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global fits

• many existing global fits to large numbers of observables in  
have shown a deviation from the SM at the ~5! level

• global fits give results as: 
– goodness of fit
– best fit parameters
– confidence level intervals

• can be thought of as a clustering based on  
– the clusters are the confidence intervals

b → sℓ+ ℓ−

Δχ2
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beyond a global fit

• clustering
– partition of parameter space into “clusters”

• more than one way to do it emphasising different aspects
• resolving power: how many different groups exist

– find representative centroids for each cluster
• these provide a small set of benchmark points for detailed studies

– isolate trends and effects of subsets of observables 

• visualisation
– view of the observable space (typically high dimensional)
– relative importance of observables: prioritising for further study 
– collective observable dependence on parameters 
– visual assessment of impact of correlations, dominant observables, tensions in the fit 

and others



• we first reduce the dimensionality of parameter and observable spaces for 
conceptual clarity and to simplify visualisation

• the global fits suggest some parameters are more important than others:

• allow NP for muons only

–global fits show most important ones are  — two parameter study

–illustrate case with additional   — four parameter study

Cμ
9 , Cμ

10
Cμ

9′�, Cμ
10′�

reduced dimensionality b → sℓ+ ℓ−

B The B ! K(?)`+`� decay modes

B.1 Parameters

The e↵ective low energy Hamiltonian responsible for the quark-level transition b ! s`+`� is written

in terms of Wilson coe�cients and four fermion operators in the general form:

He↵ = �4GFp
2
VtbV

?
ts

X

i,`=µ,e

Ci`(µ)Oi`(µ), (11)

where Ci` denote Wilson coe�cients, Oi` four-fermion operators and `, can be electrons or muons.

This Hamiltonian is responsible for the decay modes B ! K`+`� and B ! K?`+`� amongst

others. Multiple studies over the last decade have suggested that the SM predictions for the

Wilson coe�cients Ci` might not be in agreement with experiment and that the discrepancies can

be accommodated by allowing some form of new physics parameterized into these coe�cients.

The four operators considered in this paper (only the two unprimed ones for most of the study)

are:

O9` =
e2

16⇡2
(s̄�µPLb)(¯̀�

µ`), O90` =
e2

16⇡2
(s̄�µPRb)(¯̀�

µ`),

O10` =
e2

16⇡2
(s̄�µPLb)(¯̀�

µ�5`), O100` =
e2

16⇡2
(s̄�µPRb)(¯̀�

µ�5`). (12)

The factorization scale µ used as input to flavio for the numerical calculations is 4.8 GeV. Within

the standard model the values of the Wilson coe�cients are CSM
9,10 = 4.07,�4.31 and CSM

90,100 = 0 for

both muons and electrons. New physics is parametrized in a model independent way as deviations

in these coe�cients from their SM values, Ci` ⌘ CSM
i + CNP

i` (i = 9(
0), 10(

0)). For simplicity we

ignore other possible coe�cients, assume that any new physics a↵ects only the muons, and take

the parameters to be real ignoring the possibility of CP violation. Furthermore, the parameters

used in the clustering exercise are the deviations from the SM, the CNP
i .

B.2 Observables

The observables used here relate to aspects of the angular distribution in B̄ ! K̄?(! K̄⇡)`+`�,

see for example Eq. 255 in [29]. In particular we will use P2 and P 0
5 defined as in Eqs. 259, 260 of

the same reference. We also use the ratios RK and RK? defined as

RK(?) =
BR(B ! K(?)µ+µ�)

BR(B ! K(?)e+e�)
. (13)

We select fourteen of them listed below. The selection relies on ranking the observables by

their importance in constraining the di↵erent directions in parameter space as measured by the

metrics we introduced in [4]. That same analysis studied the impact of correlations, thus providing

guidance when selecting the appropriate coordinate representation for this study. The selected

observables are:

• P 0
5 which has been signaled by multiple studies as a major contributor to the discrepancy

between the SM and the global fits, in particular the bins labeled by ID 4, 5 in Table 1.

They are mostly important for determining C9 and their ranking showed little sensitivity to

correlation e↵ects.
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1 Introduction

Flavour-Changing Neutral Currents (FCNC) have been prominent tools in high-energy

physics in the search for new degrees of freedom, due to their quantum sensitivity to

energies much higher than the external particles involved. In the current context where

the LHC has discovered a scalar boson completing the Standard Model (SM) picture but

no additional particles that would go beyond this framework, FCNC can be instrumental

in order to determine where to look for New Physics (NP). One particularly interesting

instance of FCNC is provided by b ! s`` and b ! s� transitions, which can be probed

through various decay channels, currently studied in detail at the LHCb, CMS and AT-

LAS experiments. In addition, in some kinematic configurations it is possible to build

observables with a very limited sensitivity to hadronic uncertainties, and thus enhancing

the discovery potential of these decays for NP, based on the use of e↵ective field theories

adapted to the problem at hand. Finally, it is possible to analyse all these decays using a

model-independent approach, namely the e↵ective Hamiltonian [1,2] where heavy degrees

of freedom have been integrated out in short-distance Wilson coe�cients Ci, leaving only

a set of operators Oi describing the physics at long distances:

He↵ = �4GFp
2
VtbV

⇤
ts

X

i

CiOi (1)

(up to small corrections proportional to VubV ⇤
us

in the SM). In the following, the factori-

sation scale for the Wilson coe�cients is µb = 4.8 GeV. We focus our attention on the

operators

O7 =
e

16⇡2
mb(s̄�µ⌫PRb)F

µ⌫ , O70 =
e

16⇡2
mb(s̄�µ⌫PLb)F

µ⌫ ,

O9 =
e2

16⇡2
(s̄�µPLb)(¯̀�

µ`), O90 =
e2

16⇡2
(s̄�µPRb)(¯̀�

µ`),

O10 =
e2

16⇡2
(s̄�µPLb)(¯̀�

µ�5`), O100 =
e2

16⇡2
(s̄�µPRb)(¯̀�

µ�5`), (2)

where PL,R = (1 ⌥ �5)/2 and mb ⌘ mb(µb) denotes the running b quark mass in the

MS scheme. In the SM, three operators play a leading role in the discussion, namely

the electromagnetic operator O7 and the semileptonic operators O9 and O10, di↵ering

with respect to the chirality of the emitted charged leptons (see Ref. [3] for more detail).

NP contributions could either modify the value of the short-distance Wilson coe�cients

C7,9,10, or make other operators contribute in a significant manner (such as O70,90,100 defined

above, or the scalar and pseudoscalar operators OS,S0,P,P 0).

Recent experimental results have shown interesting deviations from the SM. In 2013,

the LHCb collaboration announced the measurement of angular observables describing

the decay B ! K⇤µµ in both regions of low- and large-K⇤ recoil [4]. Two observables, P2

and P 0
5 [5–7], were in significant disagreement with the SM expectations in the large-K⇤

3



neutral B anomalies: choose 14 observables

• pull- residual analysis ranks observables 
Eur.Phys.J.C 79 (2019) 6, 462

•  singled out as most important for  

• complete  bins

•  singled out as important for 

• best 2d fit from this set lies  away from 
the SM and is 

Cμ
9 , Cμ

10
P′�5, P2

Cμ
9′�, Cμ

10′�
3.7σ

(C9, C10) = (−0.8,0.1)

• P2 is singled out by the pull and residual analysis, with the bins with ID 10, 11 in Table 1

being important for determining C9 (especially when correlations are included).

• For both P 0
5 and P2 we use all the existing q2 bins that have been measured, instead of just

those that deviate from the SM, to get a more complete picture of the distribution.

• RK (ID 13) and RK? (ID 14) which directly test lepton universality and are most important

in determining C10. The rankings with or without correlations single out RK as being

important, whereas RK? ranks high only when correlations are included. The importance of

RK according to these metrics increased after the 2019 LHCb update [36]. As discussed in

[37], the new measurement means that RK is now completely dominant for the determination

of C10 and that is also apparent in this study. The same arguments have shown their

importance in other studies [38].

The prediction for the fourteen observables chosen for Section 4, along with their average

measured value and uncertainty (given by the square root of the diagonal entries of the experimental

covariance matrix), was obtained using flavio. The observables are listed in Table 1, the last

column gives the ID that this observable had in the study of [4], noting that the definitions of the

observables are not always identical: the sign of P2 is reversed here; and in some cases di↵erent

experimental measurements are being averaged. These numbers include the results from: for P 0
5

LHCb [32], CMS [39] and ATLAS [40]; P2 LHCb [32]; RK LHCb [36] and Belle [41]; RK? LHCb

[42] and Belle [43].

ID Observable Exp. ID in [4]

1 P 0
5(B ! K⇤µµ)[0.1� 0.98] 0.52± 0.10 20

2 P 0
5(B ! K⇤µµ)[1.1� 2.5] 0.36± 0.12 28

3 P 0
5(B ! K⇤µµ)[2.5� 4] �0.15± 0.14 36

4 P 0
5(B ! K⇤µµ)[4� 6] �0.39± 0.11 44

5 P 0
5(B ! K⇤µµ)[6� 8] �0.58± 0.09 52

6 P 0
5(B ! K⇤µµ)[15� 19] �0.67± 0.06 60

7 P2(B ! K⇤µµ)[0.1� 0.98] 0± 0.04 17

8 P2(B ! K⇤µµ)[1.1� 2.5] �0.44± 0.10 25

9 P2(B ! K⇤µµ)[2.5� 4] �0.19± 0.12 33

10 P2(B ! K⇤µµ)[4� 6] 0.10± 0.07 41

11 P2(B ! K⇤µµ)[6� 8] 0.21± 0.05 49

12 P2(B ! K⇤µµ)[15� 19] 0.36± 0.02 57

13 RK(B+ ! K+)[1.1� 6] 0.86± 0.06 98

14 RK⇤(B0 ! K0⇤)[1.1� 6] 0.73± 0.11 100

Table 1: List of observables used in Section 4 to cluster measurements with an underlying b !
s`+`� quark transition.

A list of the 75 additional observables included in 4.6 is given in Table 2. The numbering of

this set for Figure 12 starts at 15 and is given in parenthesis for each observable.
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distance between models

• coordinates: observable measured from a reference point in units of 
uncertainty:  “pulls” (  = total covariance matrix)

             

• the “origin’  is any reference point: experiment , SM, 

• model k   

•

Σ

Yki = ∑
j

Σ−1/2
ij (Xkj −Oj) ≈ ∑

j

1

(Σ−1)ii

(Σ−1)ij(Xkj −Oj)

Oi Ei ⋯
parameter  space

d= 2
(C9k, C10k)

observable  space
d= i= 14

Yki



distance between models

• the  for a model is the squared Euclidean distance to experiment

             

• analogously, the (Mahalanobis) distance between models 

      

• the last equality follows if  does not depend on the model

• clustering takes into account all inter-point distances and not just distance to a 
reference point

• this distance it can be interpreted as a  

χ2

χ2
k = ∑

i,j
[Xki −Ei](Σexp + Σth )−1

ij [Xkj −Ej] = ∑
i

Y2
ki

dχ2
k
(Xk, Xl) = ∑

i,j
[Xki −Xli](Σexp + Σth )−1

ij [Xkj −Xlj] = ∑
i

(Yki −Yli)2

Σ

Δχ2



centroid and radius

• want centroids to be representative 
of their cluster

• centroids will serve as benchmark 
points

• The centroid  is the member of 
the cluster  which minimises  

• The radius of the cluster is 

cj
Cj

f(c, Cj) = ∑
xi∈Cj

d(c, xi)2

rj = max
xi∈Cj

d(cj, xi)



“one sigma” clusters

• if the BF to (future) experiments fell at this 
centroid, all the light green points would be in 
the 1  region,  for 2 parameters

• the distance between any two centroids 
would be at least 1 : 

• there will always be points as close to each 
other as we want that sit on different clusters

• boundaries will shift if the parameter range is 
changed

σ Δχ2 ≤2.3

σ Δχ2 ≥2.3



now cluster the 14 observables 

• generate models (sets of 14 predictions) on a uniform 
grid of parameters  

– Uniform grid is needed for current visualisation tool
– All data shown was generated with flavio (D. Straub, “flavio: arXiv:

1810.08132)

• the grid includes the BF and the SM and points in the 
region between them

• in what follows we use Euclidean distance on the pulls 
with Ward linkage unless otherwise specified

Cμ
9 , Cμ

10



how many clusters?  -euclidean distance

• square of euclidean distance on pulls ≈ Δχ2
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 5 clusters∴

• cluster as set of points that are 
indistinguishable from each other 
at some level of confidence: fix 
the maximum radius 

• separate clusters are different 
at some level of confidence: fix 
the minimum distance between 
cluster centroids



resolving power

• number of partitions of parameter space with a set of measurements
• resolving power of these 14 observables with current accuracy is five 

clusters
• depends on

– parameter space volume
– range of predictions for a given observable over that region of parameter space
– experimental and theoretical uncertainty (and correlations)

• can increase with more observables and/or better precision
–  sample of Belle II measurements with 50 ab-1 increases it to six
–  adding ~100 observables also used in the global fits increases it to nine



functional dependence of observables in 
parameter space

P5'=−0.50
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Cluster assignment in parameter space

• each observable has a different functional dependence on parameters
• clustering combines all of them to visualise the collective pattern 
• observables can be combined with different weights for different purposes



parameter vs observable space

O1 O2 O3 O4 O5 O6 O7 O8 O9 O10 O11 O12 O13 O14

• Map clusters in two spaces: clusters are clearly separated by observables 2, 8, 13 and 14

• 13  plays a dominant role because its predicted value (in pull units) varies the most 
across the parameter region

• If an operator is dominant, as  is in this case, it completely determines the inter cluster 
boundary shape. 

(RK)

RK

centred but not scaled parallel coordinate plot
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sub-leading effects

• add a sixth cluster: a horizontal partition (  sensitivity) appears far from 
the SM 

•  or  are important for yellow-pink boundary

• caveat: numerical accuracy affects small details

C10

O11,12 P2[6 −8], P2[15 −19]
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• resolving power reduced to about 3 clusters
• no one observable responsible for cluster boundaries, it is a collective effect

• separation of brown cluster more related to  (see cluster overlap in )

• notice change in BF position as well

P′�5 P2

remove RK
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increasing the importance of sub-dominant 
observables without removing any

• Manhattan distance, Ward linkage
• boundary shapes collective effect

• see PC for RK

0.0

0.2

0.4

−1.2 −0.8 −0.4 0.0
C9

C
10

Cluster assignment in parameter space

O1 O2 O3 O4 O5 O6 O7 O8 O9 O10 O11 O12 O13 O14

A

B

1

3

dManhattan(A, B) = 4
dEuclidean(A, B) = 3.16



increasing the importance of dominant 
observables

• five clusters with maximum distance and complete linkage
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internal tensions in the fit

• BF on the boundary between light green and purple clusters

•  (largest discrepancy between SM and BF in ) prefer the light green: larger 
negative  (recall the experimental value )

•  prefers the purple cluster (but not )

•  the model points that take   closest to experiment, take  furthest away

P′�5[4 −6], P′�5[6 −8] P′�5
C9 P′�5[4 −6] = −0.39 ± 0.11

RK = 0.86 ± 0.06 RK*
P′�5[4 −6], P′�5[6 −8] RK
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• Can visualise the impact of correlations. In this example, it is known that the importance 
of  is increased if the correlations are not included. This is reflected in a change from 
the previous result

• to this one: (notice in parameter space boundaries closer to lines of constant , in 
observable space larger range spanned by  coordinates)

P′�5

P′�5
P′�5

impact of correlations



sensitivity along certain directions
• most sensitive to a direction along 

• almost no sensitivity along  

• these patterns agree with what is seen in 2d global fits 

• With this set, sensitivity along   can be increased 
with a more precise measurement of 

C10 ≈ 0.2 C9
C10 = C9

C10 = C9
O11 = P2[6 −8]

C10 = −C9
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0.0

0.2

0.4

−1.2 −0.8 −0.4 0.0
C9

C
10

Cluster assignment in parameter space

0.0

0.2

0.4

−1.2 −0.8 −0.4 0.0
C9

C1
0

Centered coordinate values for O11



overall view in observable space
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animations available at https://uschilaa.github.io/animations/
(some), or running the app interactively 
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grand tour display of observable space

O1 O2 O3 O4 O5 O6 O7 O8 O9 O10 O11 O12 O13 O14

black point is experiment

green points: random points within 1 sigma form experiment



increase the number of 
parameters to 4



include  Cμ
9′�

, Cμ
10′�

• resolution is 4 clusters 

• now  cluster radius/separation for four 
degrees of freedom

• Clusters now depend on 4d volume 

• PC plot showing clusters with Euclidean 
distance and ward.D2 linkage

• extended range of predictions with the two 
additional parameters increases overlap with 
experiment 

• compare   for example with the 2 
parameter case

• Notice how  no longer cleanly separates 
the clusters

• Reduced tension between  and 

1σ

O1, O4, O6

RK(O13)

P′�5 RK

O1 O2 O3 O4 O5 O6 O7 O8 O9 O10 O11 O12 O13 O14

4 parameters 4 clusters

O1 O2 O3 O4 O5 O6 O7 O8 O9 O10 O11 O12 O13 O14

P′�5[4 −6]

2 parameters 5 clusters



parameter space visualisation

• to view the partitioning of parameter space with more 
than two parameters requires visualising a second high-
dimensional space

• preferred solution: slice tour, but not implemented yet 
(see Ursula Laa, Dianne Cook, G. V., Journal of Computational and Graphical Statistics 

29 (2020) 681-687 • e-Print: 1910.10854 and e-Print: 2004.13327)
• if the models are scanned on a grid we can produce a 

series of slices to get an idea
• the slices may reveal correlations in subspaces as 

illustrated in the next slide tour in observable space



slices showing the  planeCμ
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• partitioning shows some but mild dependence on , as expectedCμ
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slices showing the  planeCμ
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9′�

C10 = −0.1, 0, 0.1, 0.2, 0.3, 0.4, C10′� = 0

• exhibits correlations in this plane



Include more observables



larger observable set

O13 O44 O86

• as we know there are many more (~200) observables included in global fits.
• but not all have the same impact, here we look at a set of 89 and look first at 

the PC plot which suggests which ones merit closer scrutiny
– 86 has the largest variation after 
– 44 looks “small” but will come back to that

RK



additional resolving power

• with 89 observables the resolving power increases to about 8-10  clusters

• combined resolution in both  and 

• numerical precision is important here, these results are only indicative

Cμ
9 Cμ

10

0.0

0.2

0.4

−1.2 −0.8 −0.4 0.0
C9

C
10

Cluster assignment in parameter space

0.0

0.2

0.4

−1.2 −0.8 −0.4 0.0
C9

C
10

Cluster assignment in parameter space

1.6

2.0

2.4

2.8

3.2

2 4 6 8 10
# clusters

M
ax

im
um

 ra
di

us

1.5

2.0

2.5

3.0

3.5

2 4 6 8 10
# clusters

M
in

im
um

 b
en

ch
m

ar
k 

di
st

an
ce

r ≲1.5 ⟹ n ≳9

d ≳1.5 ⟹ n ≲10



effect of (86)  on original setℬ(Bs → μ+ μ−)
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effect of (44)  on original setP′�4[0.1 −0.98]

• currently  does not have a major impact

• if the error can be reduced by a factor of four then it can have a large impact
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impact of future measurements(15) Br(B+� > Kµ+µ�)[0.1-0.98] (16) Br(B+� > Kµ+µ�)[1.1-2] (17) Br(B+� > Kµ+µ�)[2-3] (18) Br(B+� > Kµ+µ�)[3-4] (19) Br(B+� > Kµ+µ�)[4-5]

(20) Br(B+� > Kµ+µ�)[5-6] (21) Br(B+� > Kµ+µ�)[6-7] (22) Br(B+� > Kµ+µ�)[7-8] (23) Br(B0� > Kµ+µ�)[0.1-2] (24) Br(B0� > Kµ+µ�)[2-4]

(25) Br(B0� > Kµ+µ�)[4-6] (26) Br(B0� > Kµ+µ�)[6-8] (27) Br(B0� > Kµ+µ�)[15-22] (28) FL(B0� > K?µ+µ�)[1.1-2.5] (29) FL(B0� > K?µ+µ�)[2.5-4]

(30) FL(B0� > K?µ+µ�)[4- 6] (31) FL(B0� > K?µ+µ�)[15-19] (32) P1(B0� > K?µ+µ�)[0.1-0.98] (33) P1(B0� > K?µ+µ�)[1.1-2.5] (34) P1(B0� > K?µ+µ�)[2.5-4]

(35) P1(B0� > K?µ+µ�)[4- 6] (36) P1(B0� > K?µ+µ�)[6-8] (37) P1(B0� > K?µ+µ�)[15-19] (38) P3(B0� > K?µ+µ�)[0.1-0.98] (39) P3(B0� > K?µ+µ�)[1.1-2.5]

(40) P3(B0� > K?µ+µ�)[2.5-4] (41) P3(B0� > K?µ+µ�)[4- 6] (42) P3(B0� > K?µ+µ�)[6-8] (43) P3(B0� > K?µ+µ�)[15-19] (44) P 0
4(B

0� > K?µ+µ�)[0.1-0.98]

(45) P 0
4(B

0� > K?µ+µ�)[2.5-4] (46) P 0
4(B

0� > K?µ+µ�)[4- 6] (47) P 0
4(B

0� > K?µ+µ�)[6-8] (48) P 0
4(B

0� > K?µ+µ�)[15-19] (49) P 0
6(B

0� > K?µ+µ�)[0.1-0.98]

(50) P 0
6(B

0� > K?µ+µ�)[1.1-2.5] (51) P 0
6(B

0� > K?µ+µ�)[2.5-4] (52) P 0
6(B

0� > K?µ+µ�)[4- 6] (53) P 0
6(B

0� > K?µ+µ�)[6-8] (54) P 0
6(B

0� > K?µ+µ�)[15-19]

(55) P 0
8(B

0� > K?µ+µ�)[0.1-0.98] (56) P 0
8(B

0� > K?µ+µ�)[1.1-2.5] (57) P 0
8(B

0� > K?µ+µ�)[2.5-4] (58) P 0
8(B

0� > K?µ+µ�)[4- 6] (59) P 0
8(B

0� > K?µ+µ�)[6-8]

(60) P 0
8(B

0� > K?µ+µ�)[15-19] (61) Br(B0� > K?µ+µ�)[0.1-0.98] (62) Br(B0� > K?µ+µ�)[1.1-2.5] (63) Br(B0� > K?µ+µ�)[2.5-4] (64) Br(B0� > K?µ+µ�)[4-6]

(65) Br(B0� > K?µ+µ�)[6-8] (66) Br(B0� > K?µ+µ�)[15-19] (67) Br(B+� > K?µ+µ�)[0.1-2] (68) Br(B+� > K?µ+µ�)[2-4] (69) Br(B+� > K?µ+µ�)[4-6]

(70) Br(B+� > K?µ+µ�)[6-8] (71) Br(B+� > K?µ+µ�)[15-19] (72) FL(Bs� > �µ+µ�)[0.1-2] (73) FL(Bs� > �µ+µ�)[2-5] (74) FL(Bs� > �µ+µ�)[5-8]

(75) Br(Bs� > �µ+µ�)[0.1-2] (76) Br(Bs� > �µ+µ�)[2-5] (77) Br(Bs� > �µ+µ�)[5-8] (78) FL(B0� > K?ee)[0.0020-1.120] (79) P1(B0� > K?ee)[0.0020-1.120]

(80) P2(B0� > K?ee)[0.0020-1.120] (81) FL(B0� > K?µ+µ�)[0.1-0.98] (82) FL(B0� > K?µ+µ�)[6-8] (83) Br(B+� > Kµ+µ�)[15-22] (84) P 0
4(B

0� > K?µ+µ�)[1.1-2.5]

(85) BR(Bs� > ��) (86) BR(Bs� > µ+µ�) (87) BR(B0� > K?�) (88) BR(B+� > K?�) (89) BR(B� > Xs�)

Table 2: List of observables used in Section 4.6.

B.3 Future observables and uncertainty estimates

The lepton flavor violating observables used here directly compare angular distributions in the de-

cay B ! K?µ+µ� to the corresponding ones in the decay B ! K?e+e� to test lepton universality,

Q2 ⌘ Pµ
2 � P e

2 , Q5 ⌘ P 0µ
5 � P 0e

5 . (14)

ID Observable ID in [4] SM prediction from flavio

1 Q2(B ! K⇤)[1.1, 2.5] 20 �(6.83± 0.32)⇥ 10�3

2 Q2(B ! K⇤)[2.5, 4] 26 �(0.16± 0.71)⇥ 10�3

3 Q2(B ! K⇤)[4, 6] 32 (1.37± 0.36)⇥ 10�3

4 Q5(B ! K⇤)[1.1, 2.5] 22 (0.72± 1.3)⇥ 10�3

5 Q5(B ! K⇤)[2.5, 4] 28 �(3.72± 0.67)⇥ 10�3

6 Q5(B ! K⇤)[4, 6] 34 �(3.45± 0.30)⇥ 10�3

Table 3: List of observables used in Section 4.7 to cluster future measurements to test lepton flavor

universality in b ! s`+`� quark transition. The theory errors at the SM point are presented for

comparison to the projected statistical uncertainty in Eq. 15. The theory predictions within the

parameter range considered can reach values that exceed the SM by two orders of magnitude.

In this example, we estimate experimental statistical uncertainties from the sensitivity projec-

tions for Belle II [29]. We can also model what correlations might look like, for example, by taking

their known values from LHCb [32] for the corresponding muon observables. These choices can

serve as a plausible experimental covariance matrix, perhaps as a future benchmark. The resulting

covariance matrix is:

⌃exp =

0

BBBBBBBBB@

6.4 0 0 �1.9 0 0

0 5.2 0 0 �0.36 0

0 0 3.4 0 0 �0.42

�1.9 0 0 12 0 0

0 �0.36 0 0 10 0

0 0 �0.42 0 0 6.4

1

CCCCCCCCCA

⇥ 10�3 (15)

Under the assumption that experimental uncertainty will ultimately be dominated by statistical

errors, we can scale these numbers with the luminosity. The theoretical uncertainty can also be

included, but in this case it turns out to be significantly smaller.
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Table 67. The Belle II sensitivities to B→ K (∗)ℓ+ℓ− observables that allow testinf of lepton flavor universality.
Some numbers at Belle are extrapolated to 0.71 ab− 1.

Observables Belle Belle II Belle II
0.71 ab− 1 5 ab− 1 50 ab− 1

RK ([1.0, 6.0] GeV2) 28% 11% 3.6%
RK (> 14.4 GeV2) 30% 12% 3.6%
RK∗ ([1.0, 6.0] GeV2) 26% 10% 3.2%
RK∗ (> 14.4 GeV2) 24% 9.2% 2.8%
RXs ([1.0, 6.0] GeV2) 32% 12% 4.0%
RXs (> 14.4 GeV2) 28% 11% 3.4%

QFL ([1.0, 2.5] GeV2) 0.38 0.12 0.050
QFL ([2.5, 4.0] GeV2) 0.34 0.12 0.044
QFL ([4.0, 6.0] GeV2) 0.28 0.092 0.036
QFL (> 14.2 GeV2) 0.18 0.054 0.018
Q1 ([1.0, 2.5] GeV2) 1.2 0.48 0.15
Q1 ([2.5, 4.0] GeV2) 1.0 0.42 0.14
Q1 ([4.0, 6.0] GeV2) 0.86 0.34 0.11
Q1 (> 14.2 GeV2) 0.66 0.24 0.080
Q2 ([1.0, 2.5] GeV2) 0.64 0.24 0.080
Q2 ([2.5, 4.0] GeV2) 0.60 0.22 0.072
Q2 ([4.0, 6.0] GeV2) 0.48 0.18 0.058
Q2 (> 14.2 GeV2) 0.17 0.068 0.022
Q3 ([1.0, 2.5] GeV2) 0.64 0.24 0.080
Q3 ([2.5, 4.0] GeV2) 0.60 0.22 0.072
Q3 ([4.0, 6.0] GeV2) 0.48 0.18 0.058
Q3 (> 14.2 GeV2) 0.36 0.14 0.044
Q4 ([1.0, 2.5] GeV2) 1.0 0.36 0.11
Q4 ([2.5, 4.0] GeV2) 0.90 0.30 0.10
Q4 ([4.0, 6.0] GeV2) 0.68 0.24 0.080
Q4 (> 14.2 GeV2) 0.52 0.20 0.064
Q5 ([1.0, 2.5] GeV2) 0.94 0.34 0.11
Q5 ([2.5, 4.0] GeV2) 0.84 0.30 0.10
Q5 ([4.0, 6.0] GeV2) 0.68 0.24 0.080
Q5 (> 14.2 GeV2) 0.46 0.18 0.054
Q6 ([1.0, 2.5] GeV2) 1.0 0.34 0.11
Q6 ([2.5, 4.0] GeV2) 0.90 0.30 0.10
Q6 ([4.0, 6.0] GeV2) 0.72 0.24 0.080
Q6 (> 14.2 GeV2) 0.54 0.20 0.064
Q8 ([1.0, 2.5] GeV2) 1.0 0.38 0.12
Q8 ([2.5, 4.0] GeV2) 0.94 0.34 0.11
Q8 ([4.0, 6.0] GeV2) 0.76 0.28 0.090
Q8 (> 14.2 GeV2) 0.54 0.20 0.064

B → K (∗)νν̄ in the SM Due to the exact factorization, the precision of the SM prediction for
the branching ratios of B → K (∗)νν̄ is mainly limited by the B → K (∗) form factors and by the
knowledge of the relevant CKM elements. The relevant Wilson coefficient is known in the SM,
including NLO QCD and NLO EW correction to a precision of better than 2% [402,403,405].
Concerning the form factors, combined fits using results from LCSRs at low q2 and lattice QCD at
high q2 can improve the theoretical predictions.

230/654

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2019/12/123C

01/5685006 by guest on 27 Septem
ber 2020

PTEP 2019 , 123C01 E. Kou et al.

Table 67. The Belle II sensitivities to B→ K (∗)ℓ+ℓ− observables that allow testinf of lepton flavor universality.
Some numbers at Belle are extrapolated to 0.71 ab− 1.

Observables Belle Belle II Belle II
0.71 ab− 1 5 ab− 1 50 ab− 1

RK ([1.0, 6.0] GeV2) 28% 11% 3.6%
RK (> 14.4 GeV2) 30% 12% 3.6%
RK∗ ([1.0, 6.0] GeV2) 26% 10% 3.2%
RK∗ (> 14.4 GeV2) 24% 9.2% 2.8%
RXs ([1.0, 6.0] GeV2) 32% 12% 4.0%
RXs (> 14.4 GeV2) 28% 11% 3.4%

QFL ([1.0, 2.5] GeV2) 0.38 0.12 0.050
QFL ([2.5, 4.0] GeV2) 0.34 0.12 0.044
QFL ([4.0, 6.0] GeV2) 0.28 0.092 0.036
QFL (> 14.2 GeV2) 0.18 0.054 0.018
Q1 ([1.0, 2.5] GeV2) 1.2 0.48 0.15
Q1 ([2.5, 4.0] GeV2) 1.0 0.42 0.14
Q1 ([4.0, 6.0] GeV2) 0.86 0.34 0.11
Q1 (> 14.2 GeV2) 0.66 0.24 0.080
Q2 ([1.0, 2.5] GeV2) 0.64 0.24 0.080
Q2 ([2.5, 4.0] GeV2) 0.60 0.22 0.072
Q2 ([4.0, 6.0] GeV2) 0.48 0.18 0.058
Q2 (> 14.2 GeV2) 0.17 0.068 0.022
Q3 ([1.0, 2.5] GeV2) 0.64 0.24 0.080
Q3 ([2.5, 4.0] GeV2) 0.60 0.22 0.072
Q3 ([4.0, 6.0] GeV2) 0.48 0.18 0.058
Q3 (> 14.2 GeV2) 0.36 0.14 0.044
Q4 ([1.0, 2.5] GeV2) 1.0 0.36 0.11
Q4 ([2.5, 4.0] GeV2) 0.90 0.30 0.10
Q4 ([4.0, 6.0] GeV2) 0.68 0.24 0.080
Q4 (> 14.2 GeV2) 0.52 0.20 0.064
Q5 ([1.0, 2.5] GeV2) 0.94 0.34 0.11
Q5 ([2.5, 4.0] GeV2) 0.84 0.30 0.10
Q5 ([4.0, 6.0] GeV2) 0.68 0.24 0.080
Q5 (> 14.2 GeV2) 0.46 0.18 0.054
Q6 ([1.0, 2.5] GeV2) 1.0 0.34 0.11
Q6 ([2.5, 4.0] GeV2) 0.90 0.30 0.10
Q6 ([4.0, 6.0] GeV2) 0.72 0.24 0.080
Q6 (> 14.2 GeV2) 0.54 0.20 0.064
Q8 ([1.0, 2.5] GeV2) 1.0 0.38 0.12
Q8 ([2.5, 4.0] GeV2) 0.94 0.34 0.11
Q8 ([4.0, 6.0] GeV2) 0.76 0.28 0.090
Q8 (> 14.2 GeV2) 0.54 0.20 0.064

B → K (∗)νν̄ in the SM Due to the exact factorization, the precision of the SM prediction for
the branching ratios of B → K (∗)νν̄ is mainly limited by the B → K (∗) form factors and by the
knowledge of the relevant CKM elements. The relevant Wilson coefficient is known in the SM,
including NLO QCD and NLO EW correction to a precision of better than 2% [402,403,405].
Concerning the form factors, combined fits using results from LCSRs at low q2 and lattice QCD at
high q2 can improve the theoretical predictions.

230/654

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2019/12/123C

01/5685006 by guest on 27 Septem
ber 2020

Prog. Theor. Exp. Phys. 2019, 123C01 (654 pages)
DOI: 10.1093/ptep/ptz106

The Belle II Physics Book

E. Kou75,∗,§,†, P. Urquijo145,‡,†, W. Altmannshofer135,§, F. Beaujean79,§, G. Bell122,§,
M. Beneke114,§, I. I. Bigi148,§, F. Bishara150,16,§, M. Blanke49,51,§, C. Bobeth113,114,§, M. Bona152,§,
N. Brambilla114,§, V. M. Braun50,§, J. Brod112,135,§, A. J. Buras115,§, H. Y. Cheng43,§,
C. W. Chiang92,§, M. Ciuchini59,§, G. Colangelo128,§, A. Crivellin102,§, H. Czyz156,29,§,
A. Datta146,§, F. De Fazio53,§, T. Deppisch51,§, M. J. Dolan145,§, J. Evans135,§,
S. Fajfer109,141,§, T. Feldmann122,§, S. Godfrey7,§, M. Gronau62,§, Y. Grossman15,§,
F. K. Guo45,134,§, U. Haisch150,11,§, C. Hanhart21,§, S. Hashimoto30,26,§, S. Hirose89,§,
J. Hisano89,90,§, L. Hofer127,§, M. Hoferichter168,§, W. S. Hou92,§, T. Huber122,§, T. Hurth
63,§, S. Jaeger159,§, S. Jahn83,§, M. Jamin126,§, J. Jones104,§, M. Jung113,§, A. L. Kagan135,§,
F. Kahlhoefer1,§, J. F. Kamenik109,141,§, T. Kaneko30,26,§, Y. Kiyo64,§, A. Kokulu114,140,§,
N. Kosnik109,141,§, A. S. Kronfeld20,§, Z. Ligeti19,§, H. Logan7,§, C. D. Lu41,§, V. Lubicz153,§,
F. Mahmoudi142,§, K. Maltman173,§, S. Mishima30,§, M. Misiak166,§, K. Moats7,§,
B. Moussallam74,§, A. Nefediev39,88,77,§, U. Nierste51,§, D. Nomura30,§, N. Offen50,§,
S. L. Olsen133,§, E. Passemar37,118,§, A. Paul16,31,§, G. Paz170,§, A. A. Petrov170,§, A. Pich164,§,
A. D. Polosa58,§, J. Pradler40,§, S. Prelovsek109,141,50,§, M. Procura123,§, G. Ricciardi54,§,
D. J. Robinson132,19,§, P. Roig9,§, J. Rosiek166,§, S. Schacht60,15,§, K. Schmidt-Hoberg16,§,
J. Schwichtenberg51,§, S. R. Sharpe167,§, J. Shigemitsu117,§, D. Shih105,§, N. Shimizu162,§,
Y. Shimizu69,§, L. Silvestrini58,§, S. Simula59,§, C. Smith76,§, P. Stoffer131,§, D. Straub113,§,
F. J. Tackmann16,§, M. Tanaka98,§, A. Tayduganov112,§, G. Tetlalmatzi-Xolocotzi95,§,
T. Teubner140,§, A. Vairo114,§, D. van Dyk114,§, J. Virto82,114,§, Z. Was93,§,
R. Watanabe147,§, I. Watson 155,§, S. Westhoff139,§, J. Zupan135,§, R. Zwicky136,§,
F.Abudinén83,‡, I.Adachi30,26,‡, K.Adamczyk93,‡, P.Ahlburg129,‡, H.Aihara162,‡,A.Aloisio54,‡,
L. Andricek84,‡, N. Anh Ky44,‡, M. Arndt129,‡, D. M. Asner5,‡, H. Atmacan158,‡, T. Aushev87,‡,
V. Aushev110,‡, R. Ayad161,‡, T. Aziz111,‡, S. Baehr48,‡, S. Bahinipati33,‡, P. Bambade75,‡,
Y. Ban103,‡, M. Barrett170,‡, J. Baudot47,‡, P. Behera36,‡, K. Belous38,‡, M. Bender78,‡,
J. Bennett8,‡, M. Berger40,‡, E. Bernieri59,‡, F. U. Bernlochner48,‡, M. Bessner138,‡,
D. Besson88,‡, S. Bettarini57,‡, V. Bhardwaj32,‡, B. Bhuyan34,‡, T. Bilka10,‡, S. Bilmis86,‡,
S. Bilokin47,‡, G. Bonvicini170,‡, A. Bozek93,‡, M. Bračko144,109,‡, P. Branchini59,‡, N. Braun48,‡,
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• study effect of a small set of proposed new 
observables (Capdevila et. al JHEP 10 (2016) 075 ) for which:

• there exist sensitivity projections for Belle II

• were singled out as important by the pull and 
residual analysis Eur.Phys.J.C 79 (2019) 6, 462



combined 20 observables

• assume future measurements will fall on current best fit (affects best fit but not partitioning)

• slightly higher resolution, 6 clusters

• can project the effect of different scenarios on future global analysis
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implementation by Ursula Laa available on GitHub in the form of an R package
 https://github. com/uschiLaa/pandemonium 
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