
Lepton mass effect in exclusive semileptonic
Bc –meson decays

Guided By- Prof. Purendra Ch. Dash

Siksha ‘O’ Anusandhan (Deemed To Be University)

Bhubaneswar-751030, Odisha 

Based on-DOI: 10.1103/PhysRevD.104.036012

By-

Lopamudra Nayak

ANOMALIES 2021
IIT Hyderabad



Plan of presentation

• Motivation 

• Feynman Diagram

• Model framework

• Meson states and meson normalization

• S- Matrix for semi-leptonic decays of 𝑩𝒄 meson

• Formfactors, Helicity amplitude, Partial decay width 

• q2-dependence of (i)Formfactors, 

(ii)Helicity amplitude, 

(iii)Partial helicity rates and partial decay rate

• Numerical results and discussion



❑ Violate the Lepton Flavor Universality

❑ Cancellation of uncertainty present in Vcb

❑ Higgs, leptoquarks and new vector boson 

Motivation



Lowest-order Feynman diagram contributing semi-

leptonic transition : 𝑩𝒄՜𝑿 𝒍, 𝝑𝒍

𝑆𝑓𝑖
𝐵𝑐= መ𝛬Bc (𝑃,SB) 𝑆𝑓𝑖

𝑏 ҧ𝑐 𝑩𝒄՜𝐗, 𝒍, 𝝑𝒍



RELATIVISTIC INDEPENDENT QUARK(RIQ) MODEL

In this model a meson is considered as a colour singlet assembly of constituents (quark & 

anti-quark) that move relativistically inside the meson bound state with an average flavour 

independent potential in the form :

Where,

r = the relative distance between quark and antiquark inside meson;     

a & 𝑉0 = the potential parameters

MODEL FRAMEWORK



We incorporate this interaction potential in the lagrangian density to obtain in the 
form :

£= ψ𝑞[
1

2
iϓ𝜇𝜕𝜇 − 𝑈 𝑟 −𝑚𝑞] ψ𝑞(r)

The Dirac Equation:

(𝛼. 𝑝 + 𝛽𝑚𝑞 + 𝑈(𝑟))𝜓𝑞(r) = E ψ𝑞(r)

Where, 𝛼 =
ϓ𝑖

ϓ0
and 𝛽 = ϓ0

Solving the Dirac equations  we get positive and negative energy solutions  known as  

quark  and antiquark orbitals respectively in the general form:

𝜓𝑛𝑙𝑗
+ (Ԧ𝑟)=

𝑖𝑔𝑛𝑙𝑗 𝑟

𝑟

(𝜎. Ƹ𝑟)
𝑓𝑛𝑙𝑗 𝑟

𝑟

𝜑𝑙𝑗𝑚
𝑗
( Ƹ𝑟)

𝜓𝑛𝑙𝑗
− (Ԧ𝑟)= 

𝑖𝜎.
ෝ𝑟 𝑓𝑛𝑗 𝑟

𝑟

𝑔𝑛𝑙𝑗(𝑟)/𝑟
(−1)𝑗+𝑚𝑗−𝑙 𝜑𝑙𝑗𝑚
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Where , 𝑔𝑛𝑙𝑗 𝑟 =Nq

𝑟
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Momentum probability amplitude

• For n=1 and l=0 (ground state)

• 𝐺𝑏 𝑝𝑏 = 
𝑖𝜋𝑁𝑏

2𝛼𝑏λ𝑏

𝐸𝑝
𝑏
+𝑚𝑏

𝐸𝑝
𝑏

𝐸𝑝
𝑏
+ 𝐸𝑏 𝑒𝑥𝑝 −

Ԧ𝑝2

4𝛼𝑏

• ෨𝐺𝑐 𝑝𝑐 = 
𝑖𝜋𝑁𝑐

2𝛼𝑐λ𝑐

𝐸𝑝
𝑐
+𝑚𝑐

𝐸𝑝
𝑐

𝐸𝑝
𝑐
+ 𝐸𝑐 𝑒𝑥𝑝 −

Ԧ𝑝2

4𝛼𝑐

Using the momentum probability amplitudes for 
quarks and antiquarks we write the momentum profile 
function for meson  as : 



Meson states and meson normalization

The meson state at definite momentum reflect the momentum distribution among constituent quark and antiquark

| Bc(𝑃, 𝑆𝐵𝑐) ⟩ = መ𝛬Bc (𝑃, 𝑆𝐵𝑐)  | (𝑝𝑏, 𝜆𝑏);(𝑝𝑐, 𝜆𝑐) ⟩

Where | (𝑝𝑏, 𝜆𝑏); (𝑝𝑐, 𝜆𝑐)⟩ =෠𝑏𝑏
†
(𝑝𝑏, 𝜆𝑏)෨𝑏†(𝑝𝑐, 𝜆𝑐)|0⟩

መ𝛬Bc (𝑃,SB) = 
3

𝑁𝐵𝑐 𝑃

σ𝛿𝑏,𝛿ത𝑐
Ϛ𝑏, ҧ𝑐
𝐵𝑐 λ𝑏 , λ ҧ𝑐 𝑑3𝑝𝑏׬ 𝑑

3𝑝 ҧ𝑐 𝛿 3 Ԧ𝑝𝑏 + Ԧ𝑝 ҧ𝑐 − 𝑃 𝒢𝐵𝑐 Ԧ𝑝𝑏, Ԧ𝑝 ҧ𝑐

Imposing Normalisation condition 

𝐵𝑐 𝑃՚ 𝐵𝑐 𝑃 = 𝛿3 𝑃 − 𝑃′

Where N(𝑃) = ׬𝑑𝑝𝑏 | G( Ԧ𝑝𝑏 , 𝑃 - Ԧ𝑝𝑏 )|2



S-Matrix and invariant transition amplitude 

𝑆𝑓𝑖
𝐵𝑐= 𝑒− 𝑘𝑒δ𝑒 തν 𝑘νδν 𝑚 𝐾

−𝑖𝑔

2 2
𝑉𝑞𝑞,

−𝑖𝑔

2 2
𝑑4𝑥1𝑑׬

4𝑥2 ത𝜓 𝑥1 Γ𝜇ψ 𝑥1 𝐷𝜇𝜗 𝑥2− 𝑥1
−𝑖𝑔

2 2
ത𝜓 𝑥2 Γ𝜗ψ 𝑥2 𝑀 𝑃

Leptonic part : 𝑒− 𝑘𝑒δ𝑒 തν 𝑘νδν ത𝜓 𝑥2 Γ𝜗ψ 𝑥2 0

Hadronic part : 𝑚 𝐾 𝑑4𝑥1𝑑׬
4𝑥2 ത𝜓 𝑥1 Γ𝜇ψ 𝑥1

𝐺𝐹

2
𝑉𝑞,𝑞,,

𝑖

2𝜋 4 𝑑׬
4𝑞𝑒−𝑖 𝑥2−𝑥1 𝑞 𝑀 𝑃





𝐹± =
1

2𝑀

4𝑀𝐸𝑘

𝑁𝑀 0 𝑁𝑚 𝑘
න𝑑 Ԧ𝑝𝑏 𝐺𝑀 Ԧ𝑝𝑏, − Ԧ𝑝𝑏 𝐺𝑚 𝑘 + Ԧ𝑝𝑏, − Ԧ𝑝𝑏 𝑸±

Where,

𝑸± =
𝐸𝑝𝑏+𝑚𝑏 𝐸𝑝𝑐+𝑚𝑐±𝑀−𝐸𝑘 + Ԧ𝑝𝑏

2

4𝐸𝑝𝑏𝐸𝑝𝑐 𝐸𝑝𝑏+𝑚𝑏 𝐸𝑝𝑐+𝑚𝑐

( formfactors for pseudoscalar in final meson state )



𝑉 =
𝑀 +𝑚

2𝑀

4𝑀𝐸𝑘

𝑁𝑀 0 𝑁𝑚 𝑘
න𝑑 Ԧ𝑝𝑏 𝐺𝑀 Ԧ𝑝𝑏, − Ԧ𝑝𝑏 𝐺𝑚 𝑘 + Ԧ𝑝𝑏, − Ԧ𝑝𝑏 −

𝐸𝑝𝑏 +𝑚𝑏

4𝐸𝑝𝑏𝐸𝑝𝑐 𝐸𝑝𝑐 +𝑚𝑐

𝐴0 =
1

𝑀 −𝑚

4𝑀𝑚

𝑁𝑀 0 𝑁𝑚 0
න𝑑 Ԧ𝑝𝑏 𝐺𝑀 Ԧ𝑝𝑏, − Ԧ𝑝𝑏 𝐺𝑚 Ԧ𝑝𝑏, − Ԧ𝑝𝑏

3 𝐸𝑝𝑐
0 +𝑚𝑐 𝐸𝑝𝑏 +𝑚𝑏 − Ԧ𝑝𝑏

2

3 4𝐸𝑝𝑐
0 𝐸𝑝𝑏 𝐸𝑝𝑐

0 +𝑚𝑐 𝐸𝑝𝑏 +𝑚𝑏

𝐴± =
−𝐸𝐾 𝑀 +𝑚

2𝑀 𝑀 + 2𝐸𝑘
𝑇 ∓

3 𝑀 ∓ 𝐸𝑘

𝐸𝑘
2 −𝑚2

𝐼 − 𝐴0 𝑀−𝑚

where      𝑇 = 𝐽 −
𝑀−𝑚

𝐸𝑘
𝐴0

𝐽 =
1

𝐸𝑝𝑐 +𝑚𝑐

4𝑀𝐸𝑘

𝑁𝑀 0 𝑁𝑚 𝑘
න𝑑 Ԧ𝑝𝑏 𝐺𝑀 Ԧ𝑝𝑏, − Ԧ𝑝𝑏 𝐺𝑚 𝑘 + Ԧ𝑝𝑏, − Ԧ𝑝𝑏 −

𝐸𝑝𝑏 +𝑚𝑏

4𝐸𝑝𝑏𝐸𝑝𝑐 𝐸𝑝𝑐 +𝑚𝑐

𝐼 =
4𝑀𝐸𝑘

𝑁𝑀 0 𝑁𝑚 𝑘
𝑑׬ Ԧ𝑝𝑏 𝐺𝑀 Ԧ𝑝𝑏, − Ԧ𝑝𝑏 𝐺𝑚 Ԧ𝑝𝑏, − Ԧ𝑝𝑏

3 𝐸𝑝𝑐+𝑚𝑐 𝐸𝑝𝑏+𝑚𝑏 − Ԧ𝑝𝑏
2

3 4𝐸𝑝𝑐
0 𝐸𝑝𝑏 𝐸𝑝𝑐

0 +𝑚𝑐 𝐸𝑝𝑏+𝑚𝑏

( formfactors for vector meson in final state )



dΓ=
1

2𝐸𝑀
ത𝛴 𝑀𝑓𝑖

2
𝑑𝜋3

where 𝑑𝜋3=Phase space factor = 2𝜋 4𝛿4 𝑝 − 𝑘1− 𝑘2− 𝐾
𝑑3𝑘

2𝜋 32𝐸𝑘

𝑑3𝑘1

2𝜋 32𝐸𝑘1

𝑑3𝑘2

2𝜋 32𝐸𝑘2

Differential decay rates considering angular distribution with the momentum transfer squared 𝑞2

𝑑Γ

𝑑𝑞2𝑑(𝑐𝑜𝑠θ)
=

1

2𝜋 3
෍

𝐺𝐹
2

12𝑀𝑝
2 𝑉𝑏𝑐

2
𝑞2 −𝑚𝑒

2

𝑞2
𝐾 𝐿𝜇𝜗𝐻𝜇𝜗

Partial decay width

𝐿𝜇𝜗𝐻𝜇𝜗= 
2

3
𝑞2 −𝑚𝑒

2 ቂ

ቃ

8

3
1 + 𝑐𝑜𝑠2𝜃 ෡𝐻𝑈 +

3

4
𝑠𝑖𝑛2𝜃 ෡𝐻𝐿 −

3

4
𝑐𝑜𝑠𝜃 ෡𝐻𝑝 +

𝑚𝑒
2

2𝑞2
ቀ

ቁ

3

4
𝑠𝑖𝑛2𝜃 ෡𝐻𝑈 +

3

2
𝑐𝑜𝑠2𝜃 ෡𝐻𝐿 + 3𝑐𝑜𝑠𝜃 ෡𝐻𝑆𝐿 +

1

2
෡𝐻𝑆

Where     𝐻𝑈 = 𝐻+
2 + 𝐻−

2

𝐻𝐿 = 𝐻0
2

𝐻𝑃 = 𝐻+
2 − 𝐻−

2

𝐻𝑆 = 3 𝐻𝑡
2

𝐻𝑆𝐿 = 𝑅𝑒 𝐻0𝐻𝑡

Then substituting the 𝐿𝜇𝜗𝐻𝜇𝜗 value and integrating the above equation w.r.to 𝑐𝑜𝑠𝜃



𝑑Γ

𝑑𝑞2
=
𝑑Γ𝑈
𝑑𝑞2

+
𝑑Γ𝐿
𝑑𝑞2

+
𝑑෨Γ𝑈
𝑑𝑞2

+
𝑑෨Γ𝐿
𝑑𝑞2

+
𝑑෨Γ𝑠
𝑑𝑞2

Where , 
𝑑Γ𝑖

𝑑𝑞2
=

1

2𝜋 3
σ

𝐺𝐹
2

12𝑀𝑝
2 𝑉𝑏𝑐

2 𝑞2−𝑚𝑙
2

𝑞2
𝐾 𝐻𝑖

and
𝑑෩Γ𝑖

𝑑𝑞2
=

𝑚𝑙
2

2𝑞2
𝑑Γ𝑖

𝑑𝑞2
, 𝑖 = 𝑈, 𝐿, 𝑃, 𝑆

Integrating over 𝑞2 we get

Γ = Γ𝑈 + Γ𝐿 + ෨Γ𝑈 + ෨Γ𝐿 + ෨Γ𝑆

For Pseudoscalar Meson In Final state

Γ = Γ𝐿 + ෨Γ𝐿 + ෨Γ𝑆

For Vector meson In Final State

Γ = Γ𝑈 + Γ𝐿 + ෨Γ𝑈 + ෨Γ𝐿 + ෨Γ𝑆



For ground state we take the quark masses, corresponding binding energies and 
potential parameters:

Input  parameters

a, V0 ≡ 0.017166GeV3, −0.1375GeV

mu, mb, mc ≡ 0.07875, 4.77659, 1.49276 GeV

Eu, Eb, Ec ≡ 0.47125, 4.76633, 1.57951 GeV



q2-dependence of Formfactors                    



q2-dependence of helicity amplitude



q2-dependence of partial helicity 

rates                   



q2-dependence of partial decay rate                   



numerical Results and discussion

Decay width



branching fraction



Ratios of branching fraction
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