(ler+p)v) = V- (T-9); total energy equation
0
8_§ +V.(ev) = —pV -0+ T:Vd, internal energy equation
Vs

where one uses one of the momentum and Euler equations, and one of the total and internal
energy equations. Here, p is the density, ¢ is the velocity, § = pv is the momentum density
(and §7 is the dyadic product of § and ¥; definition 2.3, equation 13), e is the internal energy
density, p = (v — 1)e (ideal equation of state) is the thermal pressure, and ep = %pv2 +eis
the total energy density.

As for the viscid variables, T is the total viscous stress tensor (units Nm™2), given by:

T = (ut+m+pg)S; S = Vi+(Vo)"—2V.7l, (116)

where | is the identity tensor, the superscript T indicates the transpose, and g is the coefficient
of physical shear viscosity (units Nm~2s). For numerical applications, most (M)HD codes
are designed with an artificial viscosity, which helps stabilise the flow in stagnant regions
and at discontinuities (shocks). These are respectively mediated by the linear and quadratic
coefficients p and pq given by:

m o= qlpes;  pg = —qol*pmin (0,V - ), (117)

where ¢; and ¢, (corresponding to %qlin and %qcon in ZEUS) are unitless parameters
(typically 0.1 and 1 respectively), [ is the zone size (maximum of the three dimensions), and
¢s = \/7p/p is the adiabatic sound speed. Note that the “min” function means f, is positive
and that the quadratic viscosity is applied only in regions of compression (e.g., shocks).

This form of the artificial viscosity (identical to the physical viscosity other than the
coefficients) is called the tensor artificial viscosity and is due to W.-M. Tscharnuter & K.-H.
Winkler (1979, Comput. Phys. Comm., 18, 171; TW). It differs from the more often-followed
approach by J. von Neumann & R. D. Richtmyer (1950, J. Appl. Phys., 21, 232; vNR) who
set S = V7, ignore all off-diagonal terms, and replace V - v with d;v; in the i-direction for
g (equation 117).

Using the expression for VA at the beginning of §6, the diagonal physical components
of S, in Cartesian, cylindrical, or spherical polar coordinates, are given by:

42
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S 1 L
y VU=
S 1o
7+§V-U =
533 1 -
7+§V-U =

le = 81’01; (118)
1 U1
VQ’UQ = —82U2+—81h2; (119)
ho hs
1 V1 V2
= — —O01h hsa. 12
V3u3 h38303+ h3181 31 + h2h3282 32 (120)

Note that ), S; = Tr(S) =0, >, V,u; = V - ¥, and that each of S;; are zone-centred (with

a l-average of v; needed in equat
120). Meanwhile, the off-diagona

Sl2 = S21 =
Sl3 = S31 =
S23 = S32 =

ions 119 and 120 and a 2-average of v, needed in equation
1 components are given by:

1
V1U2 + VQ’Ul = 81’02 — %81}12 + —821)1
hs hs
(%) 1
= = — : 121
h201<h2>+h2a2'1117 ( )
U3 1
V1U3 + V3’01 = h31 81 <—) + —831)1; (122)
h31 h3
h32 V3 1
= 2o, =2 )+ —sv. 12
VQU3 + V3’02 hg 82 <h32) + hg 83U2 ( 3)

Note that 5;; are naturally centred on the k-edges (i # j # k) with no averages required.
We now write down covariant expressions for the physical components of the vector

constructs in equations (115) involving T using the formulae at the top of §6. Starting with

V - T, we use the facts that T is traceless (e.g., T33 = —T11 — Ty) and symmetric (e.g.,

Tgl = Tlg), and that hg = hgl fo
get:

r Cartesian, cylindrical and spherical polar coordinates to

1 1 1 T T
(V.T), = Toahar 01 (hahsiTh1) + Trahios 02 (hgaTh1) + h—353T31 - h—22251h2 - h—jjalh?)l
1 1 1
= —0,(R3T hso T — 05T 124
h§a1( 5T11) + h2h3282( 32151) + hsas 313 (124)
1 1 1 9T}, Ths
V-T)y = —0(hy1T 0o (hso T — 5T ——201hy — Oxh
( )2 oot L (ha1Th2) + ool b (haoTho) + s 3139 + I 112 Trahon 32,
= h_gal(h2Tl2) + %ag(h&TgQ) + h2h32 82h32 + h—gangg, (125)
1 1 1 2T; 2T:
(V-T); = h_gal(h2T13) + h—252T23 + h—333T33 + ﬁalhi%l + h2;§2 Oahiso
1 1 1
- h_gal(hgTB) + hah2, 0a(h3pTo3) + h—383T33, (126)

Because of the centring of Tj; o

Sij, (V- T)y is naturally centred at the k-face right where

they are needed (e.g., to accelerate vy), with the exception of the 7}; term in equation (125),

which must be averaged in the 2-

direction.
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Next, from equation (114), we have:

V . (T . 17) = h2h31 81 (hghgl (Tllvl +T12'Ug —|-T13'Ug)) ( )
127

_l_

1
Oy <h32 (T12121 +T5209 +T23U3)> + —03 (T13U1 +T5309 +T3303) .
h2h32 hs

Finally, from equation (41), we have:

T:Vi = Y T,;(Vi)
(¥
= T1uVivr + T2 Vavy + T53V303

+ Tlg(vl’UQ + ngl) -+ Tlg(vl’Ug + V3U1) -+ TQg(VQ’Ug + V3’02)

= TS + Tao3Sa + T35 Sss + 5 (T + Tog + T3 )V - 0
+ T12512 + T13513 + To3.52, =Tr(T) =0

exploiting the symmetry of T and using equations (118)—(123). Thus,
1
= 52 TSy = Z i (128)
]
where pu* =+ + piq. Alternately, we can write:

T:Vi = Y Ty(Vi)y = p Zsmv vi+ Y 85V

i#]
= /Jf’< Z (2VZUZ — gv . ’(7) Vm + ,u* Z Vﬂ)j + VjUi) Vﬂ)j
i i#j
:2MZVUZ — ZVUZ MZVU]—FVUZ
Z Vv 0 i

2 *

= g (3(V11)1)2 + 3(V21)2)2 + 3(V3'U3)2 — (V1U1)2 — (V2U2)2 — (V3U3)2
— 2V11)1VQ'U2 — 2V21)2V3'U3 — 2V3’U3V11)1) + % Z (Vﬂ)j + Vﬂ),’)2
i#]

2 *

= g ((V101)2 — 2V11)1V21)2 + (V2U2)2 + (V2U2)2 — QVQUQV;),'U;), + (V303)2

*

+ (V3U3)2 — QV303V1’U1 + (V101)2> + % Z (Vﬂ)j + Vj'l}i)Z
i#]

2 *
= T: Vﬁ = g <(V1’U1 — VQUQ)2 + (VQUQ — V3’U3)2 + (Vg’l}g — V101)2)

(129)
+ ,U* ((Vl'l}g + VQ01)2 + (ngg + V302)2 + (ngl + vl'Ug) 2)
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Stone and Norman (1992, ApJS, 80, p. 789) state that TW claim that in the context of
a numerical algorithm, representing the viscous energy generation term as a sum of squares
as in equation (129) is an absolute necessity, because all other formulations eventually lead
to instabilities. Since equations (128) and (129) are algebraically equivalent and thus, in
a computer code, identical to machine round-off error, I cannot understand why such a
claim would be made and why, for example, equation (128) wouldn’t have the same stability
properties as equation (129).

Centring equation (127) is awkward since T}; is zone centred for i = j and edge-centred
for ¢ # j, while v; are face-centred. Thus, numerous and seemingly unnatural 2- and 4-point
averaging would be necessary to evaluate all products in V - (T - ¥) using equation (127).
Still, it is this form that the term is a perfect divergence and thus most useful in representing
the total energy equation in a conservative fashion.

Alternately, using the identity:

V(T-%) = T:Vi+(V-T)-, (130)

(Theorem 5.2, §5.9) quantities in all products are now co-spatial, while 2- and 4-point are
still needed to bring some—mnot all—of the terms to the zone centres. While the centring
of the RHS of equation (130) may seem more natural than the LHS, the RHS is not in
conservative form, and this deficit may trump the centring advantage. This can determined
only by direct experimentation.

Finally, note that in Cartesian coordinates, ignoring all diagonal components, dropping
the V - ¥ terms in equations (118)—(120), and letting V - ¥ in equation (117) — 0;v; in the 4
direction, equations (124)—(126) reduce to:

VT = 2(0:(1 0pvs), 9y (17 0yvy), 0 (1 0.02)), (131)
equation (127) reduces to:
V(T 0) = 2(0u(vep 0pvs) + Oy (vy1*Oyvy) + 0. (v 0.02)) (132)
while equation (128) reduces to:
T:V0 = 2" ((0,02)* + (9yvy)” + (0:0.)%). (133)

Equations (131)—(133) are the vNR expressions for the artificial viscosity in the subroutine
viscous in ZEUS, when p = 0 and p* is taken to be (equation 117):

i+ pg = 2q1 lpcs — 2qo lzpmin (Oﬁwi)-
~— ~—

qlin qcon
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